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Task 1 (6 points)
Let f : Rd → R be twice continous differentiable, convex and L > 0. Show that the following three statements are
equivalent.

(i) For all x, y ∈ Rd,
∥∇f(x) − ∇f(y)∥ ≤ L ∥x − y∥.

(ii) For all x, y ∈ Rd,
f(y) ≤ f(x) + ⟨∇f(x), y − x⟩ + L

2 ∥y − x∥2.

(iii) For every x ∈ Rd and for all v ∈ Rd:

⟨∇2f(x)v, v⟩ ≤ L∥v∥2.

Task 2 (3 points)

(i) Let f : [a, b] → R be a convex function. Show that the maximum of f over the interval [a, b] is attained at one
of the endpoints, i.e.,

max
x∈[a,b]

f(x) ∈ {f(a), f(b)}.

(ii) Let f : R → R be a convex and non-decreasing function, and let g : R → R be convex. Show that the
composition h(x) := f(g(x)) is convex.

(iii) Show, that the function f : Rd → R defined by

f(x1, . . . , xd) = max
i=1,...,d

xi

is convex.

Task 3 (4 points)
Let the functions fi : R → R be defined as follows:

• f1(x) = x2

• f2(x) = ex

• f3(x) = |x| + x2

• f4(x) = ln(1 + ex)

Which of these functions are convex? Which are µ− strongly convex and which are L−smooth?

Task 4 (3 points)
Let x, y ∈ R2

≥0 \ {0} := {(x, y) ∈ R2 | x, y ≥ 0 and (x, y) ̸= (0, 0)}. The cosine distance between x and y is defined
as

dcos(x, y) := 1 − ⟨x, y⟩
∥x∥ ∥y∥

.

(i) Show that dcos is not positive definite on R2
≥0 \ {0}.

(ii) Show that dcos does not satisfy the triangle inequality.


