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Exercise 1 (5 points)
Using Fourier stability analysis, show that the finite difference method for approximating the transport
equation dyu + ad,u = 0 with a # 0 when using the forward difference quotient in time and the central
difference quotient in space is always (regardless of the stepsizes) unstable.

Exercise 2 (342 points)
The construction of a solution via a separation of variables consists in finding functions uy,(t,z) =
Un (t)wy (x) that solve the heat equation and the prescribed boundary conditions. A solution of the
initial boundary value problem is then obtained by determining coefficients (o, )nen such that

u(t,z) = Z o (t)wp ()
n=1

converges in an appropriate sense and satisfies u(0, z) = up(z).

(i) Construct pairs (v, wy,) such that u,(t, z) = v, (t)w,(x) satisfies dyu, — O%u, = 0 in (0,7T) x (0,1)
and uy(t,0) = u,(t,1) =0 for all t € (0, 7).

(ii) Assume that the function uy € C([0,1]) is given as

up(z) = Z Yo sin(nmz).
n=1

Construct the solution of the corresponding initial boundary value problem for the heat equation.
Remark: It can be shown that every function uy € C([0, 1]) can be represented in the specified form.

Exercise 3 (5 points)
Show formally that the function

lz —y|?

= few (— = ) uo(y)dy

solves the heat equation dyu — 02u = 0 in (0,7T) x R for every T > 0.

u(t,x) =

Exercise 4 (5 points)
Let u € C2%([0,T] x [0, 1]) solve the heat equation d;u — &2u = 0 with homogeneous Dirichlet boundary

conditions. Prove that
d<1/1(a (t,2))%d ) <0
a\a /), u(t, z | <

and deduce the uniqueness of solutions for the heat equation with general (inhomogeneous) Dirichlet
boundary conditions.
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