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Exercise 1 (5 points)
For a,b € Rand n € N, let A € R"™*" be the bandmatrix

Show that A has the eigenvalues A, = a + 2bcos(pr/(n + 1) , p = 1 2,...,n and that corresponding
eigenvectors v, € R™ are given by (vp); = sin(pjn/(n+ 1)), j

Exercise 2 (243 points)
(i) Show that the #-method is well defined for every choice of § and every choice of At, Az > 0.
(ii) Show that the §-method is unstable if # < 1/2 and A = At/Az? > %?1%9

Exercise 3 (342 points)
Let u € C%([0,7T] x R) solve the wave equation 9?u — c29?u = 0 with initial conditions u(0, z) = ug(x)
and 0yu(0,z) = vo(z) for all x € R.

(i) By introducing the variables £ = = + ¢t and n = = — ct, show that the function 4(&,n) = u(t, z)
satisfies 0:0,u = 0.

(ii) Deduce that @(&,n) = f(§) + g(n) and conclude that there exist functions f,g € C(R) such that
u(t,z) = f(x + ct) + g(x — ct). Determine f and g in terms of ug and vy.

Exercise 4 (342 points)
(i) Prove the energy conservation principle for the wave equation with homogeneous Neumann boundary
conditions.

(ii) Deduce uniqueness for solutions of the wave equation with homogeneous Dirichlet boundary
conditions and for solutions of the wave equation with homogeneous Neumann boundary conditions.
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