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Exercise 1 (14+141+2 points)
Let Q C R3 be open and let v : Q — R3 and f : Q — R be twice continuously (partially) differentiable.
We denote with 0; = 0, the i-th partial derivative. Use the definitions

divo =" 0w, grad f=[0:f,0of, 05f]", Af = 3f,
rot v = [821)3 — 831)2, 831)1 — 811)3, 811)2 — 82@1]T, AU = [Avl, AUQ, Avg]T,

to prove the following identities:
(i) div grad f=Af, (ii) rot grad f =0, (iii) divrot v =0, (iv) rot rot v = grad div v — Awv.

Exercise 2 (243 points)
(i) For a domain Q C R9 let n be the outer unit normal on JQ. Use Gauss’s theorem to show that for
u,v € C?(Q), we have

/ vVu - nds = / (Vu - Vv +vAu)de,
G Q

/ (uAv — vAu)dz = / (uVv-n —ovVu-n)ds.

Q o0

(i) Let ug, us € C?(Q) be solutions of the boundary value problem —Awu = f in Q and u = 0 on 9.
Show that

/ IV (ur — ug)[2dz = 0
Q

and conclude that u; = us.

Exercise 3 (5 points)
Let S™ be the area of the n-dimensional unit sphere (e.g. we have S!' = 27 for the circumference
of the unit circle and S? = 47 for the surface area of the unit sphere). For n > 2 let the function
sn : RM\{0} — R be defined by

‘$|27n

) if n> 2.

1 {ln|x] ifn=2,
(2-

Show that As, = 0 pointwise in R™\{0}.
Exercise 4 (5 points)
Let A € R™™"™ be the system matrix corresponding to the finite difference discretization of the Poisson

problem with homogeneous boundary conditions. Use the discrete maximum principle to show that all
entries of the matrix A~! are non-negative.
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