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Exercise 1 (5 points)
Let Ω = (0, 1)2 and let f ∈ C(Ω) be given by

f(x1, x2) =
∑

m,n∈N
αm,n sin(mπx1) sin(nπx2).

Compute −∆um,n for um,n(x1, x2) = sin(πmx1) sin(πnx2) and construct the solution of the Poisson
problem −∆u = f in Ω and u = 0 on ∂Ω.

Exercise 2 (3+2 points)
(i) Show that the function

ϕ(x) =
{

e−1/(1−|x|2) for |x| < 1,

0 for |x| ≥ 1

satisfies ϕ ∈ C∞(Rd).
(ii) The support of a function is defined by supp(v) = {x ∈ Ω : v(x) ̸= 0}. Let u ∈ C(Ω) and assume
that ∫

Ω
uv dx = 0

for all v ∈ C∞(Ω) with supp(v) ⊂ Ω. Prove that u = 0 in Ω.

Exercise 3 (3+2 points)
For Ω ⊂ R2 and u ∈ C2(Ω), let ũ(r, ϕ) = u(r cos ϕ, r sin ϕ).
(i) Show that the Laplace operator in polar coordinates can be written as

∆u(r cos ϕ, r sin ϕ) = ∂2
r ũ(r, ϕ) + r−1ũ(r, ϕ) + r−2∂2

ϕũ(r, ϕ).

(ii) Verify that the function ũ(r, ϕ) = r2/3 sin(2
3ϕ) is harmonic. Is it a classical solution of the Poisson

equation on Ω = {r(cos ϕ, sin ϕ) : 0 ≤ r ≤ 1, 0 ≤ ϕ ≤ 3
2π}? Justify your answer.

Exercise 4 (2+3 points)
Let A ∈ Rn×n and b ∈ Rn.
(i) Show that x ∈ Rn satisfies Ax = b if and only if

(Ax)⊤y = b⊤y

for all y ∈ Rn.
(ii) Assume that A is symmetric and positive definite. Show that there exists a matrix B ∈ Rn×n such
that x is the unique minimizer of the mapping

z 7→ 1
2 |Bz|2 − b · z

if and only if x is a solution of Ax = b.
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