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Exercise 1 (5 points)
Show that the functional

I(u) =
∫ 1

1
x2(

u′(x)
)2dx

has no minimizer in C1((−1, 1)) subject to the boundary conditions u(−1) = −1 and u(1) = 1.

Exercise 2 (5 points)
Let Ω ⊂ Rd be open, bounded, and connected, and let ΓD ⊂ ∂Ω be nonempty. Prove that

∥v∥ =
( ∫

Ω
|∇v|2dx

)1/2

defines a norm on V = {v ∈ C1(Ω) : v|ΓD
= 0} and conclude that the weak formulation of the Poisson

equation can have at most one solution.

Exercise 3 (3+2 points)
Let I ⊂ R be a closed interval and V = C1(I).
(i) Show that (V, ∥ · ∥V,∞) with

∥v∥V,∞ = sup
x∈I

|v(x)| + sup
x∈I

|v′(x)|

is a Banach space.
(i) Show that (V, ∥ · ∥V,1) with

∥v∥V,1 =
∫

I
|v(x)| + |v′(x)|dx

is not a Banach space.

Exercise 4 (2+3 points)
Determine all matrices M ∈ Rn×n such that the bilinear map a : (x, y) 7→ x⊤My fulfills the conditions
of (i) the Riesz representation theorem and (ii) the Lax-Milgram lemma.
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