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Exercise 1 (5 points)
Let W = V + Vh, and assume that a : W × W → R is bilinear and continuous with respect to a norm
∥ · ∥h, and assume that ah is coercive on Vh. Let uh ∈ Vh satisfy ah(uh, vh) = ℓh(vh) for all vh ∈ Vh,
and let u ∈ V be such that a(u, v) = ℓ(v) for all v ∈ V . Show there exists c > 0 such that

c−1∥u − uh∥h ≤ inf
vh∈Vh

∥u − vh∥h + ∥ah(u, ·) − ℓh∥V ′
h
.

Exercise 2 (5 points)
Let V be a Hilbert space, a : V ×V → R a bounded and coercive bilinear form, which is also symmetric,
and let b : V → R be a continuous, linear functional. Further assume that Vh ⊂ V is a finite-dimensional
subspace and uh ∈ Vh is the unique Galerkin approximation of u ∈ V with a(u, v) = b(v) for all v ∈ V .
Show that in this case, the quasi best-approximation property in Céa’s Lemma holds with the constant
(ka/α)

1
2 , i.e.

∥u − uh∥V ≤ (ka/α)
1
2 inf

wh∈Vh

∥u − wh∥V .

The variables ka and α are the boundedness and coercivity constant of bilinear form a, respectively.

Exercise 3 (5 points)
Let Ω ⊂ Rd be a bounded, convex Lipschitz domain. Provide a constructive proof that there exists a
constant cp > 0 such that

∥v∥L2(Ω) ≤ cp∥∇v∥L2(Ω)

for all v ∈ H1(Ω) with
∫

Ω v dx = 0.

Exercise 4 (5 points)
Let S ∈ Sh be an inner side in a triangulation Th with endpoints z, y ∈ Nh and neighboring triangles
T1, T2 ∈ Th. Let α1 and α2 be the inner angles of T1 and T2 opposite to S, respectively. Prove that

Azy =
∫

T1∪T2
∇φz · ∇φydx = −1

2(cot α1 + cot α2) = −1
2

sin(α1 + α2)
sin(α1) sin(α2)

and formulate precise conditions which imply Azy ≤ 0.
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