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Exercise 1 (5 points)
Let W =V 4V}, and assume that a : W x W — R is bilinear and continuous with respect to a norm
| - ||5, and assume that ayp, is coercive on Vj,. Let up, € Vj, satisfy ap(un,vp) = €p(vy) for all vy, € Vj,
and let u € V' be such that a(u,v) = £(v) for all v € V. Show there exists ¢ > 0 such that

“Hw — < inf ||ju— =Ly
¢ llu—unlln < inf lu—wnlln+ flan(u, ) = Lallv;

Exercise 2 (5 points)
Let V' be a Hilbert space, a : V xV — R a bounded and coercive bilinear form, which is also symmetric,
and let b : V — R be a continuous, linear functional. Further assume that V;, C V is a finite-dimensional
subspace and uy, € V}, is the unique Galerkin approximation of u € V' with a(u,v) = b(v) for all v € V.
Show tlhat in this case, the quasi best-approximation property in Céa’s Lemma holds with the constant
(ka/a)2, ie.

1
lu—unllv < (ka/e)2 inf |lu—wp|v.
wp EVY,
The variables k, and « are the boundedness and coercivity constant of bilinear form a, respectively.

Exercise 3 (5 points)
Let Q € R? be a bounded, convex Lipschitz domain. Provide a constructive proof that there exists a
constant ¢, > 0 such that

[vllz2) < epllVVllp2(0)

for all v € HY(Q2) with [, v dz = 0.

Exercise 4 (5 points)
Let S € Sj, be an inner side in a triangulation 7, with endpoints z,y € N}, and neighboring triangles
T1,T5 € Tp,. Let a1 and a be the inner angles of T and T5 opposite to S, respectively. Prove that

1 1 sin(ag + a9)
Ay = / V. - Vpyda = —= (cot tap) = —5 L2
o Inun Pz YOy Q(CO a1+ cot az) 2 sin(ay ) sin(az)

and formulate precise conditions which imply A, <O0.
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