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ABSTRACT. We investigate the evolution of an almost flat membrane driven
by competition of the homogeneous, Frank, and bending energies as well as the
coupling of the local order of the constituent molecules of the membrane to its
curvature. We propose an alternative to the model in [18, 39] which replaces a
Ginzburg-Landau penalization for the length of the order parameter by a rigid
constraint. We introduce a fully discrete scheme, consisting of piecewise linear
finite elements, show that it is unconditionally stable for a large range of the
elastic moduli in the model, and prove its convergence. We present numerical
simulations that examine typical model situations, confirm our theory, and
explore numerical predictions beyond theory.

1. INTRODUCTION

Lipid bilayers are the fundamental building block for fluid membranes that are
the main constituent of cell membranes in almost all cells of living organisms.
Their formation is driven by the tendency to shield the hydrophobic tails of the
amphiphilic lipid molecules from the aqueous environment. From a mathematical
point of view, the first papers [9, 23, 17, 26] were inspired by the quest to understand
the biconvex shape of red blood cells based on an energy minimization principle
(see also the review [36]).

Most models investigated so far are typically based on the assumptions (see,
e.g., [9]) that the membrane consists of two isotropic labile surfaces, that there
is no exchange of molecules between the two sides, and that the membrane has
the same physical properties over the entire surface. The conformation of the
membrane is driven by the curvature energy from bending elasticity, additional
geometric constraints like fixed enclosed volume or surface area, and a signature
of the bilayer aspect of the membrane. More recent work explores the formation
and dynamics of co-existing phases or domains on the membrane separated by line
tension [6], as well as the fluid-membrane coupling [11].

In this paper we focus on the analysis of mathematical models for membranes
in the gel phase in which the thermal fluctuations of the hydrophobic tails are
so small that one can define a two-dimensional order parameter or director. It is
experimentally observed that the tails form a fixed angle with respect to the layer
normal and have locally the same orientation [31, 25]. The interfaces between the
regions of different orientation, or domains, and their dynamics are of particular
interest in artificial vesicles since they could be used as functional parts of the
membrane.
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In order to formulate the energy of the system we adopt the local description
in the Monge Gauge, that has been widely used in the literature. We follow the
classical references [30, 29, 37] by defining the two-dimensional director n as the
projection of the direction of the tails onto the tangent plane to the surface and we
define the symmetric and traceless order parameter @@ by

(1.1) Q:S(n@m*%bw),

where S is a variable scalar parameter. We assume that the energy of a flat piece
of the membrane, described by a graph u over a two-dimensional domain 2, is
zero while a curved membrane has stored elastic energy. In the linearized setting
proposed by Uchida [39], corresponding to an almost flat membrane |Vu| < 1 with
periodic boundary conditions (see also [32] and the references therein), the energy
E of the system

(12) Elu, Q] = /( (ol + ££1Q) + frurs Q)

consists of three parts, the homogeneous, Frank, and curvature-elastic terms
fhom[Q] = _% |Q|2 + g |Q|4’
frlal = $1var,
fcurv ['U/7 Q] = g (AU)2 + (SQ : D2u,

where [Q[* = 37, . QF; is the square of the Frobenius norm of the matrix Q, Au is
the Laplacian of the height u (linearized mean curvature), and D?u is the Hessian of
u; moreover, «, 3, &, k,§ > 0 are parameters of the model. The coupling between the
elastic deformation and the order parameter is a lowest order approximation of the
form Q : D?>u = Zm.yk E;;Q;10;0ru, where E;; = §;; is the unit tensor for an achiral
membrane [18] or the totally antisymmetric tensor for a chiral membrane [33];
hereafter we consider the achiral case as in [39]. This is for example true for dioleoyl
phosphatidylcholine (DOPC) which is frequently used in artificial membranes.

The numerical analysis of models related to the shape of fluid membranes is
a challenging problem due to the complex interplay of several important physical
mechanisms. Previous work has mainly focused on the phase field approach for the
Canham—Helfrich functional [14, 15], which assumes that the shape of the vesicle
is determined from minimizing the square of mean curvature, possibly taking into
account the phenomenon of spontaneous curvature [23, 36]. The corresponding
gradient flow dynamics are usually referred to as Willmore flow [41], and pose a
challenging mathematical problem [13, 16, 35, 4]. The membrane-fluid interaction
has been recently investigated theoretically [11] as well as numerically [34].

We present a model that allows for effective computations with a minimal num-
ber of free parameters. Therefore we replace the homogeneous energy fhom[@],
which contains two parameters, with the constraint |Q|? = 1/2. This is justified in
Section 2.1 as a formal limit of a Ginzburg-Landau energy when the penalization
parameter tends to zero and, in turn, implies that the scalar parameter S in (1.1)
satisfies S — 1 in the limit. Such a constraint is natural in many systems with
orientational order. For example, the simplest models for liquid crystals reduce to
a minimization of the Dirichlet energy subject to this constraint [40]. We regard
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our model, and the ensuing discrete method, as a first step in estimating the cou-
pling parameters £, k, and § based on a comparison of experiment and numerical
simulation. The full model on a closed surface should penalize the condition that
the orientation of the tails of the lipid molecules has a fixed angle with respect
to the tangential plane to the membrane surface since there are no smooth vector
fields tangential to a closed surface in R3.

We introduce a fully discrete finite element scheme which is practical. Our
numerical method is flexible in terms of boundary conditions, and is capable of
simulating the dynamics over coarse meshes. This is due to the fact that we avoid
the diffusion mechanism typical of Ginzburg-Landau models which include a small
parameter e. These models allow (regularized) defects of degree s, namely singular
solutions of the form n(x) ~ exp(iarg(z)) with s = £1/2,£1 and whose energy is
logarithmic in e. Singularities of this form have infinite energy in the constrained
model and are therefore not admissible. However, our discrete model introduces an
alternate finite length scale, the meshsize h, and thus admits a discrete version of
these defects. We discuss this issue in Section 6.

This paper is the first to present a rigorous mathematical analysis of a model
that couples the orientation of lipid molecules with membrane bending. The gra-
dient flow dynamics of the free energy gives rise to a coupled parabolic system. In
Section 4, we find the range for the coupling parameter § within which the discrete
system is unconditionally stable. This leads to several a priori bounds. We then
prove in Section 5 that the discrete solutions converge, thereby showing existence
of a weak solution for the limit system. We conclude with several numerical simu-
lations in Section 6; some of them examine typical model situations within theory
while others explore numerical predictions for defects beyond theory.

2. MATHEMATICAL MODEL AND WEAK FORMULATION

We now modify Uchida’s model [39] in several respects and present a weak for-
mulation and discretization, along with the main theoretical results of this paper;
the model in [39] may be viewed as a simplified version of that in [18]. We show
first via nondimensionalization that the homogeneous energy from|[Q] is a penaliza-
tion term for |@Q| and replace it by a rigid constraint. We next change the energy
to accommodate boundary conditions other than periodic. We finally present the
discrete scheme and corresponding numerical analysis.

2.1. Nondimensionalization. Let L > 0 be comparable to the diameter of the
domain €, and set ¢ = L. If v = B%a’%, we impose the change of variables
T = ex and

(2.1) (&) = eu(z), Q) =1Q(z), VreQ.

We observe that this scaling preserves the slope of membrane height, namely Vi =
Vu <« 1, which is a critical assumption to formulate the linearized model (1.2).
The rescaled energy F is given by

a?

. A N o 1 A N 0 -~ N
2:2) Bli.Ql = [ {5551QR (108 - 5) + 5519 QF + §1Aaf + D% G}

The parameters reported in (1.2) are

(2.3) a=1, =20, £¢=06=1, k=20, L=D512,
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which lead to % ~ 0.65 x 10*. We can thus regard the homogeneous term as a

Ginzburg-Landau penalization of the rigid constraint |Q] = 1/v/2.
Therefore, from now on we relabel all functions and parameters involved, impose
the rigid constraint |Q| = 1/+/2, and rewrite the rescaled energy in (2.2) as follows:

(2.4) Elu,Q] = /Q {g|VQ|2 + g|Au|2+5D2u :Qldx.

2.2. Modified energy and Euler-Lagrange equations. In Uchida’s model the
domain 2 is a square and periodic boundary conditions are imposed for both u
and @. Since this does not provide enough flexibility for the study of the coupled
system, we further modify the energy F to accommodate the boundary conditions:

(2.5) U = up, Au=g onT.

For g = 0 this corresponds to a freely supported Kirchhoff plate. We claim that
the correct form of the energy Flu, Q] in (2.4) is now

(2.6) E[u,Q]:/Q{;VQ|2+g|Au|275Vu~DiVQ}d:c—n/Fgal,udS,

where Div @ is a column vector obtained by computing the divergence of each row
of the matrix @. To see this we compute formally the variational derivative §E/du
with respect to u:

oF
(—,v) = {HAUAU—5Vv~Din}d:c—li/g&,vdS
ou Q r
where the variation v vanishes on I'. Formal integration by parts yields
oE
<6—,v> = [ {—&VAu-Vv+4divDivQu}dz + /(Au—g)&,vdS
u Q r
= / (KA2U + ¢ div Div Q)vd:c + K / (Au — g)&,vdS.
Q r
This reveals the Euler-Lagrange equation for u, namely,
oF
(2.7) 5 kA?u + 6 divDivQ = 0,
U

as well as the desired boundary condition (2.5). We observe that (2.6) is consistent
with (1.2) for periodic boundary conditions because integration by parts gives

— [ Vu-DivQdz = [ D*u:Qdz,
Q Q
without boundary contributions. Consequently, we deal with (2.6) from now on.
We can yet simplify matters a bit further upon realizing that a symmetric and
traceless matrix () can be written as follows:

LT ¢ a2
2.8 =Agq = —[ } :
(2.8) Q=A¢=5| . _,
where A is a linear operator. Moreover, imposing the constraint |Q| = 1/v/2 is

equivalent to the holonomic constraint |¢| = 1 for ¢ = (g1, g2). To derive the Euler-
Lagrange equation for ¢ we construct first a Lagrangian, or augmented energy, to
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account for the constraint |¢| = 1, namely,

K . A
Llu,q,\] = /Q {g|Vq|2 + §|Au|2 —dVu-DivAg+ §(|q|2 — 1)}dx

—K / g d,udS,
r

where we write u = 2¢. Formal variational differentiation of L[u, ¢, \] with respect
to ¢ implies

(2.9)

oL
<E7p> = /( {,UVQ'Vp*5VU'DiVAp+)\q~p}dz =0,
2

where the variation p vanishes on I'. Formal integration by parts yields

5L
5= —1Aq 4+ 6§ A*D*u + Mg = 0,
q

where A* is the adjoint of A and reads A*D?*u = [0?u — 03u, 2012u]”. To find the
multiplier A we multiply the equation above by ¢ and use that |¢| = 1:

A= puq-Aq—6D*u: Ag= —p|Vq|* — 6 D*u : Aq.

In fact, for all v € C§°(€2) and all j, we can write

/v8?q~qu:—/8jq~8qudz—/8jq~q8jvdz:—/8jq~8qudz
Q Q Q Q

because 9;q - ¢ = 0. This amounts to ¢ - Ag = —|Vg|? and gives rise to the Euler-
Lagrange equation for g
(2.10) —uAq+5A*D*u— (u|Vq]* + 8 A*D*u - q) ¢ = 0.

2.3. Special solutions and asymptotics. To get some insight on the interplay
between geometry and director field, we seek minimizers of FE[u, q] = L[u, g, A] given
by (2.9) for |¢| = 1. We drastically simplify the search by considering quadratic
functions w of the form

(2.11) u(zy, 20) = ox? + 3,

and a constant vector field ¢. Invoking (2.5) and Au = 2(o + 1), we see that

Llu,q,\] = g/g |Au?dz — K /Fg@l,udS = —g /Q |Aul*dr = —2k(0 +1)2|Q|

does not depend on the value of ¢q. To extract a nontrivial relation between u and
g we resort to (2.10), which gives the equations

(0fu — 03u) (1 — ¢7) = 205,uq1 g2,
(OFu — O3u)q1g2 = 20751 q1 go.
In view of (2.11), this translates into the equations
200 -1)(1—¢?)=2(c —1)q1¢2 = 0.

We now choose o # 1, which implies that the principal curvature directions of the
membrane described by u are parallel to the coordinates axes and

q1 :il, q2 =0.
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Combining (1.1), with S = 1, and (2.8) we obtain the following relations between
the director field n and ¢:

1
ny = 5(1 +q1), mnz = 542,

whence
qlzl = |7’Ll|:1, HQZO; qlz—l = m:O, |n2|:1.

Consequently we conclude that

the director field n aligns with one of the directions of principal curvature

of the membrane, and the energy of an ellipsoid (o > 0) is smaller than

that of a saddle (o < 0).
This elementary calculation does not show any preferred curvature direction, which
seems to be consistent with interchanging the upper and the lower layer of the
membrane. We point out that a model that is quadratic in the coupling expression
D?u : @ was proposed in [7] and promotes the alignment of n with a zero curvature
direction.

The study of simple membranes of the form (2.11) sheds some light on equilib-
rium configurations, which are usually a combination of local bumps and saddles
(see Section 6); they can be reached as asymptotics of the dynamics described be-
low. Note also that they do not satisfy periodic boundary conditions and, therefore,
cannot be special solutions of Uchida’s model [39].

2.4. Dynamics. Following Uchida [39], we consider an evolution defined through
the L2-gradient flow of L, i.e., through the parabolic, nonlinear, coupled system of
partial differential equations

5L .
g = N5y = —q( — pAg + §A*D*u+ Aq)

(2.12) e
Oru = —fyu(s— =Y (HAQ’U, + 6 div Div Aq) ,
u

as results from (2.7) and (2.10); here A = —u|Vq|? — § D?u : Aq is the Lagrange
multiplier that corresponds to the constraint |g| = 1 almost everywhere.
We supplement the problem with initial conditions

(2.13) q(0,-) =qo and u(0,-) =ug

for given o € H*(; R?) satisfying |qo| = 1 almost everywhere in  and ug € H3(£2)
as well as compatible, time-independent boundary conditions for ¢ > 0

q(t,")Ir = qp = qolr,
(2.14) u(t,-)|r = up = uolr,
Au(t,")|lr = g = Auglp .

2.5. Weak formulation. In order to state precise mathematical results for the
Lagrangian (2.9) we need the space regularity u € H?(Q) and Q € H'(Q;R?*?).
Since our analysis requires full H? regularity for the Laplace operator, we hereafter
assume that € is a convex and polygonal domain. This is not a serious restriction
in this setting since € is typically a square; see [39] and the simulations of Section 6.

The boundary condition Au = g corresponds to the case of a freely supported
plate. They are the natural boundary conditions in our variational formulation
and therefore included in the energy functional and not in the function spaces, as
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already discussed in Section 2.2. As usual, we may replace u by u + ug in order
to reduce the analysis of the system to the case of zero boundary conditions for u.
Moreover, the boundary integral in (2.9) does not pose any additional difficulties
and, hence, we assume in the following that

(2.15) u(t,)lr=up =0, Au(t,)lr=g=0

for ¢ > 0. Alternatively we could impose periodic boundary conditions, for which
the boundary terms cancel by periodicity.

Notation. We use the standard notation for the function spaces of vector-valued
functions and we let (-,-)x denote the inner product in L2(X;R"), £ > 1. We omit
X whenever € is meant. Moreover, we set || - || = (-,-)/2.

After these preparations we define the appropriate notion of weak solution. We
stress that our formulation uses test fields that are tangential to the target manifold
of the holonomic constraint so that the multiplier A in (2.12) disappears; see [20]
for conditions under which both formulations are equivalent.

Definition 2.1 (Weak solution). Given a time-horizon T > 0 and a bounded,
convex Lipschitz domain @ C R? we say that the pair (q,u) is a weak solution
of (2.12) in the time interval I = (0,T) subject to the initial conditions (2.13) and
the boundary conditions (2.14) and (2.15) if
(i) ¢ € H'(I; L*(;R?))NL>(I; H (5 R?)), w € H'(I; L*(Q)NL>®(I; H*());
(i) |q(t,x)| =1 for almost every (t,x) € T x Q;
(i) ¢(0,-) = go, u(0,-) = uo;
(iv) q(t,-)|r = gp and u(t,-)|r = 0 in the sense of traces for almost every t € I;
(v) forall (¢, ¢) € L*(I; H} (Q;R?)) x L2 (I; H*(Q)NHS () satisfying -q =0
almost everywhere in I x  we have

/ {%(@q, V) + u(Vq, Vip) — 6(Vu, Div Ay) } dt =0,
1 q

/ {%(atu, ¢) + k(Au, Ag) — §(Div Aq, V) } dt = 0;
I u

(vi) for almost every T' € I and E = L as in (2.9) with g =0 we have

1" 1T

Bu(r", ) a(T" ) + - [ ol de+ = [ 0wl e < Eluo, g
Yq Jo Yu Jo

Remark 2.1 (Harmonic maps). The definition of a weak solution, particularly the

energy inequality (vi), is motivated by the notion of weak solutions for the harmonic

map heat flow problem discussed in [10, 38].

Remark 2.2 (Coercivity). We assume that € is convex in order to guarantee that
the biharmonic operator defines an elliptic bilinear form on H?(Q) N H} (). The
coercivity of the associated form follows then with the H? regularity of the Laplace
operator subject to homogeneous Dirichlet conditions on I'.

Remark 2.3 (Test functions). Restricting to test functions ¢ that are pointwise
orthogonal to g reflects the fact that only tangential perturbations of g are permitted
in the energy minimization. Including a Lagrange multiplier A in the formulation
allows one to consider unconstrained vector fields ¢ € L2(I; H3 (;R?)) N L*°(I x
Q;R?) in item (v) of Definition 2.1.
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We informally summarize our results in the following theorem, see Theorem 5.2
below for the precise statement. In particular, the weak convergence is understood
as the weak convergence of a suitable time-continuous interpolation on (0,7") x £;
see Lemma 5.1 for details.

Theorem 2.2 (Existence). Suppose that Q C R? is a convez polygonal domain and
that the elastic moduli and the coupling constant satisfy 6> < pr/8C%, where Cp
is the Poincaré constant in H}(Y). Then there exists a weak solution of the sys-
tem (2.12) with initial conditions (2.13) and boundary conditions (2.14). Moreover,
Au € L*(I; HH(Q)) and the boundary condition Au = 0 holds in the sense of trace.

More precisely, we show the existence of a weak solution (u,q) that arises as a
limit of the following fully discrete scheme for the system (2.12).

2.6. Discretization. The following algorithm is partially motivated by recent work
in [1, 5, 2, 3]. Here g5 € [V,]? and u, € V), are approximations to ¢ and u with
Courant elements, A%uy, denotes a discrete analog of the Laplace operator defined
on the finite element space, and F}, is the space of finite element functions that are
tangential to the manifold |¢| = 1 at all nodes, see Section 3 and (3.3) for the defi-
nitions and, in particular, (3.1) and (3.2) for the two types of backward difference
quotients which we use.

Algorithm 2.3. Choose (¢}, u?) € [Vh]2 x V9 such that |¢2(z)| = 1 for all z € Ny,
@Ir = qp,n. Setn = 0.

(1) Compute aﬂ,;‘ﬂ €qn+Fn [qﬂ such that

1 ~ .
7—(@6}3“, $n)n + p(VG, Vibn) = 6(Vujl, Div Ay
q
for all Yy, € Fp, [qﬂ
(2) Define qZ'H € [Vhf satisfying the constraint |qZ+1| =1 at the nodes by
~n+1
i (z) = G (2) for all z € Ny, .

3 (=)

(3) Compute uj™ € V9 such that

1
—(d7up™, dn)n + £(AJup ™, A gn)n = 6(Div Agp ™, V)

for all ¢, € V9.
(4) Stop if n+1>T/7; set n =n+1 and go to (1) otherwise.

Remark 2.4 (Nodal constraint). Note that we are committing variational crimes [12]
in the sense that we impose the constraint on the length of the director and on the
orthogonality of the test fields only at the nodes of the triangulation.

Remark 2.5 (Stability). Discretizing explicitly the term on the right-hand side in
the equation defining &ZH does not affect the stability of the scheme. In fact, this
choice relates precisely to the delay in the discrete integration (or summation) by
parts formula; see (4.2) below.

The next theorem summarizes the properties of the numerical scheme.
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Theorem 2.4 (Convergence). Suppose that the assumptions of Theorem 2.2 hold.
Then there exists a weak solution which can be obtained as a limit of solutions of
a fully discrete semi-implicit numerical scheme. More precisely, suppose that Ty,
h >0 is a family of regular and weakly acute triangulations of @ and that ¢f) — qo
and uf) — ug in H'(;R?) and H' (), respectively. Then there exists a constant
C1 that depends only on €2 and the geometry of Tn with the following property.
Suppose that T17° < Cl_l,uvq_lzs_QCO_Q for some fized p € (0,1), where Cy > 0 is
chosen in such a way that the initial conditions satisfy the discrete energy estimate

Ey [ug,qg] < gC’g for allh > 0.
Hereafter, the discrete energy is given by
K . n
(2.16) Eplup,qn] = /Q g|Vq,7f|2d:E + §(A2UZ,A2U’,Z);1 — /Q(5VUZ - Div Agpdz .

Then for any sequence (h,7) — 0 of meshsizes and time-steps there exists a sub-
sequence (h,T) and corresponding solutions g and uj for n = 0,1,2,..,Np =
|T/7| + 1 such that (¢j,u}y) converges to a weak solution (q,u) as (h,7) — 0.

Remark 2.6 (Finite energy). The assumption that the initial conditions have finite
energy implies a restriction on the class of admissible initial director fields ¢j,. We
will come back to this issue in Section 6.

We split the analysis of Algorithm 2.3 into two parts. In Section 4 we study its
stability properties, whereas in Section 5 we prove convergence to a weak solution.

3. FINITE ELEMENT SPACES, OPERATORS, AND DISCRETE ESTIMATES

In the following we assume that 73 is a regular triangulation [12] of Q into
triangles of maximal diameter A > 0. We denote by V; the space of all globally
continuous functions that are affine on the elements in the triangulation and we set
V9 =V, NH(Q). We say that 7}, is weakly acute if the sum of every pair of angles
opposite to an interior edge is bounded by mw. For a fixed time-step size 7 > 0 we
define t,, = n7 for all n > 0 and for a sequence of functions (¢”)n>0 we use the
backward difference quotients in time, B

(3.1) d-¢" Tt =17 ("t — g™,
Moreover, if (5”)n>0
from ¢"~! via the auxiliary function ¢”, then we set

52 T =1 (3.

Given gy € [Vh} ? we define the space of tangential updates at the nodes for a given
vector field ¢ by

(3.3) Fulan] = {rn € [V%f ira(2) - qn(z) =0 for all z € N}, },

where N}, denotes the set of nodes in 7;,. We use the standard nodal interpolation

operator Zp, : C(2) — V), to define a discrete inner product (also called mass
lumping)

is a second sequence of functions such that ¢™ is computed

(6 x0n = /QIh[¢~x]dx for ¢, x € C(LRY, €21,

and we set || - ||, = (-, ');11/2-
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In the following we repeatedly use the well known estimate

(3.4) |(Wns &) — (Y, dn)n| < Chllvn|||Vonl|
which holds for all ¢y, 5, € V}, as well as the equivalence
(35) [onll < l¢nlln < 2[lenll,

see, e.g., [22]. Tt is convenient to introduce discrete analogs of differential operators.

Definition 3.1. Let u € V%. Then the discrete Laplace operator with homoge-
neous boundary conditions A?Luh € V% is defined through

(Ahun, dn)n = —(Vun, Vor)  for all ¢, € V5.

Moreover, we define the discrete second derivative D3uy, € [V2]2X2 of a function
up, € VY through

2X2

(3.6) (Dyun, Pn), = —(Vun,Div Py)  for all P, € [V}]

We also recall the set-up of a typical mixed method for the approximation of the
fourth-order equation A2y = f in its weak form,

(Au,A¢) = (f,9)
for all ¢ € H*(Q) N Hg (Q). In this formulation, the boundary condition Au = 0 on
I" is a natural boundary condition and a discretization is given by
(vns¥n)n + (Vun, Vo) =0,
(Vor, Vo) = —(f,on)n

for all (¢5,, ¢n) € V9 x V9. One easily verifies that the Babuska-Brezzi conditions [§]
are satisfied uniformly in A for this formulation. In view of Definition 3.1, the mixed
method can be summarized as

(Ahun, AYdn)n = (f, dn)n Yo € V).

Imposing the boundary condition AYu;, = 0 on I' explicitly seems necessary to
guarantee stability of the discretization with lowest order elements.
An important property of the discrete Laplace operator is the following estimate

(3.7) V| < 2Cp||AYvy|ln  for all vy, € V7§
where Cp > 0 is the usual Poincaré constant. In fact, for all v, € V?N we have that

[Von|* = —(AQvn, va)n
< [[Aonllnllonlln = 2| AQvallnllonll < 2Cp | Adval|n]Von] -

We let gp 5, € V2| denote an approximation of gp.

Lemma 3.2 (Anti-quasi-Ritz projection). Given vy, € V9 let v € H}(Q) be the weak
solution of —Av = —Advy,, ie., (Vv,V¢) = —(AYvy, @) for all ¢ € Hy(Q). Then
we have
Vv = vl < Ch|ID?v]| + Chl| Ajvalln
and
D] < CllARva .
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Proof. Let Rpv € V% be the Ritz projection of v, i.e.,
(VRh’U, V¢h) = (VU, V¢h)
holds for all ¢, € V9. Then, using the definition of AY, the H? regularity of the
Laplace operator for the solution v, and (3.4), we have for all ¢, € V9 that
(V[Rnv = vp], Vén) = (Vo,Vén) — (Von, Vén) = —(Av, én) + (A vn, ¢n)n
= —(ARvn, dn) + (Ajvn, on)n < Ch|AYon ||V |
and thus, upon choosing ¢, = Rpv — vy and and using standard estimates for the
Ritz projection [12],

IV (v = on)|| < V(v = Bpo)|l + [V (Rrv — vp)|| < Ch||D?v|| + Ch| Ajwnll.
The second estimate follows from the definition of v and H? regularity of the Laplace
operator in convex domains [21]. O
Remark 3.1 (Quadrature). Note that vy is not the exact Ritz projection Rpv of v
in Lemma 3.2 since the definition of A% involves numerical integration.

]2)(2

Lemma 3.3 (Discrete H? regularity). For all v, € V9 and P, € [V) we have

(Von, Div Py) < Cl|Aj o]l ]| Palln-

In particular, we have for every vy, € V?L and Divh defined in (3.6) that

| Dionlln < Cl ARl
Proof. Let v € H}(2) be as in Lemma 3.2. Then, with the bounds of Lemma 3.2
and the inverse estimate on finite dimensional spaces [12] we infer

(Vup, Div Py) = (V[vy, — v],Div P,) + (Vu, Div Py,)

= (V[vy, — v], Div P,) — (D*v, )

< Chl| ARl Div Pal| + | Ajoll[| Pa |

< Ol ARl Pull,
which implies the first assertion. The second estimate follows from the first one by
choosing P, = D3vy,. O
Lemma 3.4 (Monotonicity [5]). Suppose that Ty, is weakly acute. Then for every

qn € [V;JQ with |qn(2)] = 1 for all z € Ny NT and |qn(2)] > 1 for all z € Ny, the
function qn € [V;JQ defined by

qn(z
an(z) = 242
| (2)]
for all z € Ny, satisfies
IVan|l < 1[Varl|-

Proof. Under the assumption of the lemma the finite element stiffness matrix
K = (kzy)zye./\/h defined through the nodal basis ((pz 1z € Nh) satisfies k., =

(Vez, Vo) < 0 whenever z # y and the line segment connecting z and y is not
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an edge on I'. With the fact that the sum of the entries of every row of K vanishes
and the symmetry of K we infer that

|th||2 Z kzy‘]h Z kzy‘]h ( )7‘1h( ))
z,yENp z yGNh
Z keyan(2) - (an(y) — an(z + S Z kayan(y) - (an(2) — an(y))
2,yENL z,yEN},
1
=-3 Z kylan(y) — an(2)[>.
2,yENL

Lipschitz continuity with constant 1 of the projection ¢ — ¢/|q| for |g| > 1, qn(2) =
qn(z) for all z € N}, NT, and the properties of the entries of K imply

—kzylan(y) — an(2)| < —kzylan(y) — an(2)|

for all z,y € NV}, and this implies the assertion. (I

4. UNCONDITIONAL STABILITY

In Lemma 4.1 and Proposition 4.2 we verify unconditional well-posedness and
stability of Algorithm 2.3.

Lemma 4.1 (Threshold). Suppose that

4.1 52 < L2

(a1) i

where Cp is the Poincaré constant in (3.7). If Eplun,qn] is the discrete energy
given by (2.16), then, for every (qpn,un) € [Vh]2 x V9, we have that

K [
ZHAguhH}% + ZHV%HQ < Enlun, qn] -

Proof. Using (3.7) and || Div Agy||? < 3[Van||? we have

52401%

[V + I Div Aga |®

K
1) Div Aqp,| dx <
/Q|Vuh|| iv Agp| dx < 1602

5201%

KR
< 2 A%l + =2 Vo

By (4.1) we may absorb the second term on the right-hand side into the middle
term of Ej[up, gn], thereby establishing the assertion. O

Remark 4.1 (Threshold for the square). Since the smallest eigenvalue A\; of the
Laplacian is explicit for 2 = (0,1)2, and satisfies \; = C;Q, we obtain Cp = ﬁ

Proposition 4.2 (Weak stability). All steps of Algorithm 2.8 are well deﬁned
Moreover, if (4.1) holds, if Ty, is weakly acute, and if 77 < Oy *ud~ 7_10 for
some p € (0,1) and where the constants Cy, C1 > 0 are chosen in such way that
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and Cy depends only on Q) and the geometry of Ty, then the inequality

N
Ep[uy ™, ¢ ] +(1*T’J)TZ—Ild_WHIIthTZ—Hd_ a3
n= Olyq n=0 Tu

N
BT 5
7Y A Va T ? < B[, 07
n=0

holds for N =0,1,2,.... Ny — 1= |T/7].

Remark 4.2 (Parameter p). The positive parameter p is needed to guarantee the
energy inequality stated in item (vi) of Definition 2.1 as (h,7) — 0; see Remark 2.1
and Step 3 in the proof of Theorem 5.2 below.

Proof. We divide the proof in several steps.

Step 1: The scheme is well-defined. The existence of a unique @;’L‘H in Step (1) of
Algorithm 2.3 follows from the Lax-Milgram theorem and the fact that Fj, [qm is
a subspace of [V?L]Q. Since |gf(2)| = 1 for all z € N}, and g™ = ¢} + 7} for some

Th € [V%f such that ¢}'(2) - 7, (z) = 0 for all 2 € N}, we have |, (z)| > 1 for all
z € Np, and hence the projection in Step (2) of Algorithm 2.3 is well defined. Fi-
nally, the existence of a unique u”Jr1 € V9 in Step (3) follows from the Lax-Milgram
theorem. Note that the correspondlng blhnear form is uniformly coercive (indepen-
dent of h) since the norm of the gradient is controlled by the discrete Laplacian,
see (3.7).

Step 2: Deriwation of estimates from the weak equations. In order to prove the dis-
crete energy inequality we choose 1, = d N”'H and ¢p = d u"+1 in the equations
of Step (1) and (3) in the definition of the algorlthm respectlvely, and obtain

—Hd @+ IIVW+1IIQ+§TI\3;VGZ*1I\2— §(Vuy, dy Div Agp ™)
- 6<Vuz,DivA[c7;a;:“ ~dr )
and
L 12 K 001 0+
V—ulldfuh s + 5 dr | ARy [ +—Hd Ajup ™7
— 8(d; Vu ™ Div Ayt = 0.

These identities will be used together with the following discrete analogue of the
integration by parts formula,

N N

7Y (d; Vupt, Div Agp ™) + 7 (Vup, d; Div Agpth)
n=0 n=0

(4.2) = (Vu) ™', Div Ag) t1) — (Vu}, Div Ag))) .
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If we multiply the foregoing identities by 7 and take the sum over n =0,1,2,..., N
then we find with (4.2) that

gmaX{HVqN“HQ,IIVqN“II b5 HAO n i = 0(Vuy T, Div Agy ™)

+ TZ —Hd g I+ TZ —Hd’U”*th

n=0 a n=0 Tu
(43) +TZ“ Id- V”‘“II?HZ 7 AL+
< H )
§quh||2 _||Ahuh||h_6(vuhaD1VAQh)

N
+TZ5(VUZ,D1VA[J; —d g th).
n=0

Here we used the estimate | Vg t!|| < |[|V@; || guaranteed by Lemma 3.4 in order

to estimate ||Vgy T'||. However, we will use the stronger estimate with Vg, ™

n (5.3) below.

Step 3: Estimates for the couplmg term. To estimate the last term on the right-

hand side we notice that A[élv;qh —d7q e [V2]2X2 and employ Lemma 3.3
to deduce that

(Vuj, Div Ald; gyt — drqp ™) < ClAYup|n | Ald; —dz gy n-
We directly verify for every z € N}, the identity

AZ T (2)

A i~ d g t)(2)] = rﬂA@Z“(z) T

AN”+1 (z

J

Since g3 (2) = ¢ (2) + T(Z;&ZJrl(Z), qr(z) - J;@ZJFI(Z) =0, and |gj (2)| = 1 for all
z € N}, we obtain that

~n n ~n 1/2
) — 1= (Jgp ()2 + r2dy g (2))2) 7 -1
= 1+ 2 drg M (2)2)? -1
1 -~n
<SPG (),

where we used (1 + t2)%/2 < 14 t2/2 for all t € R in the last estimate. For future
reference we note that the foregoing estimates imply

(4.4) |Ald; g

T

—d- g (2)| < Crld- @t ()P for all 2 € Ny
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With the definition of || - ||, and appropriate coefficients (8" : z € A},) such that
llonllz = Zze/\/h B v (2)|? for every vy, € V), we infer

lAldz gt —drap IR = > BrAld G = doap ()
ZE./\/h

2HAH2 Y Bt =)
ZEN}L
< CT?Hd;@ZHHM(Q),

| /\

where we used that > _ - Bl on(2)|* < C||UhHL4(Q In view of the interpolation
estimate [28, page 45|, there exists a constant C = C(Q) such that

loll3a@y < ClollIVo]l— for v e HY(),
We next apply Young’s inequality, together with (3.5), to deduce that
§(Vu, Div A[d- "+ — d7 7))
<Crl A, I qh“m\d vt

@s) < TNEE I+ (Coan B IANGIR) § ol 9T
q

Step 4: Verification of the discrete energy inequality. We are now going to verify
by induction that

(4.6) _max |AYu |, < Cy  forall N=0,1,..., N,

and that the discrete energy inequality follows under this assumption for N + 1
from the corresponding statement for N.

The estimate (4.6) is clearly true for N = 0 since u) = 0. Suppose next that
this estimate is true for some N > 0. Since by assumption

<Ot s 277100 )
we obtain
Crygp™ 827 P ARupll; < 1
for n =0,1,..., N and infer, upon combining (4.5) and (4.3), that

I .
SIVa T+ 5 Sl Aul 2 — 5(Tul+, Div A1)
N
+(1=7)r Y TI\d qh+1Hh+TZ_||d_ a7
n=0 "7 n= O

N
HT 5 oant112
73 SV
I K .
< LIV + 51 A8 17 — 5(Vuh, Div Ag}) = En[uf), of].

This completes the inductive proof for the discrete energy estimate. It remains to
prove that (4.6) is true for N + 1. However, since the left-hand side is an upper
bound for Ep[u; t*, g t1] we conclude

SNARN T < Bn[uf a) ) < Bnluh qf] < 7C3

=
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and therefore [|AYul 1| < Cp. This establishes the induction step and the asser-
tion for all V. 0

The following stronger estimate will be important in the compactness proof.

Proposition 4.3 (Strong stability). Suppose that the assumptions of Proposition 4.2
are satisfied. Then we have for every N =0,1,2,..., Ny — 1 that

IV N“IPMZ—IM Vu "+1||2+TZ—||VA° PP < ONT.

Proof. We choose ¢, = — ?LUZH € V9 in Step (3) of Algorithm 2.3. This leads to
(4.7)

1
Ed;HVU""HHQ Hd VUZ"HHQ + H|\VAhuh+1H2 0(Div Aq}f""l, VA?LUZ""I).

We use Young’s inequahty to bound the right-hand side as
(S(DIVAqZ—H VAO n+1) < _||D1VAqn+1H2 —HVAO n+1||2

Proposition 4.2 implies || Div Agy' || < Cal|[Vgp|| < C and the assertion follows
after multiplication of (4.7) by 7, summing the resulting inequalities from n =
0,1,2,..., N, and recalling that u% =0. O

5. CONVERGENCE

Our convergence analysis is based on compactness theorems in Sobolev spaces
together with a priori bounds that follow from the discrete estimates. For ¢, <
t < tp4+1 we define piecewise constant interpolants of the iterates of Algorithm 2.3
through

g (1) = d- gy, an(t) =, an(t) = g,
Q;}?(t) = qy, up(t) = UZHa “f(t) = uy,
and piecewise affine approximations via
Up(t) = up + (t —to)dyup ™, Gu(t) =g + (t—tn)d gt
In terms of these functions we may rewrite the equations of Algorithm 2.3 as
1

(51) 7(%)#”1)}7, +,U(Vq~havwh) —6(VU§,D1VA’L/J}1) =
q

1 N .
(5.2) 7—(5&}“ on)n + K(Ahup, AYon)n — 5(Div Agy, V) =

u

for almost every t € I, for all ¢, € Fj, [q,lf(t, )], and for all ¢, € V9.

The bounds in Propositions 4.2 and 4.3 allow us to select weakly convergent
subsequences with the following properties.

Lemma 5.1 (Weak convergence). Suppose that the assumptions of Proposition 4.2
are satisfied and that ¢ — qo in HY(;R?). Then there exists a subsequence
(h,7) — 0 and a pair (q,u) with
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%aathh - atq in L2(I? LQ(Q7R2))3

)
(b) Qs Qoo gl = g in L(I; HH (5 R?)),
(c) oy, — O in L*(I; L*(Q)),
(d) up,ult > win L°(1; Hy (),
(e) Adup, — Au in L*(I; Hy(Q)),

)

Diup, Djuft A D% in L (I; L2(Q; R2*2)).

Moreover, |q| = 1 almost everywhere in I x Q, ¢(0,-) = qo as well as u(0,-) = 0,
and q(t,-)|r = gp in the sense of traces for almost every t € I.

Proof. We first establish the convergence properties for g, then verify that the
limit ¢ satisfies the constraint, and finally prove the convergence for uy. All of
these results hold for suitably chosen subsequences.

Step 1: Convergence of qp,. From the bounds in Proposition 4.2, the estimate (4.3),
the constraint on the length of g5 in the nodes, and Poincaré’s inequality we im-
mediately deduce that

(5.3) qn, Gn € L°(I; H' (; R?)), @, € L*(I; L*(; R?))

and that the sequences are uniformly bounded in these space. Thus there ex-
ists a ¢ € L®°(I; H'(Q;R?)) and a ¢’ € L*(I; L*(Q;R?)) such that g, — ¢ in
L>(I; HY(Q;R?)) and ¢j, — ¢’ in L*(I; L?(%; R?)), respectively. We verify in (5.5)
below that ¢’ is indeed the time derivative of ¢. In order to verify the second
assertion in (a) we note that the estimate (4.4) implies

(5.4) 1@, = Oenll i (1x) < CTN @1 Z2(rx0)

and the right-hand side of this inequality tends to zero as (h,7) — 0 since the L?
norms are uniformly bounded. It remains to prove a uniform L? bound. It follows
from (1 +2)/2 < 1+ 2/2 together with |¢(2)| = 1 and ¢}'(z) - d-@" "' (2) = 0
that for all z € NV},

G R G R
lqp (2) + 7d= G (2))]
2

=2 <2 rd- P (2) 1
PEEE e A &=

=2((L+ G () 1) <2l (P
and this implies that 9;@y, is uniformly bounded in L?(I x Q;R?). Hence there
exists a weakly convergent subsequence, and since weak limits are unique we deduce

from (5.4) that 8,g, — ¢ in L?(I; L?(€;R?)). We finally observe that for every
¢ € C§(I x Q) we have

(5.5)
/@@@mzlm (@, 0r0)dt = — lim @%w:—/@@ma
I I

h,7)—0 J1 (h,7)—0 /1

g (2) — qh(2)

ie, 0ig=¢.



18 SOREN BARTELS, GEORG DOLZMANN, AND RICARDO H. NOCHETTO

To prove the assertions in (b), we first observe that the convergence of the piece-
wise constant functions g, to ¢ and the boundedness of 9,q, in L?(I; L?(2;R?))
imply @, ¢t X gin Lo°(I; HY(2)) as well. Thus we only need to show the conver-
gence of gp. Arguing as above we find that

13n = anllraxe) < CT2@ 7210
so that also @, — ¢ in L>®(I; H'(Q;R?)).
Step 2: Validity of the constraint. We first observe that
@n € L2 (I; HH(QR?)),  0,qn € L*(1; L*(;R?)) € L*(I; HH(QR?))

with uniform bounds in these space by (b) and (a), respectively. Hence the Aubin-
Lions Lemma implies that

(5.6) Gn —q in L*(Ix9Q).

Since we have additionally g, —qn, — 0 in L?(I x Q) we have pointwise convergence
qn — q almost everywhere in I x . The fact that |gn(t,2)] = 1 for all z € A},
and almost every t € I implies the following estimate. Let K be an element of the
triangulation « € K and let z be one of the nodes in K. Then

1
d
|qh(t7x)|2 -1= |qh(t7x)|2 - |qh(tvz)|2 = / g |Qh(ta ST + (1 - S)Z)|2d8
0

1
= 2/ (Van(t, sz + (1 —5)2)) : (qu(t,sz+ (1 —5)z) @ (x — z))ds
0
and hence
“qh(t,z)|2 - 1‘ < ch|Vap(t,z)| forallz e K.

If we integrate the inequality in space-time, then

T T
| lanep = 1Pt <cne [ 1va ey Par

and we obtain in view of (b) that |gx|?> — 1 in L?(I x Q) and thus |gn (¢, 7)|> — 1
for almost every (t,z) € I x Q. This implies |¢| = 1 almost everywhere in I x Q.
The assertion that ¢(¢, -)|r = gp for almost every ¢ € I follows from weak continuity
properties of the trace operator. Finally, ¢(0, ) = qo is derived with an integration
by parts in time and the limits identified above.

Step 3: Convergence of up. It remains to prove the assertions for u. The bounds
of Propositions 4.2 and 4.3 imply that

iy, € L*(I; L*(Q)), Ay € L®(I;L%(Q)), VAW, € L*(I; L*(Q)).

In view of the Poincaré-type inequality (3.7) for the discrete Laplacian and the
Poincaré inequality for u; and A%u;, we obtain that

up € L®(I; HY(Q), Abuy, € LA(1; Hy (Q)) .

Since the sequences are uniformly bounded in these spaces we infer the existence
of a function u € H*(I; L?(2)) N L (I; H} () with

up = in L=(I; Hy(Q)), iy, — Opu in L*(I x Q)
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and a function x € L%(I; H}(Q)) with
Apup — x in L*(I; Hy (),

respectively. The boundedness of d;@y, implies up —uff — 0 in L?(I x 2) and hence
uft 5w in L°(I; HY(Q)). This verifies (c) and (d). We show next that (e), i.e.,
X = Au. With the definition of AYu;, and (3.4) we have for every ¢ € C§°(I x Q)
that

dt = i AY dt= 1 AY dt
/](X’(b) (h,'ll'I)nHO ]( huh)¢) (h,'ll'I)n—»O ]( huha¢)h

—  tim [ (Vup, VIno)dt = — / (Vu, V) dt

(h,m)—0J I
and this proves y = Au. Finally, to prove (f) note that the boundedness of AYuy,
in L>°(I; L*()) implies also that AYuf is bounded in L°(I; L%*(Q2)) and with
Lemma 3.3 we find that
Diuy, Diuit € L>(I; L*(Q;R?X))
together with a uniform bound in this space. Hence, there exists a P, P ¢
L (I; L*(; R?*2) such that (up to a subsequence) Dult > P and Duff = PE,

respectively. We want to show that P = P® = D%u. For every v € C§°(I x
Q; R?*2) we deduce in view of the definition of D?uy, the convergence (d) and with

IVIZht = YlllL2(1x0) — O, that

T
/ (Pg)dt = Tim [ (D2up. o), dt
0 (h,T)HO I

=— lim (Vup, DivIpp)dt = — /(Vu,Div ) dt
(h,7)—0 J1 I

which proves P = D?u. The fact that «(0,-) = 0 follows again from integrating
by parts in time. The assertion P = D?u follows with the same argument since
uft = win L®(I; HY(Q)), and hence
T
/ (P,¢)dt = — lim (Vuil, Div Zpep) dt = —/(Vu,Divw) dt.
0 (th)A)O I I

This concludes the proof. (I

We are now in position to pass to the limit in the equations (5.1) and (5.2).

Theorem 5.2 (Existence). Under the assumptions of Lemma 5.1 the pair (q,u)
from Lemma 5.1 is a weak solution of (2.12) in the sense of Definition 2.1.

Proof. We first deal with the equation for the deformation u, then with the equation
for the director field, in which we need to pay attention to the constraint |¢| = 1.
The last step is then the verification of the energy inequality for the solution (u, g).

Step 1: Passage to the limit in the equation for u. Let ¢ € CF°(I x ) and set
on(t,) = Ipo(t,-) for all t € I. We want to pass to the limit (h,7) — 0 in the
integrated version of equation (5.2). For the first term we write

/(@ﬂh,éf’h)h dt = /(3tﬂh,¢h)dt+/{(&sﬁh,fﬁh)h — (Ocin, ¢n) } dt .
T T T
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Since by Lemma 5.1 (c¢) 9y, — Oyu in L?(I x Q), and since by general interpolation
estimates ¢, — ¢ in L*(I x ), we obtain together with (3.4) and ||Vl L2(1x0) <
Cy that, as (h,7) — 0,

(57) /I(atah,¢h>h dt — /I(atu,¢> dt.

Here we write Cy for a constant that depends on ¢ but is independent on h and
all the other parameters. The definition of A9 and the facts that Alu, — Au in
L*(I; H}(Q)) and V¢, — V¢ in L2(I x Q) imply that

/(A%uh,Ag(ﬁh)h dt = 7/(VA2uh,V¢)h) dt

I I

(5.8) - /1 (VAu, V) dt — / (Au, Ad) dt

I
as (h,7) — 0. Note that by Lemma 5.1 Au = 0 on 9. Since ¢, — ¢ in

L2(I; H(;R?)) we verify that
(5.9) /1 (Div Agn, Vo) dt — /1 (Div Ag, Vo) dt
as (h,7) — 0. Combining (5.7)-(5.9) we conclude
/1 {%(&u, ¢) + r(Au, Ap) — §(Div Aq, Vo) } dt = 0

holds for all ¢ € C3°(I x Q). A density argument allows us to verify the same
identity for all ¢ € L?(I; H2(2) N HL(Q)).

Step 2: Passage to the limit in the equation for q. Passage to the limit in (5.1)
is slightly more involved due to the constraint on the discrete test functions. Let
&€ C§°(I x Q) and define

wh(t’ ) =1 [E(t’ ')Jql?(ta )]a

0 -1
=17 ]
denotes the counter-clockwise rotation by 7/2. With the usual convention to inter-

pret the second gradients as acting on the functions restricted to the elements, we
infer

for every t € I, where

n — EJq | L2(1x0) < CR*|V2(ET G | z2(rxe)
< CR?||Ellwz 1 xe (lan ] L2rxsy + IVG | L2 (1 xa)

and hence

li —&Jqf |2 =0.
(h,H)ILo”d}h §Jan |lL2(1x0)
Moreover ¥y, (t, z) - qi*(t,z) = 0 for almost every t € I and every z € Nj, and vy,
is an admissible test function in (5.1). Observe next that in view of the strong
convergence (5.6) and the bound (a) in Lemma 5.1

li B gl e =0.
(hg)gollqh QHL(IxQ)
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We set ¢ = £Jq and conclude in view of the two foregoing estimates that
n — ¥ll2xey < llvn — EJar I L2rx) + 1€lar — dlll2xe)

< hCe(L+IVaillr2axe) + €l Loy llay — allrzxe
— 0

as (h,7) — 0. Since ||[V¢pn||r2(1xq) < Cy we obtain as before in view of the weak
convergence (a) in Lemma 5.1

(5.10) /I (@, )n dt — /I (Bug, ) dt

as (h,7) — 0. Using g, — ¢ = 7¢), almost everywhere in I x { we have

@090 =7 [ [V Vo) + (94l Tlun - €1af) + (V' Vlesal] de
I I

=T +T5+T5.
The bound of Proposition 4.2 implies 71/2||V, || z2(rx0) < C so that

(121 = |7 [ (V. Fn) ] < 7198 12000 | Tl 1201x0) — O
I

as (h,7) — 0. The error estimates for the nodal interpolation and |¢ff| < 1 almost
everywhere imply that for almost every t € I and every K € 7},

IV = ETay )l 2y < CRIVEIETqR]l| L2 (i)
< Ch(IV*€ L2y + V€l Lo (1) IV i N 2 x))
and therefore we have that
|T2| — 0

as (h,7) — 0. Since J is a rotation by 7/2 we deduce
T; = /(quf, VE® Jai +EV(Jqy)) dt = /(qulf,vé ® Jqp) dt.
I I

Since 9;qft — 9;q in L*(I x Q;R?) and ¢ — ¢ € L?(I x Q;R?) we may pass to the
limit in this equation and reverse the argument to obtain in the limit (h,7) — 0

T5 — /I(Vq,V§® Jq)dt = /I(Vq,V[SJq])dt = /I(Vq, V) dt.

These identifications of the limits of the terms T;, ¢ = 1, 2, 3 allows us to conclude
that

(5.11) [V vt~ [ (vavo)ar
I I
as (h,7) — 0. We next observe the convergence (f) in Lemma 5.1 implies
Diuff — D?u in L3(I x Q;R**?).

This fact, estimate (3.4), the definition of DZuf? and the strong convergence Ay, —
A in L?(I x Q;R?*2) imply for (h,7) — 0

/(vuﬁ,DivAwh)dt = —/(Diuﬁ,Awh)h dt

I I

(5.12) — —/(D2U,A’L/J)dt = /(Vu,DivAz/J)dt.
I I
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The combination of (5.10)—(5.12) proves that the identity
1
Ao @.0) 4 (¥4, 90) - 6(7u,Div Av)} dt =0
I q

is satisfied for every 1 of the form ¢ = {Jq with £ € C§°(I x Q). It remains to
prove this identity for all test functions ¢ € L?(I; H}(2)). In order to do this we
first observe that functions £ of the form £(¢,z) = a(z)8(t) with o € C§°(Q2) and
B € C§°(I) allow us to conclude that

1
(5.13) ~(810.) + (V4. V) ~ 6(Vu,Div A¥) =0
q
for all ¢ of the form ¢(z,t) = a(x)Jq(t, z) with a € C§°(2) and for a.e. t € I. Let
p € HY(R?) N L>®(Q;R?) with p- g = 0 for a.e. z € Q. Then define o € L1(Q)
by p(z) = a(x)Jq(z), ie.,

alz) = p(x) - Jg(xz) ae xz€Q.

Since || = 1 and p € L>(£;R?) we have o € L°°(Q2) and the product rule for weak
derivatives implies that

Va = (Vp)TJq+ p"VJqe L*(Q;R?).

Since p € H}(Q2) we obtain a € H(Q2) N L>°(Q) and hence there exists a sequence
of functions a. € C§°(Q) with a. — a € Hj(Q2) and a. € L>°(Q) uniformly in e.
Let . = a.Jq and use ¢, as test function in (5.13). Since

Vi =VadJg+aVJqg— VaJqg+aVJqg=Vp

we conclude that (5.13) holds for all v € HE(;R?) N L (;R?) with ¢ -q = 0 a.e.

We next use the techniques in [19] to remove the constraint that ¢ be bounded.
Let a : [0,00) — [0,00) be a bounded and smooth function with a(s) = s on [0, 1].
For R > 0 define

2]y =

wr(z) = Ra(E) =k

For any ¢ € H}(Q) with ¢ - ¢ = 0 a.e. we define ¢y = wr o, k € N. Then
Y -q = 0 a.e. and ¥y — v pointwise a.e. The chain rule implies pointwise
convergence of [(Vwk) ) 7,/1] V1 to V) together with a uniform L? bound and thus
the same convergence in H!(€2). This allows us to use ¢, as a test function in (5.13)
and passing to the limit we obtain this identity for all ¢ € H}(Q) with ¢-¢ = 0 a.e.
Finally the property (v) in the definition of the weak solution in Definition (2.1)
follows by approximation of functions in L?(I; H}(Q2)) with simple functions of the
from a(x)B(t) with finite-valued functions (.

Step 3: Verification of the energy inequality. It remains to show that item (vi) in
Definition 2.1 is satisfied by the pair (g, u). Since g — go in H*(Q;R?) and u)) =0
we find that Ep[ul, ¢\] — Elug,qo]. By weak lower semi-continuity of norms and
the weak convergence properties of the discrete approximations the energy law for
(g, u) follows from Proposition 4.2 if we can show that for almost every t € I we
have

/ Vuy, - Div Aq, doz — / Vu - Div Agdx
Q Q
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s (h,7) — 0. To verify this convergence we recall from Lemma 5.1 (f) that
D2y, = D% in L>=(I; L2(2;R?*2)) and that by (5.6) qn(t,-) — q(t,-) in L?(Q;R?)
as (h,7) — 0. Since the boundary conditions are time independent we conclude
from the definition of the discrete second gradients that

lim / Vuy, - Div Aqp, dx
(h,7)—0

= (hlu;n . Vuh Div Agn, — q] dx—i— hm 0/ Vuy, - Div Ag)) dz

=— lim O(D;Qﬂlh, Algn — @))n + lim Vuy, - Div Ag)) da

(h,7)— (h,7)—=0Jq

—(D%u, Alq — q]) + / Vu - Div Aqo dz
Q

= / Vu - Div Agdzx.
Q
This finishes the proof of the theorem. (]

6. NUMERICAL EXPERIMENTS

In this section we investigate the performance of Algorithm 2.3 in several typical
test scenarios. In our simulations the domain is the unit square in the plane,
Q= (0,1)2, and the implementation of Algorithm 2.3 was realized in MATLAB. All
systems of linear equations were solved using the backslash operator in MATLAB.
The underlying triangulations 7, were obtained by ¢ uniform refinements of the
coarse triangulation 7¢ = {K7, Ky} with

K, = conv{(0,0),(1,0),(1,1)}, K3 =conv{(0,0),(1,1),(0,1)}

and ﬁ by subsequent perturbation of the interior nodes of 7, by a random vector
field of length at most hy/4, so as to avoid superconvergence effects due to high
symmetry of Ty; note that hy = v/22~¢ is the diameter of elements in 7;.

This work has been partially motivated by experimental observations in [27] and
by simulations reported in [39]; our simulations explore these connections. The
results in [39] are based on gradient flow dynamics analogous to (2.12) for the
energy F' in (1.2) using the parameters in (2.3) as well as

T = 6400, v, =1, =0.1.

If we complement our rescaling in Section 2.1 with a nondimensionalization in time
via t = T't, then the final time is 1 and the relaxation parameters are given by

Yu =g = Ty ~ 2.4 x 1073,
Comparing (2.2) with (2.4) and (4.1), we see that the physical coupling parameter
0 must satisfy
1
RC2
in order to satisfy the assumptions of Lemma 4.1, and so of Theorems 2.2 and 2.4.
In view of Remark 4.1, which shows that Cp = 1/(v/27), the choice of § = 1 in [39]

seems to lead to a set of material parameters that is not covered by our stability
and convergence analysis, which in turn require § < 0.4391.

2 <e
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error quantity {=3 {=4] £=5] (=6
max,—o,1,..~ | V(qp = Znq(tn,-))|| | 0.4295 | 0.1218 | 0.0409 | 0.0180
maxXp—o,1,...~ ||uff — Znu(tn, )| 0.0827 | 0.0138 | 0.0035 | 0.0009

2.7849 | 0.5541 | 0.1494 | 0.0384

MaXp—0.1,.. N HA%’LLZ — TnAu(ty, )|

N |Ep — Ep| 92.4940 | 18.1884 | 5.2344 | 1.3301

.....

Table 1: Errors in four significant quantities for the example in Section 6.1. Algo-
rithm 2.3 exhibits an excellent performance beyond theory. The experimental rates
of convergence (for two consecutive computations on refinement levels £ and £+ 1)
are given by: 1.82, 1.5, 1.18 for the gradient of the director field; 2.5, 1.97, 1.95
for the deformation ; 2.33, 1.89, 1.96 for the curvature; and 2.34, 1.80, 1.97 for the
energy. The computations were done on meshes Ty, obtained by a random pertur-
bation of order O(h¢/4) of the meshes Ty, in order to rule out superconvergence
effects.

6.1. Convergence analysis and experimental error. Our first set of experi-
ments concerns the numerical validation of the convergence result in Theorem 2.4.
In order to experimentally study the rate of convergence of approximations ob-
tained with our algorithm in case of smooth solutions, we introduce source terms
in the evolution equations (2.12), i.e., we consider the system

Oyu + ’yu(f-@A2u + § div Div Aq) =T,
g + 74— pAg + A*D*u+ N\g) = g.

This allows us to choose a deformation u and a corresponding order parameter
q and to obtain these functions as solutions of the evolution problem with the
corresponding forcing f and g. For simplicity, we identify C and R? below, and
choose the set of parameters

T=1 ~v=7%=01 k=p=0=1.
For (t,x) € (0,1) x (0,1)? we define the functions
u(t,x) = sin(27t) sin(27x1 ) sin(27xs),
q(t, ) = exp (i cos(2mt)dz1 (1 — z1)z2(1 — 22))
and the corresponding forcing terms
f = 0wu+ A%u + divDiv Ag,
g=0q— Ag+ [8fu — O2u, 2812U}T + Ag,

with A\ = —u|Vq|?—0 D?u : Aq. The initial data and the boundary conditions in the
algorithm are obtained by standard interpolation as qg =7,9(0,-) and ¢ p = q2|1",
respectively. The algorithm itself was modified in order to take care of the (discrete)
forcing terms which are implemented using numerical integration as in Section 3.
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Table 1 summarizes our numerical results over (slightly distorted) triangulations
7; and time-steps 7¢ = hy/(10v/2). For each ¢ we display the L>(L?) error of the
gradient of the director field ¢, the deformation u, the (linearized) curvature Au
and the energy defined by

E}? = Eh I:UZa q;zl] ) E;LL = Eh I:Ihu(tna ')’Ihq(tna )] :

We observed that the convergence is linear in the gradient of the director and
quadratic in the deformation u, the curvature Au, and the total energy; see Table 1.
Our theory does not provide a rate of convergence but merely guarantees weak
convergence to the unique solution of our test example.

6.2. Ordering of random initial director field. Our second numerical example
aims at simulating the process of cooling the sample from its isotropic phase to the
gel phase. This process leads to the formation of local order and enforces a uniform
director field if the boundary conditions lead to an anchoring of the molecules in
one fixed direction.

In order to simulate this process after quenching, we choose again the set of
parameters

T=1 Hu=7%=01 kr=p=d=1.

Let 75 be the triangulation of Q = (0, 1)? described above and define 7 = hs/(10v/2).
The initial data ¢f € V3 for the vector field ¢ are given by ¢f)(z) = (2n1(2)* —
1, 2n1(z)n2(z)) for z € NV, where

z for z € Q,
(n1(2), na(2)) = { fl(,g)) for z € 09,
and £(-) € S' is a random vector field. We set gn,p = ¢Y)|r and we assume that
the initial configuration is a flat membrane with ug = 0. We first observe a very
rapid decay of the energy at the beginning of the evolution; see Figure 1. Figure 2
shows snapshots of the displacement u;, and the discrete director field n; during
the evolution. For the purpose of visualization we do not plot the order parameter
g but the direction of alignment which can be obtained from ¢ through the formula

(1, ms) = (g + 1)V (g + L) i # -1,
o (6’ 1) otherwise

(we show the direction of the director without an orientation since the energy
depends only on n ® n). As expected, the random initial director field induces
small perturbations of the initially flat membrane. However, at later stages of the
evolution the director field n decays to a constant field typical of the minimizing
state.

6.3. Nonflat initial states and spontaneous curvature. In our third set of
numerical experiments we include a non-vanishing initial displacement of the mem-
brane given by the scalar function uy and consider compatible nonhomogeneous
boundary conditions u|r = up = up|r and Aulp = g = Aug|r. Moreover, we
extend our model to capture spontaneous curvature of the membrane [24]. That is,
we do not assume that the flat membrane has zero bending energy but that due
to corrugations of the substrate the ground state is no longer flat but has locally
a mean curvature prescribed by a scalar function gs, the spontaneous curvature,
which depends on the position.
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200

180 b

160 b

80 b

60 b

40t .

Figure 1: Rapid decay of the discrete energy Ep [un(t), qn(t)] as a function of t €
[0,1] for the setting defined in Setting 6.2 with random initial data for q.

It is straight-forward to modify Algorithm 2.3 and to adopt the techniques pre-
sented in this paper in order to handle the additional terms in the energy. For
simplicity we assume that gs|r = 0. If we write the displacement as a perturbation
of the initial state, u = @ + ug, then the generalized energy functional is given by

~ K
Blig] =% [ 18G+u0) - g.Pdo+ 5 [ VgPds
2 Ja 2 Ja
- m/ Augd, (U + ug)ds — 6/ V(@ + up) - Div Ag dz.
r Q
Integration by parts and binomial formulas show that we have

E[a,q]:g/l|Aﬂ|2dx—g/l|Auo|2dx+m/(Vgs-V(ﬂ—i—uo)dx—i—g/JVqux
¢ ¢ 2 ¢

7!{/VAU0'V(’&+U0)C11'75/
Q

Q

We set 1 =1/90,6 =1, and k =10, v, =73 =1, and T' = 1. We let 75 be the
triangulation of Q = (0, 1)? described above and define 7 = hs/(101/2). We choose
¢ (2) = (—1,0) and ug,p, = Zpuo, gs,n = Ings, where

V(@ + uo) - Div Agdz + g/ g2 da.
Q

up(x) = 1—10 sin(4nxy) sin(drzs), gs(z) = %Auo(z)

for z = (z1,x2) € Q.

Figure 3 shows the deformation of the membrane and the director field for ¢ = 0,
0.2, 0.4. As opposed to the discrete version of the energy E it is in general not
true that a discrete version of E , which uses interpolated functions and numerical
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quadrature, is non-negative. Indeed, for data defined above, the energy is negative
in this example and this effect seems to be due to a rough approximation of the linear
terms in the energy functional. To illustrate this, we computed for ¢ = 3,4, 5,6 the
quantity

K
& = f§||IhAu0||% — H/Q VInAug - VIaug
and obtained the values
&3 =T74.4, &4 =1121.3 & =1215.0, & = 1238.8.

In Figure 4 we compare the energies for different mesh-sizes and observe that they
quadratically converge to a value close to 0.

6.4. Discrete defects and their effect on shape. We conclude the discussion of
the practical performance of our algorithm with an experiment that is not entirely
covered by our theory in the sense that the discrete boundary data enforce director
fields and hence order parameters whose energy cannot be uniformly bounded as
h — 0. This effect is due to a nonvanishing winding number of the boundary
data which thus cannot be extended to the entire domain by a continuous unit-
length vector field. Nevertheless, the mesh-size may be regarded as a length scale
comparable to the physical scale and then the discrete evolution is still meaningful
though mesh-dependent.

In polar coordinates (14, ,) about (a1, a2) = (1/4,1/2) and (ry, 6,) about (b1, ba) =
(3/4,1/2) we define

( )_{( 0s(0,/2), 81119/2) for z1 <1/2
P2 Z A (cos(— (0 + ), sin(—(0, + 7)) for a1 > 1/2

and set
an =In[(2n] — 1/2,2n1ns)]
together with v = 0. Moreover, we use
T=2 7%=7%=01 x=1, M=1 46=1

Figure 6 shows the director field and the induced curvature for various times. The
degree —1 singularity initially located at (3/4,1/2) immediately splits into two
singularities of degree —1/2 which is energetically preferable. In fact, the Frank
energy of a singularity of strength s in a neighborhood of the core after removing
a small disc of radius € centered at the core is of order

2
/ |Vn|?de ~ / S—de ~ s%|loge].
B(0,1)\B(0,¢) B(0,1)\B(0,¢) ||

In our discretized setting the cut-off radius is comparable to h thus we expect
that the splitting of the singularity of strength —1 into two singularities of strength
—1/2 should be accompanied by a decay of the energy of order | log h|/2. Indeed, the
numerical simulations confirm that this splitting is accompanied by a large decay of
the energy and the energy decays further as the singularities separate, c.f. Figure 5.
The motion of the topological defects seems to be mesh-dependent and whenever
they move by one layer in the mesh the energy is reduced to a lower level. The
degree 1/2 singularity seems to have a larger influence on the curvature than the
ones of negative degree. It is interesting to note that the defects of opposite sign
did not tend to interact on the time scale of our simulation. However, we expect
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that defects of degree 1/2 and —1/2, respectively, will annihilate by diffusion for
large times.
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Figure 2: Graph of the displacement up(t,
the evolution for t = 0.0, 0.1, and 0.3 (from top to bottom) in Section 6.2 with
random initial data of q. The gradient of the order parameter leads to a locally
uniform orientation with a few characteristic perturbations which introduce through
the coupling a deformation of the membrane. Once the director field is uniform the
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Figure 3: Graph of the displacement up(t,-) and the director field ny(t,-) at
t = 0.0,0.2,04 (from top to bottom) in Section 6.3 which includes spontaneous
curvature. The observed patterns are consistent with the heuristic considerations
in Section 2.3. The principle curvature directions at the saddles (e.g. in the center
of the sample) are parallel to (1,£1). We also notice the effect of the boundary
conditions which dominates the behavior close to the boundary of the sample. This
configuration is very stable and does not change significantly during the remaining
part of the evolution up to time t = 1.0.
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Figure 4: Discrete energy Ey, [un(t), qn(t)] as a function of t € [0,1] for the setting
including spontaneous curvature defined in Section 6.3.
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Figure 5: Discrete energy Ep [uh(t), qh(t)} as a function of t € [0,1] for the initial
data including a degree -1 and a degree 1/2 singularity defined in Section 6.4.
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The director field ny(t,-) and the discrete Laplacian Apup(t,-) at the

early stages of the evolution for t

Figure 6

0.0, 0.2, 0.4 in the example in Section 6.4.

Note that the singularity of degree —1 located at (3/4,1/2) splits immediately into
two singularities of degree —1/2. The singularity of degree 1/2 located at (1/4,1/2)

has a much stronger influence on the curvature of the surface. This configuration
is very stable and does not change significantly during the remaining part of the
evolution. As predicted by Uchida [39], we observe that a singularity of strength
—1/2 carries three lobes of positive curvature in which the director points toward
the core of the singularity. A singularity of strength +1/2 carries one lobe of positive
curvature and the curvature is negative in the region in which the director points

toward the core.



