A SIMPLE SCHEME FOR THE APPROXIMATION OF
SELF-AVOIDING INEXTENSIBLE CURVES
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ABSTRACT. The discretization of a tangent-point potential with a C*
conforming finite element method is investigated. Error bounds for the
practical evaluation of the potential and its variation are derived. A
numerical scheme for the minimization of a weighted sum of bending
energy and potential is devised and tested numerically for open and
closed curves.

1. INTRODUCTION

Simulating curves describing the bending behaviour of elastic rods is a chal-
lenging mathematical problem, cf. [DKS02, BGN12, Barl3, DLP14, PS15],
which has applications in the modeling of cell filaments [MOSS15], textile
fabrication processes [GM15], and the determination of equivalence classes of
knots [GRvdM15]. A rigorous dimension reduction from three-dimensional
elasticity shows that when large deformations occur, an inextensibility con-
straint has to be incorporated [MMO03]. In the simplest setting the elastic
bending energy is then given by

1
nalt) = 5 [ 0GP by WP =1

The constraint implies that the curve described by the function v : I — R?
is parametrized by arc-length and u”(y) is its curvature vector.

Stable and convergent finite element methods using piecewise cubic, C*
conforming finite elements have been devised and analyzed in [Barl3]. The
constraint is imposed at the nodes of the underlying partition and critical
configurations for Ienq subject to clamped or periodic boundary conditions
are obtained by approximating a solution u : [0, T] x I — R3 of the evolution
determined by the gradient flow

(Opu,v) = —0Ipenda(w)[v], u(0) = uyp,

for a suitable scalar product (-,-) on H2(I,R3), an initial curve ug : I — R3,
and curves v : I — R3 satisfying corresponding homogeneous boundary
conditions and the orthogonality relation

u,(t7 y) ’ ’Ul(t, y) =0
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for all y € I and ¢ € [0,7T], which is the linearization of the inextensibility
constraint about the curve u.

A natural requirement is to restrict the evolution or minimization to em-
bedded curves u : I — R3 and to determine isotopies from initial data, i.e.,
the topological equivalence class is preserved. Only few articles are avail-
able devising numerical schemes for this purpose, e.g., [Her12, Wall6]. One
way to realize this is to include a potential that avoids non-injective curves.
An outline on the discretization of several self-avoiding energies is provided
in [Sch16]. One possible choice is a repulsive tangent-point potential pro-
posed in [GM99] given for ¢ > 2 by

24 1
ww="2 [ f w1 (aly),u(@) Y

The potential takes values in [0, 00], see [SvdM12] and references therein,
and is a knot energy for ¢ > 2 in the sense that for a sequence of embedded
curves (uy) C W2~ 1/¢4(I, R3) converging pointwise to a nonembedded curve
we have TP(ux) — oo, see [SSvdM13, Blal3, BR15]. The tangent-point
radius r(u(y),u(z)) is the radius of the circle that is tangent to w in the
point u(y) and which intersects with u in u(z), i.e.,

@ -u@P  July) - u(@)
(u(@):u®)) = 3 G (@), uw) ~ Zsm( (), aly) — (@)

with the tangent line ¢(y) = {u(y) + pv/(y) : p € R} and sin(a, b) denoting
the sine of the angle between the vectors a,b € R3, cf. Fig. 1(a). If u(z) =
u(y) then the radius vanishes which causes a singularity in the potential,

cf. Fig. 1(b).
 y)
) u(y)
() = u(y)

u
«
(b) r — 0 as u(z

FIGURE 1. (a) Tangent-point function r = r(u(y), u(x)) for
a curve u; (b) the radius r vanishes at self-intersections.

Using that |sin(a,b)] = |a A b|/(|a||b]) and |uv/(y)| = 1 we may write the
radius r as
1 Ju(y) —u(@))?
r(u(z),u(y)) = 5 :
( )=3 [/ (y) A fuly) — u(z)]]
For z =~ y we have that the inverse of the radius approximates the curvature
|u”(y)|/2. This is our motivation to extract the singular diagonal from the
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integral and to consider the approximation

_1 W (y) A fuly) —u@)]]?
TP.(u) = Q/I/Is(y) i) dz dy,

— u(x)[*

where I.(y) = I\ B:(y). We provide a rigorous justification of this simpli-
fication via an error estimate; for sufficiently regular curves u the approxi-
mation is linear in e, in general, i.c., if u € H2NW?2 V%4 ¢ < 4, we have
the approximation order O(g2-%/279) for every 6 € (0,2 — q/2).

Based on the approximation of the tangent-point potential we devise dis-
cretizations of the potential and its variation. The resulting discrete opera-
tors allow us to define a semi-implicit scheme for approximating evolutions
determined by the gradient flow of a weighted sum of bending energy and
tangent-point potential, i.e., with a parameter o > 0,

(Opu,v) = —5(Ibend(u) + QTPE(U)) [v],

within the class of arc-length parametrized curves. Crucial for good stability
properties is a splitting of the variation of TP, into an antimonotone and
remaining part, i.e., we define mappings M. and A, such that

6TPe(u)[v] = Mc(u; u,v) + Me(u;v,u) — 24 (u;u, v).
For fixed w in the first component the mappings
(va) HM&(ﬁ;an% ('U,’LU) = AE(’E;U,U))

are bilinear forms with the properties that A.(u; -, -) is positive semi-definite
while the quantity M. (u;u, ) is positive. Our semi-implicit time stepping
scheme thus computes a sequence (u*) k=0,1,... such that

(dtuk, 7)) + ([uk]//7 7)//) + Q[Ma(ukfl; uk’ /U)—f_./\/lg(ukil; v, uk)]

= 20A. (uF L uP L )

with the backward difference quotient dju* = (u* — wF~1)/7 and for all
suitable test functions v that satisfy the orthogonality relation

[ukfl]/ . U/ -0

in I. Motivated by the identity u - dyu = 0, the same condition is imposed
on the discrete time-derivative, i.e.,

[uk—l]l . [dtuk]’ -0
in I. Every time step thus requires the solution of a well-posed, constrained,
symmetric linear system of equations.

If the initial curve u® satisfies |[u’]’|> = 1 then the orthogonality relation,
the identity uv* = u*~! 4+ 7d;u*, and an inductive argument lead to

k
[P = P Pl ded) )P = = 1y [de]
/=1

Because of the gradient flow dynamics and corresponding bounds on the
time derivative we expect that the second term on the right-hand side is
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of order O(7) up to negative powers of mesh-size related to the use of in-
verse estimates. Therefore no projection is needed to obtain curves that
approximately satisfy the arc-length constraint.

The rest of this article is organized as follows. In Section 2 we collect
some properties about the tangent-point potential and introduce our cubic
finite element spaces. Section 3 is devoted to a consistency analysis for
approximating and discretizing the tangent-point potential and its variation
in a periodic setting, i.e., for closed curves. In Section 4 we devise the
numerical scheme and discuss its implementation. Numerical experiments
are reported in the final Section 5.

2. PRELIMINARIES

II.A. Sobolev-Slobodeckii spaces. We consider the torus R/Z equipped
with the distance |z|g/z = inf,,ez [z — m[. The Sobolev space H¥(R/Z,R3)
is the closure of the set of all smooth, 1-periodic functions v : R — R? with
respect to the norm

k
laliFe = Il 72 + 1la®1Z,

where the norms on the right-hand side are computed on a fundamental
interval, e.g., on I = [0,1]. According to [Blal3] (see Lemma II.1 below)
curves u with TP(u) < oo can be characterized in terms of the Sobolev-
Slobodeckii space W2~ 1/%4(R/Z,R?) which contains all u € H'(R/Z,R3)
with [w/]yy1-1/4.4 < 00, where for s € (0,1) and p € [1,00) we have

- Wl 1p
s = dzd .
[f][/i/ R/ZR3 M{/ZXR/Z ‘m_y‘l-i-sp y)

R/Z

The Sobolev-Slobodeckii spaces form a subfamily of Besov spaces and can
also be defined via interpolation; see [RS96] for details. We define

[0lFyer = IWI1Ze + [0]yen

Note that W*P(R/Z,R3) embeds into C%*~1/P(R/Z, R?’) if sp > 1. Fur-
thermore, from the embedding H' < W*? for s — l < 1 [RS96], we infer,
provided ¢ < 4,

lollwe-1/a0 < Cyllollge  for any v € H(R/Z,RY).

As we intend to work in H? which does not embed into WItsP if s — % > %,
we will restrict our attention to ¢ < 4.

II.B. Tangent-point potential. By ¢, we denote the class of embedded

and arc-length parametrized curves v € W2~1/%4(R/Z,R?). We quote some
known facts about the functional TP.

Lemma II.1 ([Blal3]). Let ¢ € (2,00) and u € C1(R/Z,R3) be embedded
and parametrized by arc-length. Then the tangent-point energy TP takes
finite values if and only if w € W2~V
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The requirement that u is embedded cannot be omitted, see the discussion
in [BR15, Rem. 2.2]. For the case ¢ = 2 we refer to [BR15, Rem. 1.6].
The bi-Lipschitz constant biL(u) of a curve u € €, is defined via

. |z —y
biL(u) = sup
z,yER/Z, x#y ‘u(x) - u(y)’

and satisfies biLi(u) > 1. The following lemma provides an upper bound.

Lemma II.2 (Uniform bi-Lipschitz estimate, [BR15, Prop. 2.1]). For any
M < oo and q € (2,00) there is a uniform bound Cyrq < 00 on the bi-
Lipschitz constant biL(u) for all curves u € €, with TP(u) < M, so

[z = yYlg/z < Cuglu(@) —uly)|  forallz,y € R/Z.

Of course, it is not possible to bound the bi-Lipschitz constant merely in
terms of the Sobolev-Slobodeckii norm as the latter does not control self-
intersections.

The proof of Lemma II.2 does not extend to the case ¢ = 2. However, in
this case finite tangent-point energy still implies that the image of the curve
is a one-dimensional manifold [SvdM12, Thm. 1.1].

The following statement implies that TP is in fact a knot energy if ¢ > 2,
i.e., it blows up on sequences of embedded curves converging to a curve
with a self-intersection. This result has already been obtained in [SSvdM13,
Cor. 2.3] by geometric arguments.

Corollary IL.3 (Self-avoidance). Let (uy),cn C Gq with g € (2,00) point-
wise converge to a curve us € CO(R/Z,R3®) with a self-intersection, i.e.,
there are x,y € R/Z, x # y with us(z) = uso(y). Then TP(ug) — oo as
k — oo.

Proof. Assuming the contrary, we infer from Lemma II.2 the existence of a
constant C' < oo with 0 < |z — ylg /7 < C'lug(z) — uk(y)|- As k — oo this
leads to the contradiction 0 < C'|us () — uso(y)| = 0. O

For analytical considerations it is important to note that the integrand in
the tangent-point potential can be written as

[/ (y) A (ulz) —u(p)" _ [4'(y) A (ulz) = uly) = (@ =)' @G)IT

W lu(z) — u(y)|2q Bl lu(x) — u(y)|2q

This relation motivates defining the operator

2) (Do) (2, y) = L =v0) = (@ = y)V'W)
(z —y)

II.C. Variation of TP. We next provide a splitting of the variation of TP
noting that the functional is differentiable on appropriate classes of curves.

Lemma II.4 ([BR15, Thm. 1.4, Rem. 3.1]). For any q € (2,00) the (para-
metrization invariant formulation of the) functional TP is continuously dif-
ferentiable on embedded W2~1/%49 curves.
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The statement also holds in the case ¢ = 2 if one additionally requires that
the curves are continuously differentiable, see [BR15, Rem. 1.6]; recall that
W3/22 does not embed into C''. The results presented below can in fact be
extended to the case ¢ = 2, however, to simplify notation, we will restrict
our attention to ¢ > 2. If u € €, and ¢ € W21/ ¢ € (2,00), with u’ L ¢/,
the first variation of TP at u in direction ¢ simplifies to

STP(u)lg] = Mo(u;u, ) + Mo(u; @, u) — 2A0(u; u, @)
where, for € € [0,1/2) and a set R, C R/Z x R/Z with equality for € = 0,

we have

(1 v, ) //W Aiu )u(zv/”(i))lq_2

x (u /(y) (u(z) —u(y)),v' (y) A (w(z) —w(y))) dedy.
If v/ 1 w" we may replace w(z) — w(y) by w(z) — w(y) — (x — y)w'(y). The
mapping A, is given by

(u;v,w) // |u'(y ’u () )‘QI;EF?JQ)” (v(z) —v(y),w(r) —w(y)) dzdy.

If the integration domain in TP is replaced by R. we also have for ¢ € (0,1/2)
0TP(u)[p] = Me(u;u, ) + Me(u; o, u) = 2A:(u; 4, 9).

II.D. Approximation spaces. For the spatial discretization we use con-
forming subspaces V;, € H?(I,R%) that are subordinated to a partition 7y, of
I into subintervals I; of lengths h; with maximal length h. We identify the
partition 7T, with a sequence of nodes z; < z9 < --+ < zp711 and the space
SY3(T, R3) is given by C* splines of piecewise cubic polynomial degree, i.e.,

SY(Th, R?) = {vp, € C(I,R®) s vp|y, € Po(L)3, i = 1,2,..., M},

where I; = [z, 2;+1] and P (I;) denotes the set of polynomials of degree
k > 0 restricted to I;. We note that the restriction of v, € S'3(7,,R3)
to an interval I; is entirely determined by the values of v;, and v}, at the
endpoints of I;, i.e., by the four vectors vy (z;), vn(2it1), v},(2i), and v} (zi41)
that define the positions and tangents of the nodes of the discrete curve. We
let

LTy % Tp) = {vn, € L®(I x I) : n|1,%1, constant for 4,5 =1,2,...,M}

denote the set of piecewise constant functions on the tensor product 7y, X 7p,.
Given a set R C IxI that is the union of rectangles I; x Iy, j,k = 1,2,..., M,
we define the averaging operator

Qp + L®(R) — L%(Ty, x Ta)

that computes on each rectangle I; x I, C R the average of the values at
the four vertices or associates the value 0 otherwise. For any f € C%%(R),
a € (0,1], we have

(3) 1f = Qnflle < Ch* [flcoa -
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3. CONSISTENCY ANALYSIS FOR CLOSED CURVES

In this section we provide estimates that control the influences of removing
the singular part and using quadrature in the potential TP.

III.A. Removal of singular part. For ¢ € (0, 1/2) and u € ¢, we consider

//g‘u u(a )< P P asd

where R. is any measurable set with
Re={(x,y) ER/ZXR/Z: |z —ylg,;, > €} C R C Repa.
The integrand can be transformed using (1).

Lemma III.1. We have TP.(u) / TP(u) as € N\, 0 for any u € €, and
q € [2,00). In the case of u € 6, N H*(R/Z,R3) and q € [2,4) we have

TP (u) — TP(u)| < Csqe /%0 biL(u)* ||u/[|%,
for any 6 € (0,2 —q/2).
Proof. We have TP.(u) < TP(u) and with S. = (R/Z)2 \ R.

1) o u Z)—u
q(TP(u) — TP.(u)) %/S | (y)A(‘u((yin))_ ((Z))Fq u'(y)|* dzdy

- o ((y+02) = () @9
< biLi(u q// dzdy

|2

Jensen q
EBiL(u 2q// / [ y“%'q YOI 4942y
Z

_ q
gbiL(u)Qq/ // g1l y”)q W 4, 4y av
8195 |Z|
_ q

Z

Asu € W21/94 the 1ntegrand is in Ll(R/Z x (—1/2,1/2)) and the integral
vanishes as € \, 0 due to the absolute cont1nu1ty of the integral. We choose

11 _
56(O,2—q/2)anddeﬁnes—1—6,U— +—,T—T5,;+T— 1.

Using the embedding H' < W29 shows
/ IR
JJECEE R

|Z‘1+Sq

' (y+2) — /()"
[//5 < 1/r+oq dZdy //8 Z| (1- 1/1'+ s—a)q)r’ dZdy

< [U] nge’:“? q/2— 6<C§ 82 q/2— 6‘

1

Wo.ar(R/Z,R3) u HHl(R/Z R3) ’

which implies the estimate. O
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Remark II1.2. Ifu € €, W?4(R/Z,R3) and q € [2,00) we have

|TP.(u) — TP(u)| < Cge biL(u)*® [Ju”||], (R/ZE3) >

which follows from the proof of Lemma III.1 with Jensen’s inequality, i.e.,

1 //
Vz)
// [ y—i—z’q W)l dzdy /// [v y|—(il—qz dﬁdzdyﬁ%“u"”qm.

III.B. Use of quadrature. For a partition 7, of I = [0, 1] as in Subsec-
tion IL.D into subintervals I; with midpoints x;, j = 1,2,..., M, we define
for e > 2h

7?,57}1 = U Ij X Ik.

lzj—ak|r/z>E

Note that if I; x I C R then distg,z ([}, Ix) > /2. Given ¢ € [2,00) and
u € CY(R/Z,R3), we introduce the discrete tangent-point energy

Y/ e 2

Proposition II1.3. For any ¢ € (0,1/2), 0 < 2h < ¢, ¢ € [2,00), and
u € 6, N H? we have

iL(u gtl
TP (10 = TP.(u)] < €/ (P ) (a4 ).

where the integration domain of TP, is chosen to be R. = R .

Proof. In light of (3) we merely have to show that the function

f(x,y) =

DK ; pn=q,v=2q,

is C%1/2 on Ren. Note that all factors of f are C', except for v/ € H'.
Exploiting the embedding H' < C%1/2 on intervals, we infer

[fleorrzr, ) < esssupy (L 9)ll g -y ze/ayTesssupe 1 (@)l g e zep2) -

e (DL
lE—n[>e/2 ! vl HLW( 2

We first note that

1l < 1l sup Ju(®) = u(m)* ™ < €
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The partial derivatives of f are for (z,y) € R, given by

o' (y) A (u(z) — u(y) ">
lu(z) — u(y)|”
@) A (@) —ul)”
A (ule) ), @),
' (y) A (u(@) — u(y)) 2
Ju(x) —u(y)|”
x (u' (y) A (u(z) — U(y)) u(y) A (u(x) —uly)) — o' (y) A (y))
|/ (y) A (u(z) — ol |l
i o
We deduce the bounds

100 f1 < Crup |[0/|550 sup [u(€) — u(m)|P

Ouf(x,y) = p (W () A (u(z) —u(y)) o' (y) A ()

(9yf(a:,y) =K

+v

|E—n|>e/2
10,F] < Cpup ||| sup  [u(€) — u(m)[*™ |[u"(y)]
|E—nl>e/2
+CHVHUHM+1 sup  [u(€) —u(n)|* "
|E—n|>e/2

Recalling |u/| = 1, we verify that

||aa:f”L°° Re,n) < Gy

[ (b L(u))”““

€
I bi L(U) v—p+1
€SS Sup, Hayf(l', ')||L2(|:p7-|2€) ,u, ‘u Hﬂ ( c (1 + HUNHL2) ’
which implies the asserted estimate. O

Remark III.4. Exploiting the embedding W'=V®4 — CO01=2/4 one can
alternatively derive an error bound in terms of h*=2/1 for q € (2,00). In
particular, if u € W24 the embedding Wh4 — CY1=1Y4 leqds to the approz-
imation rate h'=1/9. In case that u € W3 (R/Z,R3) then the identity

—2q q

1 1
fay) = /0 Wy +9 - )| |y A /O (1 - o)y + o(z — ) do

where f is defined as in the preceding proof) shows that f is C%' on R/Z x
R/Z with a bound depending on the Lipschitz constant of u that is indepen-
dent of €. This leads to a linear approrimation rate with respect to h. The
formula indicates that the integrand f of the tangent point potential is well
behaved on the diagonal x ~vy. If u € W™ then we even have f € CH! so0
that a higher order quadrature rule would lead to quadratic convergence in

h.
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III.C. Approximation of the variation. We next derive bounds for the
approximation and discretization of the variation of the potential TP.

Lemma IIL5. For u € €,, ¢ € W?71/%4 with u' 1L ¢/, and q € (2,00) we
have 6 TP (u)[¢] — §TP(u)[p] as e N\ 0. If additionally u, p € H*(R/Z,R3)
and q € (2,4) we even arrive at

[6TP.(u) o] — 6TP(w)[@]| < Cs4™ >~ biLi(w)** ||’ || 3 loll 12
for any 6 € (0,2 — q/2).

Proof. We proceed as in the proof of Lemma III.1. It is convenient to sepa-
rately discuss the summands of §TP; using (2) we obtain in case v/ 1 w’

|IMe(u;v,w) — Mo(u; v, w)]

< / [ 1) A Pt

x — 2q
Wz(y) W (y) A Dulz,y)| |v'(y) A Dw(z,y)| dzdy

< biL(u)Qq V| o Du (x,y)\q_l |Dw (z,y)| dz dy
L S,

<vit |l [ [ o] [[f powar]”

and analogously

| Ae (u; v w) Ao (u; v, w)]
< [ BARAPUE o Pl e) - o). wle) ~ wlo) oy

v(z) — v(y) ‘ ’w(fﬁ) —w(y) ’ dz dy

Tr —

r—y Yy
// Du (z,y)|* dzdy.
Se
Noting that

q
o /(g +92) — w/(y) 0|
// |Dw (z,y)|? dxdy<// |Z|q dzdy
q
// |w'( y+z w'(y)| dzdy,

the first claim is a consequence of the absolute continuity of the integral.
For the second one we argue as in the proof of Lemma III.1. ([

X

< biL<u>2q+2 / Du(z,y)’
Se

< biLi(u)

For a practical evaluation of TP we use quadrature and define

DTP_ j(u)[p] = M p(u;u, @) + Mc p(u; @, u) — 2A: 1 (u;u, @),



APPROXIMATING SELF-AVOIDING CURVES 11

with the mappings M. ; and A, defined by
Mep(uivaw) = [ /R ((Q1®) (. 9), 0" (1) A (w(z) — w(y))) dedy,
A (0, w0) = / /R (QWT) (2, y) (v(z) — v(y), w(z) — w(y)) dedy,

for functions ® and ¥ given by

(y) A (u(x) —u(y))
u(z) —u(y)

P(z,y) = |u'(y) A (u(z) — u(y))‘qu v

[/ (y) A (u(z) — uly))*
[u(@) — u(y)[***?

\Ij(xa y) -

Proposition II1.6. For any ¢ € (0,1/2), 0 < 2h < g, ¢ € (2,00), and
u € 6, N H*(R/Z,R?) we have for all p € H*(R/Z,R3) with v’ L ¢’ that

bil. q+3
)+ 1) Dol

(DTP.,— 5TP.] el < €V

where the integration domain of TP, is chosen to be R = R .

Proof. As 6TP, and DTP. ) are analogously decomposed it is convenient
to separately consider the corresponding summands. We obtain, assuming
v L,

Mo = M (a5, 0)] < [0 = Qo [ /R () A (wlz) — w(y))| dedy,
[ Ao — A (w5, 0)] < 0 - Q0] [ /R [v/(5) A (w(z) — w(y)| dzdy.

Noting estimate (3) with & = 1/2 we deduce that

Mo (w50, w) = Me(u;0,w)] < CVR@]gonszm, |1 o 10| e
A (130, w) = Ac(u;0,w)] < CVA[P]coarzgr, oy 1V] oo 1] e -

The argument in the proof of Proposition I11.3 extends to arbitrary positive
reals pu < v, so letting (u,v) = (¢ — 1,2¢) and (u,v) = (g,2q + 2) yields the
desired bound. O

Analogously to Remark II1.4, an inspection of the proof shows that the
additional assumption u, p € W24(R/Z,R?) yields an approximation rate in
terms of h' =1/ while u, o € W (R/Z, R?) leads to a linear approximation
rate with respect to h.
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4. NUMERICAL SCHEME

IV.A. Discrete gradient flow. As a model problem and application of
our consistency estimates we consider the approximation of a family of arc-
length parametrized curves u(t,-) : I — R3 for ¢ € [0, T] such that

(Byu, w) = =6 (Inena + 0TP:) (u) [w]

for all w : I — R? satisfying u/(,-) -w = 0 in I. With the decomposition of
0TP. introduced above, the evolution problem reads

(Opu, w) = —B(u, w) — 20MP™ (u; u, w) + 20A: (u; u, w),
where (-, -) denotes the L? scalar product,
ME ™ (uy v, w) = Me(u;v,w) + Mo (u;w,v).
and the bilinear form B is the variation of the bending energy
B(v,w) = (v, w").

We consider here an interval I C R and include homogeneous or periodic
boundary conditions in the discrete linear space

Vi, € S¥3(Th, R3).

Inhomogeneous boundary conditions will be included via the initial curve u°.

Given some uj, € SY3(T,, R3) we include the linearized arc-length condition
in the space

Frlup) = {vn € Vi, 1 vp(2i) - up(z) =0 for i =1,2,..., M +1}.

Our numerical scheme realizes a semi-implicit treatment of the evolution
problem with a linearized treatment of the constraint.

Algorithm IV.1 (Semi-implicit time-stepping). Let Ty be a partioning of
I, let u) € SY3(Tp, R3) with |[ud)(z)]> =1 fori=1,...,M +1, and let
e,7>0. Setn=1.

(1) Compute v} € Fp[u™"] such that

(vpwp) + TB(vp, wy) + 2@7’/\/1?7’2“(“7}:*1; vy, wp)
= —B(up " wp) — 20M2 (up s up wn) 4 20Ac p (up s up T wn)
for all wy, € Fplu)™"].

(2) Set ul} = u}"' + 7. Stop if nT > T increase n — n+ 1 and continue
with (1) otherwise.

The motivation for the particular semi-implicit treatment of the variation
of the potential is the fact that A.(u;-,-) is a positive semi-definite bilinear
form while M (u;-,-) is non-negative in a neighborhood of (u,u).
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IV.B. Discrete energy barrier. To limit the influence of the self-avoidance
potential on the evolution but to still enforce embededness of curves, we aim
at determining a suitable parameter o = A% in terms of the mesh-size h > 0.
Our discretization of TP leads to the identity

1 ul (2i) A [un(z;) — up(25)]9
TPou(m) =2 30 hibyy M LnE) )]

T lun(2i) — un(2;)|

|zi—z5|>€
with certain weights +; that are independent of the mesh-size. A discrete
self-intersection corresponds to a configuration of non-neighboring nodes z
and z such that
un(z) — un(z)| ~ h

and if u}, (2) and up(z) — up(Z) are non-tangential we have
TP, p(up) > ch?74,

cf. Fig. 2. This shows that ¢ = 2 may be insuflicient to avoid self-intersections.
To introduce a discrete energy barrier we thus have to choose

0> chi™?7°

for some o > 0.

up(2)

/

\
un(?)

FIGURE 2. Self-intersection of a planar curve not detected
by the discretized potential if ¢ = 2 (black dots indicate
images of nodes z and z).

The parameter o introduces a length scale in the mathematical model that
determines how close a curve may be to itself.

IV.C. Assembly. We discuss here the numerical computation of terms re-
sulting from the differentiation and discretization of the tangent point en-
ergy. We set ngp = M and for a partition I = U?fll ;j into closed intervals I;
of lengths h; and with midpoints z;, j = 1,2,...,ng, we note

TP, 1 (up) = / Oy drdy = S Oudulywrchshe,
Re,n jk=1,...,n
Js seeVE
|z;—xp|>e

where
1) A [ (y) — un (@)
An(@,y) = q lup (y) — up ()24
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The operator Qj computes on each rectangle I; x I} the constant value
obtained as the average of the values at the vertices. Similarly, we have

Acn(un; vp, wp) = /R (QnV3) (7,y) (vn(y) — vn(x), wp(y) — wp(z)) dody

= Y Wil [ (o)~ on(a)wn(y) — wn(a) dedy,

s
where o
i) = e
and
My (up; op, wp) = /REh (On®1) (2, y) - [v},(y) A (wi(y) — wp(x))] dedy
: |Z| Sl / o (®) A (wn(y) —wn()) dady,
where o
O (2,y) = [uh () A [ (y) = wn(@))|"~2 wj (y) A (unly) = un(x))

lun(y) — un()[??

The functions up,vp,wy, are linear combinations of basis functions ¢,,e),
m=1,2,...,2nc, p = 1,2,3, associated with the nodes 21, 29, ..., 2, with
nc = M + 1 of the partition and the canonical basis vectors e, € R3,
p =1,2,3. In particular, to a node z; two basis functions @9p_1 and @y, are
associated which are defined by the conditions

or—1(2i) = Opiy  Phy_1(2i) =0,
and
ou(2zi) =0,  ©he(z) = b,

for i = 1,2,...,n¢c. Note that odd and even basis functions have to be
scaled differently when transformed from a reference element, e.g.,

_ gmmod2+1 ~
m|1; = ] Pmr 0 D;

with affine transformation ®; : I; — [0,1]. In particular, contributions to
the bilinear form are computed via

1
/18057?)80%) dx:h;—a—ﬂh;nmod}l-lh?mod%—l/o 957(3)952@) d7.
i

For the assembly of A.; we define vz = vy, - ¢4 and note that every basis
function ¢, is supported on at most two neighboring intervals and that I;
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and I are nonneighboring provided that € > 2h. Hence, we have
Ae,h (Uh; Vh, Spneq)

= Z th/h\ljxfk/

Gk=1,.ng Iix Iy

|zj—z|>e

(vi(y) — v}(2)) (¢n(y) — en(x)) dzdy

‘Ij‘ f]k UZ(Pn dy — ij UZJ dz flk ©n dy if z["] c Ik’

= Z OnVnlr;x1, - \Ik\f[j vipn dr — fzj pnde [, vfdy if M e,

j,k?:l,...ﬂ'bE 0

otherwise,
lzj—ak|>e

where z[ is the node associated with the basis function ¢,. Terms defined
by M, are treated implicitly and we compute

Ms,h(uh§ PmEp, (Pneq)
= > ®hlixs, - (ep/\eq)/ Cm(¥) (n(y) — ¢n(2)) dzdy

J:k=1,...ng I;x 1y,
lzj—ak|>e
151 [, omtpn dy if 2lml Ll ¢,
— Z On®hlrxr, - (ep Neg) - —ij onda [} @), dy if (o), 27 € 1 x I,
jlf%l”g‘;r;lf 0 otherwise.
7 =

Note that in a periodic setting the nodes z; and zp741 are identified and
sums are over pairs of indices (j, k) with |z; — x|r/z > €.

5. NUMERICAL EXPERIMENTS

In this section we report on experiments which verify the consistency es-
timates and discrete evolutions computed with the numerical scheme de-
scribed in Algorithm IV.1 to illustrate its practical stability properties and
the underlying evolution process. Throughout we assume that the flow pro-
vides sufficient regularity so that the approximation rates derived under
additional regularity assumpations are valid.

V.A. Experimental convergence rates. We consider a smooth planar
closed curve and verify the experimental convergence rate of TP, ; as the
approximation paramers (h,¢) tend to 0.

Example V.1. We let I = [0,27] and

cos(y)
uly) = |sin(y)
0

With standard trigonometrical identities and asymmetry of sin we find that

_ (cos(y)(cos(y) — cos(z)) + sin(y)(sin(y) — sin(z))
QTP(U) B //I><I ((

) 1
cos(y) — cos(z))? + (sin(y) — sin(az))Q)q dz dy.
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We thus have that TP(u) = 227972 /q. For the summands in the decomposi-
tion of the variation of TP we have My(u;u,u) = ¢TP(u) and Ag(u;u,u) =
qTP(u).

Table 1 shows for a sequence of uniform partitions of I with meshsizes
hj =277/10, j =0,1,...,5 the relative errors
Op = | TP. p(Ihu) — TP(u)|/TP(u),
5% = ’ngh(fhu; TIhu, Inu) — M(u; u,u)’/M(u;u,u),
(5&1 = ’A&h(lhu; Inhu, Inu) — A(u;u,u)‘/A(u;u,u).

For our experiment we chose the parameters

q=3, &=2h.

Note that our error analysis considers the case M (u; v, w) with v/ L w'. We
observe a nearly linear rate of convergence for all errors. The error quantities
55\4 and 534 coincide for the particular choice of functions.
) J
h; OTp

Y, O

o
o
o
o
o
o

0/10
1/10
2/10
3/10
4/10
°/10

0.103 814
0.049 860
0.022 408
0.012 522
0.005 584
0.003 100

0.084 572
0.039 296
0.016 876
0.009 712
0.004163
0.002 387

0.084572
0.039 296
0.016 876
0.009 712
0.004163
0.002 387

TABLE 1. Approximation errors in Example V.1 for a
smooth curve and different mesh sizes. A nearly linear ex-
perimental order of convergence is observed.

T‘Qzl‘QZhI/Q 0=0.01-h/?2
1] N Y Y
h| Y Y Y

h/4| Y Y Y

TABLE 2. Experimental stability analysis for Algo-
rithm IV.1 with fixed mesh-size h ~ 1/80 in Example V.2.
An entry Y indicates that the total energy I;°* remained
bounded by its initial value whereas N refers to an instability.
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V.B. Evolution of a trefoil knot. We consider a periodic setting and as
initial curve a trefoil knot to study the evolution defined by the discrete
gradient flow.

Example V.2. For T = 200 and I = [0,1] let

(2 + cos(67y)) cos(4my)
u(y) = | (2 + cos(67y)) sin(47y)
sin(67y)

Via a reparametrization ¢ : I 1= [0, L] with the length L of the curve u
we obtain an arc-length parametrized mapping v : I — R3 that describes the
same curve.

For partitions 7, of I with h ~ 1/M we set
q=3, T=h/4, e=2h, o= h1/2/100.

Figure 5 shows for different mesh-sizes the values of the total weighted energy
and the potential

L2 (uh) = Ivend(uh) + 0TPep(uf),  TPen(up),

as functions of ¢, = n7, n = 0,1,..., N, for N ~ T/7. We see that the
discrete energy I1°*(u}') is monotonically decreasing indicating good stability
properties of our numerical scheme. Except for the case M = 20 we see that
the potential increases and reaches a barrier value that prevents the curve
from undergoing a topological change. This effect is also apparent from
Figure 3, in which we plotted snapshots of the discrete evolution for the
mesh-size h = 1/40. We see that the curve immediately relaxes its bending
energy and attains a constant state. Final states for different mesh-sizes are
shown in Figure 4 which are stationary configurations for h ~ 1/40 and h ~
1/80. The weighting factor g is too small in case h ~ 1/20 to guarantee self-
avoidance and the evolution is towards a simple circle. Due to the decreasing
factor in front of the potential we observe that the minimal distance up to
which the curve may come close to itself decreases with the mesh-size. The
geometry of constant states as o N\, 0 are discussed in [GRvdM15] where
instead of TP a non-smooth self-avoiding functional is considered.

To understand the stability properties of the iteration of Algorithm IV.1 we
tried for fixed M = 80 the weighting parameters

o=1, h*2 /% /100,

and step sizes
T=1, h, h/4.

Table 2 indicates whether the total energy I;° remained bounded during
the discrete evolution. We observe that only for ¢ = 7 = 1 an instability
occurs. In all other settings the evolution attains a stationary state that is
comparable to those shown in the second and third plot of Figure 4. The
experiment thus indicates stability provided that 7o < h'/2. In particular,
no self-intersections occur for this relation.
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FIGURE 3. Snapshots uy, n = 0,1,...,8, of the initial
discrete evolution defined by Example V.2 for mesh-size h ~
1/40. The curve relaxes bending energy but its evolution is
stopped by the potential before the curve self-intersects.
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FiGURE 4. Discrete configurations at T = 200 for mesh-
sizes h ~ 1/20, 1/40, 1/80 in Example V.2. The choice ¢ =
h'/2/100 is too small to avoid self-penetration for h ~ 1/20.
For h ~ 1/40, 1/80 the curves remain embedded throughout
the discrete evolution and attain a stationary configuration
which becomes flatter as h — 0 due to the weighting of the
potential.
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FIGURE 5. Discrete total weighted energy I;°* and potential

TP, j as functions of uy, n = 0,1,..., N, versus t, = n7t €
[0,200] for the discrete evolution defined by Example V.2

with different mesh-sizes h ~ 1/M.
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FIGURE 6. Discrete total weighted energy I}°* and potential

TP, j, as functions of uy, n = 0,1,..., N, versus t, = n7 €

[0,500] for the discrete evolution defined by Example V.3
with different mesh-sizes h ~ 1/M.
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V.C. Unwinding of a clamped spiral. Our third experiment considers
a planar spiral curve that is clamped at its outer and free at its inner end.

Example V.3. Let T =500 I = [0,1] and

20cos(2m(2y+1))/(2n(2y + 1))
uw(y) = [20sin(27w(2y + 1))/ (27(2y + 1))
0

Via a reparametrization ¢ : I 1= [0, L] with the length L of the curve u
we obtain an arc-length parametrized mapping v : I — R3 that describes the
same curve.

We again consider a sequence of partitions 7; of I with maximal mesh-
sizes h ~ 1/M, that result from a transformation of a uniform partition of

I =0, 1], and associated parameters
q=3, T=h/4, e=2h, o=h'?/100.

The good stability properties of our numerical scheme are again confirmed
by Figure 5 where we plotted the values of the total weighted energy and
the potential

L2 (uh) = Ivend(uh) + 0TPep(up),  TPep(up),

as functions of t, = n7, n = 0,1,...,N, for N ~ T/7. Opposed to the
experiments of the previous section the potential does not attain a con-
stant mesh-size dependent value but decays to zero. This is due to the fact
that the curve can entirely relax to a straight line without undergoing self-
intersections. Snapshots of the discrete evolution for the mesh-size h ~ 1/40
are displayed in Figure 7 which illustrate this behavior. The discrete states
at time T' = 500 shown in Figure 8 reveal a slight mesh-dependence of
the speed of the evolution which is related to the mesh dependence of the
weighting factor ¢ in the energy functional that defines the evolution.
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