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Abstract. A viscoelastic solid in Kelvin-Voight rheology involving plasticity
coupled with a heat-transfer equation through a temperature-dependent yield
stress is investigated. No hardening is studied but the evolution of the plastic
strain is considered to be rate-dependent. A numerical scheme which is semi-
implicit in time and employs lowest order finite elements on weakly acute
triangulations in space is devised and its convergence is proved by careful
subsequent limit passage. Computational studies underline robustness and
efficiency of the method and illustrate physical effects such as the softening of
a material due to dissipated energy that causes a rise in temperature and a
local decrease of the yield stress.
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1. INTRODUCTION

Slip plasticity in metals is an activated inelastic process that dissipates mechanical energy
to heat and, if hardening effects are considered, also to changes of the internal structure
of the material. If not infinitesimally slow or the body is not perfectly isolated, the
mentioned heat production leads to temperature changes that may conversely influence
the activation threshold (=yield stress) for the plastic material behaviour. In such a way,
heat transfer /production and mechnical processes are intimately coupled. We remark that
variations of such an activation threshold may be very significant, e.g., in steel products
manufacturing it may easily vary by a ratio of 5:1 or more when the temperature ranges
about 1000°C.

There is an extensive engineering literature addressing thermoplasticity and advocating
computationally sophisticated models, see, e.g., [2, 6, 13, 20, 23, 30]. Mathematically

supported theories seem unavailable except for an efficient hysteresis-operator approach
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for thermoplastic processes of a one-dimensional character [18, 19] and certain models
in [12] considering a temperature-independent yield stress. For the mathematically well
understood case of isothermal plasticity we refer the reader to [1, 10, 14, 15, 21] and also
22, Sect. 5.2].

The main mathematical difficulties in the analysis of inelastic material behaviour are
related to multiplicative plasticity at finite strains, evolution of even only elastic response
if kinetic effects are taken into account, and coupling of rate-indendent processes with
rate-dependent ones. In fact, each of these issues represents itself a hard open problem,
especially in three-dimensional settings and if no regularization (e.g., by capillarity or
higher viscosity) is involved. This is why we adopt the following simplifications: small
strains and additive plasiticity, linear elastic response (so that, in particular, adiabatic
effects are suppresed), and rate-dependent plasticity, meaning that fast evolution of plastic
strain dissipates (at least slightly) more energy than slow evolution. This additional rate-
dependent dissipation is advocated even on microstructural level by rate-dependent evo-
lution of dislocations, cf. [17, Figure 1], and allows us to avoid hardening without creating
spatial concentrations of plastic strain as it would be in the case of fully rate-independent
plasticity [10] and, most importantly, also awkward interactions of concentrating plastic-
strain rates with thermal effects. The mathematical model will be formulated in Section 2
where also its thermodynamics will be addressed.

The main purpose of this paper, performed in Sections 3 and 4, is to develop an im-
plementable numerical scheme for the model and prove its stability, i.e., derive a-priori
estimates, and convergence to a suitably defined weak solution of the mathematical model.
In Section 5 efficiency of our numerical scheme is demonstrated on a 2D example model-
ing a practical experiment and exhibiting rate-dependent effects of the thermal coupling
known as thermal necking within a fast loading experiment. We will mostly focus on a
temperature-independent elastic response, which is eligible when a thermal expansion in
the mechanical part is employed and corresponding adiabatic effects in the heat equation
can be neglected.

2. THE MATHEMATICAL MODEL

We assume that the physical body under consideration occupies the bounded Lipschitz
domain Q C R¢, d < 3. The state variables are the displacement u : Q — R?, the plastic
strain w: Q — ngxnil,o and the temperature variable 6 : ) — R, where

(2.1) ngxrio = {AEngxn‘f; tr(A) =0} and ngxlff = {AeR™% AT = A}
We consider ideal plastic response determined by a convex, closed neighbourhood S C
R4 of the origin. The interior of S defines the set of admissible stresses while its
boundary is called the yield surface and determines those stresses that trigger the evolution
of the plastic strain. We assume that S depends on temperature, i.e., S = S(6) for a set-
valued mapping S : RT = R%? qualified below in (3.5d).

Considering a Kelvin-Voigt-type viscous material, our model consists of the equilibrium
equation balancing inertial, viscous, and elastic mechanical forces,

(2.2) g% — div (Dﬁ%(tu)> — div(C(e(u) — 7)) =0,
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the evolution law for the plastic strain 7, modeled with the Prandtl-Reuf3 flow rule through
the inclusion

. (0 0
(2.3) o359 (8_7;> + Ba—;r — C(e(u) —m) 20,

and the heat equation

90 : . ([Om or  Orm Oe(u) Oe(u
24) gy — div(KVH) :55(6)< ) O poely)  de(w)

ot ot ot ot ot
Here, “:” denotes the product of two dxd-tensors, e(u) is the small-strain tensor
1/0u; Ou;
25 () = —( i f),

and dg : R33 — {0, +o00} is the indicator function of S with conjugate 6% defined through
the duality pairing s : e = Z?,j:l sije;;- The subdifferential (i.e., the normal cone) of 0§
is denoted 95%. Moreover, C = [C;;x] € R¥>*4*@*d jg a positive-definite 4th-order tensor
of elastic moduli satisfying the symmetries C,j; = Cpij = Cjigy. Similarly, D € Rdxdxdxd
and B € R¥>4x4xd are symmetric, positive-definite fourth-order tensors determining vis-
cous moduli and the rate-dependent part of plastic-strain response, respectively. The
symmetric, positive-definite second-order tensor K € R%*?¢ models heat conductivities
while the real numbers ¢ and ¢, define the mass density and the heat capacity of the
material, respectively.

We remark that the physical dimension of the stress/strain pairing s : e = Zf’ i1
is Pa=J /m? so that S determines the degree-1 homogeneous “plastic” dissipation potential
0% which acts on the dimensionless tensor m and has the dimension J/m?. The set S(6)

need not be bounded but should be the direct sum of a closed convex set Sy(6) C RE?

Sijeij

sym,0
containing the origin and the orthogonal complement of the id(d+1) — 1 dimensional
space ngxrff,o- In other words, Sy(f) contains all matrices whose deviator belongs to a

given convex set. This ensures that 5, is finite only on R‘siyxnﬁl,o.

We consider Dirichlet boundary conditions on the nonempty, open part I'y of the bound-
ary I' :== 09 and a mechanical loading defined by a time-varying surface force g acting
on another open part I'y C I'. We assume that I'o NI’y = () and that I'y U 'y covers
[ up to a set of zero surface measure. We allow heat transfer through I' described by
a heat-transfer coefficient a > 0 and a prescribed heat flux f. This corresponds to the
boundary conditions

(2.6a) ulr, = up on [y,
Je(u)
(2.6b) <DW + C(e(u) — 71'))1/ =g on I'y,
(2.6¢) (KVO) -v+ab = f on I,
where “-” denotes the scalar product of two vectors and v the outer unit normal on I'.

The above equations and inclusion (2.2)—(2.5) are to hold on the space-time domain
Q@ = (0,7) x Q with a fixed time horizon 7" > 0. Thus, we consider an initial-boundary-
value problem for the system (2.2)—(2.5) and impose the initial conditions
o
The energetics of the model problem relates the stored energy

(2.8) B(u, ) = % /Q Cle(u) — ) : (e(w) — ) da,

(27) U(O, ) = Up, 0, ) = 1:60, 7T(O, ) = T, 9(0, ) = 90.
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the kinetic energy
1
(2.9) Thon(it) 1= = / olif? dz,
2 Ja
the dissipation rate
(2.10) =, (i, 7) = / 50y () + B+ 7+ De(i) - e(i) da,
)
the internal energy

(2.11) E(9) ::/cvedx,

and the power of external mechanical forces and heating

nor 8UD

(2.12) P(t,u,0"",0) := <a 7W>Fo +/F g(t,x)-u(x)dS + /1“ (f —ab) ds,

where o™ denotes the normal stress which is in duality with 2“2 and defined by

ot
Pu

(2.13) (" vy, = <Qw,v>+ /Q De(u) : e()dx
—l—/Q(C(e(u) —7):e(v)dr — / g(t,:)-vdS

IR
for every v € W1/22(I'y; R?) with (arbitrary) extension 7 € WH2(Q;R%). The energy
balance of the model (2.2)—(2.4) is then obtained by testing (2.2), (2.3), and (2.4) re-
O(u—up on

spectively by the velocity T)v by the plastic strain rate 37, and by 1, which gives,

after application of Green’s formula for both (2.2) and (2.4) together with the boundary

conditions (2.6) and the identity 2 : 90 (T) = ds(0) (%—’;) (cf. (3.3) below),

(2.14) %(ﬂm(%) + ®(u, ) + E(Q)) = P(t, %, an°r>.

Integrating over (0,¢) and introducing the total energy Ti,(u) + ®(u,7) + E(0) =:
Eiot(u,m,0,1), the energy balance can be written as

ou

o <u(t, J.t,), 0t ), 5 (1 .)) — Fior (10,70, o, o)

t
Ju
= P(r,—r,~,ar,~)dr,
| p(rGrot
which says that the difference of total energies at time ¢ and at the initial time equals the
work done by external forces within the time interval (0, ).

Remark 2.1. (Thermodynamics of the model.) One can derive the above model from
the free energy

(2.15) b, ,8) = %C(e(u) _ ) s (e(u) — ) — cveln(eﬁ)

0

in which 6y plays the role of a reference temperature. Then, entropy is given by s :=

_g_zg = ¢ (1 +1n(6/6y)) and (2.4) can be written in the form of the entropy equation as

Js . B , o (Om om Om de(u) Oe(u)
(2.16) 0% — div(KVO) =€ with €= 53(9)((%) +Bo D
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Note that [, dz =Z (aa?, %:) with Zy from (2.10). At least formally, assuming positivity

of temperature and realizing that £ > 0, we deduce that the Clausius-Duhem inequality

d (VO KVO-VE KV6-V6 ¢ /
= — 4> = | = 7> 248 >
3 |sdr= / (div(K) + =7 )dx /Q - +9dx+L9dS_0

holds provided f > 0 and the system is thermally isolated corresponding to o = 0.

Remark 2.2. The mathematical model describes a scenario in which the entire dissi-
pated mechanical energy is transferred into heat. In reality, even without considerable
hardening effects, only about 90% goes into heat, e.g., in metals, while in polymers it
may be only 60%, cf. [25]. The remaining energy dissipates presumably into the change
of structure, acoustic emission, etc. These aspects can partially be incorporated in our
model by multiplying the right-hand side of the heat equation (2.4) by a non-negative
factor not greater than 1. This would make no significant difference in the analysis and
implementation below.

3. WEAK FORMULATION OF THE MODEL, DATA QUALIFICATION

Throughout, we abbreviate I := (0,7), Q := 1 x Q, ¥ :=1 xT', ¥y := I x 'y, and
¥ := I x I';. We use the standard notation C*°(-;RY) for the space of smooth Ré-valued
functions, LP(-;R?) for pth-power Lebesgue integrable functions and W*»(.; R) for the
Sobolev spaces of functions whose kth weak derivatives are in LP(-;R?) on the domain
indicated. If values range over a Banach space X, then LP(I; X) refers to the LP-Bochner
space of X-valued functions and W*?(I; X) is the corresponding Sobolev-Bochner space.

To introduce a suitable definition of a weak solution, we rewrite (2.3) as the system

or

(3.1a) w+ B — Cle(u) = m) =0,
(3.1b) w € D8 (aa—:).

The meaning of w is the driving stress for the evolution of the plastic strain. Then, (2.4)
can equally be written in the form

div(KVE) = o 0T g0 07 | pOelw) Oelu)

(32) ot ot ot o~ ot

Cy—=
ot

Here we used that for every w € 035 ( 97) we have

or ., (0T
For a proof of (3 3) notice first that &g, (0) = 0 and the definition of 04} (8—:) imply
05 6) (%5) <w: 22, The converse mequahty follows from d,(0) = 0 and the deﬁmtion of

903 ) ( ), ie., for every § € 005, (0) = S(6) we have

o € G = v (5 0) <050 ()

Since 9 (%—) C S(#) we deduce that (3.4) also holds with £ = w.



To introduce the notion of a very weak solution of the model, we impose the following
data qualification:

(3.5a) Q0 a bounded Lipschitz domain in R? such that there exists an acute
triangulation of €2,

(3.5b) o,y polyhedral subsets of I' = 092,

(3.5¢) B, C, D € R4 and K € R positive definite tensors satisfying
Bijki = Bjirt, Cijue = Criij = Cjirt, Digrr = Dy, Koy = Ky,

(3.5d) S :RY = R™ such that S(6) = Y(#)S, for Sy € R¥ such that
So = So,0 + {adlixa : @ € R} with 0 € Sy C ]RdXdO closed and convex

sym,
and T : RT — R continuous, bounded, and inf Y(-) > 0,
(3.5€) 0,co, k>0, acWiViedtem) >0 a>0,
(3.5f) feLl(®), =0,
2

(3.5g) g€ L*(I; LYT;RY)  with ¢ > 2_8 ford>2orqg=1ford=1,
(3.5h) up = Tplg, € WHH(L;WY22(T; RY) for wp € WHHI; L2(Q;RY)),
(3.51) ug € WH2(Q; RY),
(3.5) g € L*(S;RY),
(3.5k) m € L* (ORI ),
(3.51) 0y € L*(Q).

While every bounded Lipschitz domain in R? with polygonal boundary can be trian-
gulated with triangles whose inner angles are bounded by 90°, it is not clear that every
bounded Lipschitz domain in R?® with polyhedral boundary admits triangulations into
tetrahedra such that every angle between two faces that belong to the same tetrahedron
is bounded by 90°. The results in [16] allow to refine an acute triangulation in such a way
that the resulting triangulation is acute, too. Therefore, assumption (3.5a) guarantees
that there exists a sequence of acute triangulations with arbitrarily small mesh-size. The
assumption (3.5d) simplifies our convergence analysis below: if 6, — 6 pointwise almost
everywhere in Q then any w € LP(Q; R¥9) satisfying w € 00%9)(2) can be approximated
by a sequence {wy}x such that wy € 85;(9k)(z), e.g., for every 1 < ¢ < p we have

R

(3.6) o

w—w in LI(Q; R,

For a proof of (3.6) notice that w € 055 (2) and 00y 5, (2) = T(0)055,(z) so that

T (0)) Y (0r)
T(0) T(0)

and Y () — Y(0) in L"(Q2) for every 1 < r < oo. Such a simple approximation would
not hold if, e.g., we had assumed merely S(6;) — S(0) in a Hausdorff metric on R%*?,
Of course, (3.5d) restricts generality because the yield surface has always the same shape
varying only with temperature. Other plastic material laws would require more sophisti-
cated approximation arguments.

(3.7) Wi € 855(9 () = 85T(€ so( z) = T(ek)a5§0 (2) = 853(@)(2)
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The qualification (3.5e) implies that is o continuous but, in fact, modifications for «
only piecewise continuous with possible jumps that are compatible with employed trian-
gulations would also be possible.

The very weak formulation of (2.2)—(2.4) is obtained by standard procedure: we mul-
tiply (2.2), (2.4), and (3.1a) by test functions and use Green’s formula and by-part inte-
gration in time for both (2.2) and (3.2) together with the boundary and initial conditions
(2.6)-(2.7) and the identity o : Vz = 0 : e(2) if o is symmetric.

Definition 3.1. (A very weak formulation.) We call the triple (u,w,8) with
(3.8a) u € WHA(I, W (Q; RY))

(3.8Db) e Wh(L; L (R ))
(3.8¢) 6 LT (LWHE Q) N L2 LYQ)  with any 0 < § < 74,

a very weak solution of (2.2) and (3.1)-(3.2) with the initial conditions (2.7) and the
boundary conditions (2.6) if u(0,-) = ug, 7(0,) = Mo, ulg, = up, and if, for w satisfying
(3.1a) in the sense of L*(Q;RIX%) i.e.,

Sym

(3.9 = Clew) ) ~ Bor € L2(Q; RED)

we have

(3.10)/@((]])860(:) + C(e(u) — 7r)> re(z) —g%~%) dzdt

(3.11) :/ g~zdet+/gu0(:c)~z(O,x)dx

Q

for all z € C>=(Q;RY) with 2(T,-) =0 and z|g, =0, and

on
. —w):i| = — >
(3.12) /Q(w w) <8t z)dxdt >0
for all z,w eLz(Q;ngXnﬁl) such that z € Ngg)(w) almost everywhere on Q, and
on or Orm Ode(u) Oe(u) 0z
1 KV§ - — —4+B—:—+D—~: ——= )z — ¢,0— | dadt
(3.13) /Q< Vo Ve <w o P o T T T o )Z “Tor )

+ / afzdSdt = / fzdSdt + / cy0o(z) 2(0,x) de
s s Q
for all z € C*(Q) with z(T,-) = 0.

We remark that since 52(9@7@) is a proper convex function on R%*?  its subdifferential
has a maximal monotone graph in R?*? x R?*? whose inversion [053(9(m))]_1 = 00s(0(t,2)) =
N5ty is the normal-cone set-valued mapping for almost every (t,z) € Q). The maxi-
mal monotonicity is inherited by the graph induced on L?(Q;R%*%) x L*(Q;R%¥?), and
thus (3.12) is an equivalent formulation of the inclusion (3.1b), ie., w € 053(9)(%@,
cf., e.g., [26].

4. EXISTENCE OF SOLUTIONS AND THEIR NUMERICAL APPROXIMATION

In this section we devise a numerical scheme to approximate solutions of the model
problem and show that these approximations converge to very weak solutions in the sense
of Definition 3.1. To cope with the fact that the right-hand side in the heat equation (2.4)
only belongs to L' (), we need to employ two different spatial meshes for the discretization
of (3.10) and (3.13) and perform a successive limit passage.
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4.1. Triangulations and data approximation. We assume that we are given se-

quences of regular triangulations {7,! }r,>0 and {72 }r,~0 of the polyhedral domain €.

We suppose that for each h; > 0 the parts I'g and I'; of I are matched exactly by edges (or

faces) of elements in 9,111, that hy, ho > 0 range over countable sets of positive real num-

bers with accumulation points at 0, and that MaX e 7 diam(K') < h; for j =1,2. Each
J

triangulation 9,% is assumed to allow for a discrete maximum principle of the implicitly
discretized linear heat equation. If numerical integration is used, then sufficient for this
is that 9,?2 is weakly acute if d = 2 (i.e., the sum of every pair of angles opposite to an
inner edge does not exceed 90° whereas angles opposite to boundary edges are bounded
by 45°) or strongly acute if d = 3 (i.e., all angles between faces of tetrahedra are bounded
by 45°). We refer the reader to [8, 11, 16, 31| for further details.

We consider C°-conforming Pl-elements for the approximation of u and 6 and PO-
elements for the approximation of 7 and w. The finite-dimensional subspaces of L?((2)
and W12(Q) related to PO- and Pl-elements and subordinate to the triangulation ,%fl
respectively by Vyp, and Vi p,. For j = 0,1, the L? orthogonal projection onto Vj, is
denoted by P;;,. We employ numerical integration in €2 and on I' defined through the
discrete inner products

@) (0.2),, = /Q Fu(0z) e and  (6,2),, = /F Sy (62) dS

for 6,v € Vi, 5, and the nodal interpolation operator ., : C(Q2) — Vj 5,. Standard results
on nodal interpolation imply that for 6, v € V; 5, we have

(4.2) )(e,z)hz—/gezdx)+)(9,z)m2—/rezd5) < Cohal|6 ]l .z 121 2o

We let 7 > 0 denote a time-step size satisfying 7'/7 € N and define the backward difference
operator

(4.3) dg" =77 (¢ — ¢

for any sequence {¢*}r>0. We set #;, := k7 and

(4.4) Xhihy = Vlc,lhl X Vbilffld X Vbilffld X V1hs

and choose the set of discrete initial data

(4.5) (W2 s T s Wetihgs Ooning) = (Prayto, Popo, 0, fh2/~1,h190) € Xnyhys

where jl,hl : LY(Q) — Vi, is a non-negativity preserving weak interpolation operator
satistying || — 71, thOHU — 0 as hy — 0, cf., eg., [24]. We also define gy, =
Py p g € Vi, and set uTh hy i= Wo0,ny — TUop,- Discrete approximations of the given data
up(tx, ), fo,(tr, ) and g(ty, ) at time level ¢, are defined through

(46)  ub, ::Pl,hlaDuk,-) o= s 9t = [g],

where up refers to (3.5h), ft v(t,z)dt, and fy,(t,-) :== Py, f(t,-) is the L?
orthogonal projection of f ( ) onto the trace space Vo, |r-

4.2. Semi-implicit approximation scheme. With the definitions of Subsection 4.1 we
define the following semi-implicit in time and finite element in space discretization of
(2.2), (3.1)—(3.2).



Algorithm (). Given k > 1 and the approximations (u ﬁhllhz, fhllhz, Thlhg’erhlhg)

d k k k

Xh,n, at level k—1 and uThlh e Vi, atlevel k=2, compute (uf), .. 7k, ;. wk, 08, ) e
k

X,y such that u¥, , |p, = up) ,, and

4T) [ (@t 2+ Dty 1):6(2) + Clelubyg,) = mhy)ie() do = [ gbzds

Iy
for all z € Vi, with z[p, = 0,

(48) fhlhz _'_ ]Bdtﬂ-fhlhz - C(e(uﬁhlhz) - Trfhlhg) = 07
* k

(4.9) Th1h2 85 S(P, hlgTh1h2 (dtWThlhg)a

and

(4.10) cv(alt@’jhlhwz)h2 +/KV9’ﬁhlh2 - Vzdz + (a1, %), :/ffhlz ds
Q e Jr

k k k k k k
+ /Q(thlhz DAy By L A, + Ddie(ugy, gy,) dte(umm))dec
for all z € Vi ,.

Employing two independent sequences of triangulations allows us to use simple trian-
gulations for the nonlinear system (4.7)—(4.9) while the presumably more complicated
(weakly) acute triangulation is only required for the linear heat equation (4.10). Algo-
rithm (&) is unconditionally well posed as the following proposition shows.

Proposition 4.1. (Existence of the approximate solution.) For each k =
1,2,...,T/7, there exists a unique solution (uljhlhz,wljhlhz,wfhm,9§h1h2) € Xonn, of the
system (4.7)-(4.10) satisfying &, , € RsymO almost everywhere in €.

. L k—1 k—2 d

Proof. Given k > 1, (U7, s T hys Thth,QThth) € Xpyhy, and ufy 5. € V4, - we first
consider the minimization problem

(

e k—1 * k—1
minimize /Qg}u 2uly o, uThth} + 2704 S(Po 0550, (m— wThth)
. W
(4.11) +7De(u —ufyl,) s e(u —uls,)

+7‘]B(7r—7rf,:11hz) (m— th h,) A 4 272 ®(u, 7) — 27‘/F g" - udS
1

| subject to (u,m) € Vldhl X Vd and u|p, = uf rhys

where @ is defined by (2.8). The existence of a unique solution, denoted (uf, , 7%, , ),
to (4.11) follows from the coercivity and strict convexity of the involved functionals. The

corresponding optimality conditions yield (4.7)-(4.9). Noting that 72, . ngxn‘fo almost
dxd

everywhere in 2 and that 0 sym,

is finite only on RZ 7, we argue by induction to

k—1
(PO,h197h1h2)

deduce that 7%, , € R&? | almost everywhere in €. The solution (uf, , 7%, , ) defines

wh, 1, as in (4.9) and we introduce the discrete dissipation term

(412) iy = Wniny - D, T BATy - dimi g, + Ddie(uly,,) © de(ul,,),

cf. (2.16). We then consider the minimization problem

minimize ¢, (6 — 9';:11@, 0 — 9fﬁllh2)h2 + T/ KVo - Vo — 2§fh1h29 dx

413
(4.13) +7(ad, 0), 2T/ffh19ds

subject to 0 € Vi p,.
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Since (4.13) defines a convex optimization problem which involves a quadratic functional
there exists a unique solution, denoted 6%, , . which solves (4.10). O

Approximations provided by Algoritm (&) obey the following discrete energy balance.

Proposition 4.2. (Discrete energy balance.) For iterates of Algorithm (<) and
every K =1,2,....,T/T we have

K K 0 0
(414) EtOt ( Th1h27 7TTh1h27 9Th1h27 dtuThlhz) EtOt ( Th1h27 Th1h27 HTh1h27 dtu7h1h2)

%Z/ ‘d2 Thlhg} doe + — Z/ }dt Thlhg fhlhg)1(6(U§h1h2)_75h1h2)}2dx

nor,k
=T E hlhg dturh1h2> Thlhg’e‘rhlhg)
where

(4.15) Pl (i, 0,6) = (0, dyudy )y + /

gr-adS + / frn dS — (a, 1)r p,
1 r

nor,k

and with o 5 defined for every vy, € Vi, through

nor,k
(4.16) (o) 7, Vni )T = /Qal?u’ljhlh2 - vp, do + /Q]Ddl«/uffhlh2 s vp, do

_l_/ C(e(uﬁhlhg) - thlhz) : ,Uhl dI - / gﬁ ) Uhl dS
Q I

Proof. We substitute z := dy(u%), ,, —uf) ;) € Vi, into (4.7), test (4.8) by dynk, ;.. and
use the identity

(417) C(e(uﬁhlhz)_ﬂ-fhlhg) : dt (e(ufﬁhlhz)_ﬂfhlhg)
1 T 2
= §dtq)(uf-h1h27 thlhz) + §‘dtC(€(Uﬁh1h2)—thlh2) : (e(uf—hlhg)_ﬂ-fhlhg)‘

with ® asin (2.8). We then add resulting identities, multiply by 7, sum over k = 1,2, ..., K,
and employ discrete integration (or summation) by parts, i.e.,

K
1 1
(4'18) Tzdguihlhz ) dtuihﬂu - §}dtu7{{hlh2}2 o §}dtu2h1h2}2 +5 Z ‘d2 Th1h2 2’

k=1
to deduce that

K
1
Tkin (dtuf_{hlhz) -+ 5(1)(U7I.{h1h2,77'7[_21h2) —+ TZ/Qwﬁhth . dtﬂ-ﬁhlhz dflf
k=1
K K
_'_ TZ/QDdte(uﬁhth) . dte(uf_hlh2> dSL’ + TZ/QBdtﬂ’fhth . dtﬂ-fhth dLL’
k=1
T2 K
2
+§Z/ ‘dz Th1h2} dz + —- Z/ }dt 'rh1h2 fhm)i(e(uihlm)—ﬁfhm)} dx
k=1
1 K
nor,k
= Txin (dtu?—hlhg)+§®(u?—h1hgv T hahe) T Z/F gr-dyuly p, AS+T Z<07—h1h27 dtulﬁ,rh1>ro
k=1 1 k=1

Choosing z = 1 in (4.10) to replace the third to fifth term on the left-hand side im-
plies (4.14). O
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4.3. Passage to a semi-discrete scheme as h, — 0. Given the sequence of approxi-
mations provided by Algorithm (), we define piecewise constant approximations . p,p,,

=R
7TTh1h27 (UThth, 07h1h27 Hq—hlhy and grh1h2 by

(4'19) Urhy hy (t ) = uf—hlhy 71-‘Fh1hz(t> ) = 7T7]?h1h2’ Wrhyhy (t’ ) = wfhlhga

-R _ —
(420) 97h1h2( ) - 9Th1h27 eThth (t7 .> = 9fh11h27 é-Thlhz (t7 .> = gffﬂhg’

with thlhz as in (4.12), as well as piecewise affine interpolants w,p,n,, Trhihy, and Orpip,
by

Uray () = Wi+ (= tymy) dyuldy
(4.21) Trhihs (t; ) 1= thfhz + (t = tpor) dyly
Thth (t7 ) Th1h2 + (t - tk_l) dteﬁhlhg

for t,_ 1 <t <ty k=1, ...,T/T.

We denote by W'?(Q); g the Hausdorff locally convex space consisting of Wh2(Q2)*
equipped by the topology induced by countable collection of seminorms | - |5, induced
by test with the countable collection of finite-dimensional spaces Vj,, i.e. [{|n, =
SUD 2]y 1.2.0) <1, #E€Viy Jo €z da for all hy > 0.

Proposition 4.3. (First a-priori estimates.) For all T,hy, hy, hy > 0 with hy < h}
we have O,p,n, > 0 almost everywhere in Q) and

(4.22a) HUThlhzHWL?(I;WL?(Q;W)) <G
(4.22b) HTFT’HMHW1»2(1;L2(Q;R‘“‘1)) <G,
(4.22¢) @ rhinal| 2 axay < €
(4.22d) Hg‘fhlh2HL°°(l;L1(Q)) =G
(4.22¢) H97'hlh2HL2(I;W1v2(Q)) < Oy,

dt < O,

*
2

00,1, 12
4.22f Tl
( ) /0 ‘ at |

Proof. We argue as in the proof of Proposition 4.2 and notice that in the last identity we
have
(4.23) Why ot dyhy > 0.

To bound the terms on the right-hand side of the last identity in the proof of Proposi-
tion 4.2 we use

K
2k k _ K K B2uk
(4.24) 7 E d; Urhyhy 'dtUD,Thl = dt“mlhz 'dt“D,Thl - T E :dturh ho d; UD rhy
k=1

and owing to assumption (3.5h) and the definition (4.6) we have that 7||d7uf, ., || 2(:re)
is summable over k = 1, ..., T/7 uniformly with respect to 7 > 0. We also use estimate

(425) /I“ gf : dtuﬁhﬂm dz < CNHngLq/(qfl)(rl;Rd) Hdtuﬁhlhz HWL?(Q;Rd)
1

with Cy denoting the norm of the trace operator W12?(Q) — L4(T';). After adding and
subtracting dtu’]gﬁhl and employing Korn’s inequality we may use Young’s inequalities
to absorb terms in the left-hand side and deduce (4.22a,b). The estimate (4.22¢) follows
from (4.22a,b) via (4.8). By assumption on the triangulation .7,> and employed numerical
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integration we have 0%, h, > 0. Arguing as above to bound the right-hand side of (4.14)
and using (af%, ,  1)rps, > 0 we then deduce (4.22d). Now, for by > 0 fixed, all norms
on Vo, and Vi 5, are equivalent, e.g., with the norm induced from L> () and W>((Q),
respectively, which shows that the piecewise constant interpolant & _, ihy Of {ffhl ho ZL 7 (as
defined in (4.12)) is uniformly bounded in L!(I; L>(Q)), hence also in L*(I; L?(£2)). Also
fn, € LA(I; L*(T)) and 6y, € L*(2), which allows for usage of the standard L?-theory

for the heat equation to verify (4.22e,f). O

In terms of the interpolated functions, we may write system (4.7)—(4.10) in the form

(4.26) / 0 [aumlhz]lz + DM te(z) + Cle(Urhihy) — Trauny) ¢ €(2) d
Q

il o ot
~ [ 5.zas
I

o,
(4.27)  Dop,py + Bk

- C(e(ﬂ‘rmhz) - ﬁThth) =0,

ot
_ . OT +hyhy
(4.28)  Wrnyn, € aéS(Po,h163h1h2)< ot )’
06, — -
(4.29) / Cy é;th w+KVO - Vw — & g, w do + / alpp,wdS
Q I
- /TT}MU} ds + FThlhz (w)>
r

for every (z,w) € Vi, x V1, and where [-]' denotes piece-wise affine interpolation in time.
The functional R.p,p, involves error contributions coming from the employed numerical
integration according to (4.1), cf. (4.32) below.

Proposition 4.4. (Convergence for hy — 0.) For fivzed T,hy > 0 we have as hy —
0, in terms of subsequences, Urpipy — Uppn, 0 WYL WEY2(QRY)), mopyn, — Trn, in
WAL L2 (G RYY), Wrnghy — @eny i LO(Q; R, Opypy — Onpy in L*(1;WH(2)),
and (Urpy s Trhy s Wrhy s Orny ) solves (4.26)—(4.28) with hy omitted and

ow

- 1—dxdt+/a@ JwdSdt
Mgy g h

(4.30) / KV, - Vw — €., w — ¢.0
Q

:/TThlwdS—l—/cv90,h1(x)w(0,:c) dz
2 0

for all w € C=(Q) with w(T,-) =0 and with 0yp,, := Z;5 0y and
FLLS 1,h1

aﬂ'q—hl . aﬂ'rm 8e(u'rfu) . ae(uThl)
o TP o TP e

Proof. The selection of weakly convergent subsequences follows from the estimates (4.22a-
c,e). By the Aubin-Lions theorem generalized for Hausdorff locally convex spaces as used
in the estimate (4.22¢), cf. [26, Lemma 7.7], we have 0,5, — 0,1, in L*(Q).

As 7 and h; are fixed, the sequences {t,p,n, }hy>05 {Trhihs Fho>0, A0 {Wrp ny Fhy>o belong
to finite-dimensional subspaces and thus, the subsequences converge in fact strongly, as
claimed. Moreover, also the piecewise constant interpolant u,p,, converges to u,,, which
is indeed the piecewise constant interpolant related to wu,n,, and similarly 7, p,n, — Trn,
and 0.y, n, — O.1,. The limit passage in (4.26) and (4.27) is then straightforward. As to
(4.29), the only peculiarity is in the numerical integration contained in residual functional

— on,
(4.31) Eopy = Doyt —
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Ripyny- For any w € C(Q) with w(T) = 0 and wy(t, ) == Fp,w(t, ) € Vi, we have

897h1 h2 89sz1 ha
(432)/(; Rrhlhz wh2 dt / / o ( 8t ’whz)hz dt

—l—/ (a@Thlhz, wh2)h2 /agrhlhzwhz dSdt =: E| + Es.
0 I

For E) we verify, using by-part integration in time and (4.2),

ow ow
(4.33) By = / / iy g 0 = (B, 1)

+/99Th1h2(0, Jwp, (0, -) dz — (9rh1h2(0a ) Wy (0, )>

ho

8wh2

< Coha (10munallaravsaon | 5  10rmana 0260 a0, ey ).

L2(I;L2 ()

Notice that .4,5,(0,-) = Fp,00n, and since by, € Vi, we have 0.4,1,(0,:) — Opp, in
L?*(Q) as hy — 0. Employing (4.2) and a nodal interpolation estimate we verify for F,
that

T
(434) E2 = / (jhg [&'@hlhz} s whz)}u — / jhg [&g‘rhlhz}whz dsS dt
0 r

T
—I—/ / (jhg [&g'rhlhg} — &g‘rhlhz)whz dsS dt
0 r

< Coh2Ha§Th1h2 — 0

)

HL2(1;W1»2(Q)) me HL?([;WL?(Q))

where @ is an extension of a qualified in (3.5e). It is a routine calculation to show that
this qualification allows for & € What<(Q) c Wh4(Q) N L>=(Q) which just guarantees
that 6 — & is a bounded operator W%(Q) — W12(Q2). On combining the estimates we
deduce that the left-hand side of (4.32) tends to zero as hy — 0.

As to (4.28), we first realize that Eljhm — gil in L*(Q) as hy — 0 with gil piecewise

constant in time. Taking w,z € Vj, such that w € 85; . (z), we need to pass
0,hy O7hy (E
for almost every ¢t € I to the limit in

or,
(4.35) / (@i () — wp,) - ( Mriuha gy z) de >0
0 ot
for suitable wy, € Vo p, satistying wy, € 00* R (z). As in (3.6), we employ
S(Po,hy 07k ny (E)
R R
(4.36) Why = T(Pony 0y, (L)) w /T (Lo, Oz, (2, -))-

Since gljhm(ta ) = eThl( ) in L*(©2), we have also Po,mgi{hm(ta ) = PO,h1§71:—{h1 (t,-) in
L?(Q2) and, owing to dominated convergence theorem, T(Po,hﬁi{hl he) — T(P07h1§5h1) in
any LP(Q) with p < oo. Therefore, we have w;,, — w in LP(Q;R%4) even for any
p < 0o. Recalling the strong convergence of {@p,h; tho>0 and {270 1, bhy>o in the finite-
dimensional subspaces the limit pasage in (4.35) is straightforward. O

4.4. Passage to the very weak formulation. Having passed to the semi-discrete
scheme (4.26)—(4.28) (with hy omitted) and (4.30) we may employ various nonlineari-
ties of 6,4, as test functions in (4.30). This allows to derive bounds for V6., that are
uniform in 7, hy which would not have been available in the fully discrete heat equation.
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Proposition 4.5. (Further a-priori estimates.) For all 7,h; > 0 and 0 < 0 < d+1
we have

(4.37a) [V O[] a2, ox < O
(4.37h) H% <.
ot Ly w-1-4/2.2(q))

Comments to the proof. The estimate (4.37a) can be obtained from (4.22d) for any “semi-
discrete-in-time” solution to (4.30) with the technique developed by Boccardo, Gallouét et
al. [4, 5], see also [28]. The technique uses tests of the heat equation by ((6,,) with various
bounded nondecreasing Lipschitz-continuous nonlinearities ¢ : R — R, and then employs
Holder inequalities and Gagliardo-Nirenberg interpolation with (4.22d). For the time-
discrete case, it is important that ¢ is nondecreasing and bounded, hence its potential,
denoted by @, is convex and has at most linear growth. Therefore, we have

(4.38) (di65,, ) p(6%,,) = dip(65,),

which, after summation over & = 1,...,7/7 and integration over () is bounded since
$(62,,,) € L'(Q). Thus, the estimation reduces to the spatial gradient term which is done
exactly in the same way as in the time-continuous case in [4, 5|.
Finally, the estimate (4.37b) follows from (4.22d) with hs omitted and (4.37a) by test-
ing (4.30) with functions w € L>®(I; W, d/ *2((2)) which have essentially bounded gradi-
ents. UJ

Proposition 4.6. (Convergence for (r,h;) — (0,0).) As (1,hy) — (0,0), in
terms of subsequences, we have ur,, — u in WUEHLWY(QRY)), mh — 7 in
Wh2(I; L2 (Q; R ), Gy, = woin L2(Q; R,

sym,0
(4.39) O, =0 in Lawi (L WS 9(Q)) 0 Lo(1; LMQ))

with any 0 < § < d+1’ and (u, ™, w,0) is a very weak solution of (2.2) and (3.1)-(3.2) in
the sense of Definition 3.1.

Proof. The selection of weakly convergent subsequences follows by the standard Banach
selection principle from the estimates (4.22a-d) which are inherited also for the approxi-
mate solution (Urp,, Trhy, Wrhy, Orn, ), and by the estimates (4.37) and

(4.40a) /0 '

where the seminorm | - [, p+ is defined as

12
0 [8%}”} dt <C  for any hy < h},

otl ot

To,h}

(4.41) €lrons = sup / ¢ - vdxdt.
”'UHLQ(I wl2Q Rd)gl Q

veL2(1;V1f{hT), v|5,=0

The estimate (4.40) can be obtained by testing (4.26), limitted by hy — 0, by test
functions from L?(; ‘/165”{). Using (4.37b), arguing with the Aubin-Lions theorem, and
interpolating with the estimate (4.22d) for 6,,, cf. [26, Lemmas 7.7 and 7.8], we have
also 0,5, — 0in L@ 5(Q), 0 < e < 2/d

We want to prove that w € 905, ( 7). As in the proof of Proposition 4.4, we consider
w,z € L?(Q; R™?) such that w € 969 (2) almost everywhere in . We know that &y, €
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;(P - )(%th1)> and, owing to the maximal monotonicity of 995, (-) : R™*? — R,
0,h1Y7hy

it suffices to pass to the limit in the inequality

on:
(4.42) /(wml — Wop,) ( Trhy z) dzdt >0
0 ot
for suitable w,,, € 05;(13 o )(z) Like in (3.6), we take w,p, = T(Po,hlgf_{hl)w/T(@)
0,h1 O7h,
which satisfies w5, — w in L9(Q; R¥™9) for every 1 < g < co and w,p,, € 96" (2)
S(PO,hle-rhl)

almost everywhere in (). Following [9] (see also [26, Prop. 11.5]), the critical limit passage
of the product w,p, : 87gth1 can be performed by using the information from the equations
themselves. Namely, we use (4.27) (with hy omitted) tested by 2., and add (4.26)

(with hy omitted) tested by 2 (urn, — up,r,), and estimate the limit superior as follows:

on:
(4.43) limsup /wml T gt
(r)—(00)JQ ot

— (Thhrf; il(l(fo) /Q Cle(Urn,) — Trny) % — ]Bag;hl : 87;;” dadt

= g ([ et - w2 e(C) - o [T 5
—]D)e(&gtm) :e(&gthl)dxdth /Z o a“g;hl dsdt + /Z | gT.ag;hl dsdt
+ /Q Cle(Urn,) = Trn,) : 57(;?1 - Bag;hl : ag;hl dedt)

< Jim, [ SC(eluasa @) = 7o @) - el (@) = T (@) + 5o, (o) do

— liminf </Q%C(e(uThl(T,:L’))—wThl(T,x)):(e(uThl(T,x))—wThl(T,x))

(7,h1)—(0,0)

0 au‘rfu 2 aﬂ-rhl . aﬂ-rhl au'rhl . au'rhl
+§‘ T (T,l’)‘ dat—l—/QB 5 o +]De( T ).e( Y )dxdt)

. oup +h / _ Oury,
| b 2L 4Sdt . L dSdt ).
* (rh)=(0.0) (/go T o " o I o

The first inequality in (4.43) is due to a numerical time-integration error, cf. the last
identity in the proof of Proposition 4.2. Since initial and boundary data converge strongly
and since u,p,, (T, ) — u(T,-) in WH3(Q;RY) and 74, (T, ) — «(T,-) in L*(; R>9) by
the a-priori estimates (4.22a,b) we may argue with weakly lower semi-continuity to verify
that

o,
(4.44) limsup /wml : Th gadt
(r.h)—(0.0) JQ ot

< [ 5C(etun(@)) = mo(w)): (e(un(a)) = mola)) + (o) *da

1 0|0u 2
—/QQ(C(e(u(T,:E)) — (T, 2)) : (e(u(T, z)) — n(T,z)) + 5‘E(T, x)) dz

or Or Ouy, Ou T dup _ Ou
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By the above convergence properties of the approximations we may employ (2.2) and
(3.1a), which are obtained in the limit from (4.26) and (4.27) (with hy omitted) as
(1,h1) — (0,0), to conclude

on:
(4.45)  limsup /wml T gt
(r)—(0.0) /@ ot

P*u Ou ou ou ou
< —/ <98t2’ g >dt — /Q(C(e(u) —m): e(a) +D6(E) : (8t) dxdt

T 8uD ou 87T 87T or

= / a—ﬂ dzdt,
0 "ot

where 0,5, is the approximate normal stress on ¥, defined, like in (2.13), by

(4.46) /2 Orny - vdSdE :/Q Q% [8%?1]18%?1 U+ C(e(TUrp,)—Trny ) : e(T)dadt

/gT( ) -vdSdt
31

where 7 € Vi, is (any) extention of v, and o and (o, -)r, is as in (2.13).
Eventually, we estimate the limit superior in (4.42) to verify that w € 852(9)(%70.
Limit passage in the heat equation requires still the (at least weak) convergence
of the disipation heat &, — ¢ in L'(Q) with ¢ satisfying (2.16). We know that

{5;(13 7 )(%WThl)}T n>o0 is bounded in L%*(Q), hence as a subsequence it must con-
0,h1Y7hq ’

verge to some &; weakly in L?(Q). As Po,hﬁi“ — 6 in LT ~(Q) with € > 0 and the
integrand (v, 7) +— 05, (%) is continous in both variables and convex in #-variable, we
have by (normxweak)-lower semicontinuity argument (cf. also [22, Lemma 5.1]), we have
& > 53(9)(%—:). In fact, in our special case (3.5d), we have simply 05, () = T(J)d5, (7).

Also {De(2urn,) : e(Ztrn,)}rnyso and {BE Ty, 274, brnyso are bounded in L(Q),
hence as subsequences they must converge weakly* in measures on @ to some & and &3,
respectively. By weak* lower semicontinuity, again & > ]De(%u) : e(%u) and &5 > B%TI‘
%ﬂ'. We put € := & + & + &3.

Arguing as in (4.43)-(4.45), we have

(4.47) /55(9 (g:) +]De<au)' (?;) +Bg—j a—”dxdt

/5 (dzdt) /fl dzdt+/ & (dxdt) + /53 (dzdt)

< liminf /é}hl dxdt < limsup /é}hl dzdt

Th1 —>(00 Thl —)(00
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and
(4.48) / De(m) (at)“BE o dvdt
_ _ auTh 0 auTh 8u7’h
< 1] -C Thi) — Trhy) - : 1 1 dudt
_<TZISSL<1(?0></Q () = ) s (5% = 81&[ ot ] ot
8UDrh1 / - 8U7—h1
o Th q6dt . dSdt
+/anh1 o aSdit | =g dS

[ Clelin) o) B anat
0 ot
0*u Ou ou
< - — ) e(2
< / <98t2 Yo >dt /QC(e(u) ) e g ) dadt
T, dup 8 87T

- Lé@<e>(%)+ﬂe<??>' (%%B%? %dxdt

The last equality follows by testing the limit equations (2.2) and (2.3) by W and
by %—:, respectively, and by using also (3.3) and the fact that ‘?%g is in duality with %
Therefore, all inequalities in (4.48) are, in fact, equalities and

(9) [ ezt [ g (?DW(??)' (5) + 35+ et

Hence &5, converges to 52(9)(%—’;) + De(%) se (8“) + Ba” : Weakly in measures on @,
and because of the absolute continuity of the limit, even Weakly in L'(Q). Then the limit
passage in the discrete heat equation is straightforward. O

Corollary 4.7. Under the data qualification (3.5) a very weak solution in the sense of
Definition 3.1 exists.

5. IMPLEMENTATION OF THE ALGORITHM AND ILLUSTRATIVE SIMULATIONS

In our implementation we solved the variational inclusion exactly, making use of the
equivalence

k . k k
(5-1) Wiy, € 055 (Pony 0550, )(dtﬁmlhz) = &y, € W (p, O, ) (@W7hyhy)-

We make the 81mp11ﬁcat10n B = 0 and introduce A¥, , = die(uf, , ) —77'C Wk .
Noting the identity 7%, , = e(uf, ,,) — C'wk, ,  the flow rule then reads

(52) Aﬁhlhz - T_IC lehth E 85 PO hlek 1 2)(th1h2).

For certain material laws and stress-strain relations it is possible to derive an explicit
formula for the unique solution w¥, , of (5.2) in terms of (given) A¥, , = 651 —and 7.
We confine ourselves to the linear stress-strain relation

k k k k
(5.3) Winihy = CETpyn, = AT g, Taxa + 207, p,

for Lamé coefficients A > 0 and g > 0 and the elastic strain tensor ¥, , = e(uf, , ) —

T8, n,- Moreover, we consider perfect plasticity defined through the von-Mises yield func-

tion ®(w) := |devw| — w, o and the corresponding set of admissible elastic stresses
(5.4) So :={w € RGY: |devw| < wyo},
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where w, ¢ is the yield stress and “dev” denotes the trace free part of a tensor. Temper-
ature dependence is included through the bounded, continuous function T : RT — R*
which describes a decrease of the yield stress for large temperatures; we have

S(0) = T(0)S, = {w € R |devw| < w0 Y(6)}.

sym )’
With these definitions we are in the setting of [7, Theorem 3.1] and may deduce that for
given A, | H’jgfm, and 7 > 0 there exists a unique solution w¥, , of (5.2) which is given
by
(55) wfhlhz = E(Aﬁh1h27 PO,h1 Hff:llh27 T)
- ()\ + 2#/d>tr TAf'hlh2 Idxd + F(A§h1h27 P(]’hlefgll}u, T)deV TAf'hlh2

where
wy, 0T (Po,py 0574 ) wy, 0T (Po,py 05574 )
LTt for |dev T A, | > Lt
(5 6) (A Hk_l 7_) _ |dev7-ATh1h2\ Thiho 24
. Thih2? Y1Thihy? - wy 0T (P gk—1 )
2 for |dev T A* < D0 Trhy by
W or |devTA7, 5, < o

In particular, the plastic phase occurs for |devTAF, , | > w,  T(Fp, thThlhz)/(Q,u). For
explicit formulas in case of other plastic material behavior such as plasticity with isotropic
or linear kinematic hardening we refer the reader to [7].

In addition to the simplification B = 0 we set p := 0 and D := 0 in the numerical
experiments reported below. The discrete scheme (4.7)-(4.10) then reduces to the follow-
ing quasi-stationary, pure (nonlinear) displacement and temperature formulation: Given
(u ﬁhllhyﬂ-fhllhg’ Th1h279fh11h2) € Vil X VdXd szffld X Vi, find uly ;,, € Vi, such that

uThl ho |FO uDyThl a’nd

(57) /;ZZ(AThth |: Th1h2:| 5 Hfhllhz, T) . €(Z) d.:(: = /]; gf . ZdS
1
for all z € Vi, with z|p0 0. Subsequently, set wh, , = := E(Alﬁhlhye]:ﬁllhyﬂ and
T, = e(ufy ) — C7lwk, | and compute 0%, | € V) yo such that
Cy (dt thihgs 2 /KVHT,M,LZ Vzdx + (a@fhlhz, Z)ha
(5.8)

— k . k k
= / wTh1h2 . dt?TThlhz dSL’ _'_ /fT,hlz dS
Q T

for all z € Vi ,.

The implementation of the approximation scheme was done in MATLAB in the spirit
of [7, 3]. In this implementation, the nonlinear system of equations (5.7) is approximated
with a Newton iteration and all occurring systems of linear equations are solved using
MATLAB’s backslash operator. In our experiments the Newton scheme always terminated
within at most 7 iterations to achieve an ¢* norm of the residual vector (defined through
nodal basis functions) less than 1072

We used the scheme (5.7)—(5.8) to simulate the hard device loading of a thermally
isolated body occupying the domain 2 depicted in Figure 1 and specified in the following
example. The problem leads to the phenomenon of so-called “thermal necking” which has
also been observed in [6, 13, 20].

Setting. Let d := 2,
Q= ((—a/2,a/2) x (=b/2,b/2))
\ (conv{(0,¢/2),(d/2,b/2),(—d/2,b/2)} U conv{(0, —c/2), (d/2,—b/2),(—d/2,—b/2)})
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d
o e -
- Q’ /'\ ! = /r
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D ! \L —=
S rl ' ............. —= \L
a

F1GURE 1. Graphical description of the model problem and coarse trian-
gulation of the computational domain. The body is initially “hot” and
thermally isolated on all sides.

Lo :={—a/2} x (=b/2,b/2) U{a/2} x (=b/2,b/2), and I'; := 9Q \ Iy with a = 40mm,
b = 2mm, ¢ = 1.8mm, and d = 16mm. The material constants determing heat transfer are
¢, = 400J /kg K and K = ko for k = 80W/m K. The mass density is ¢ = 8 - 103kg/m?
so that ¢, = ¢, = 32-10°J/m3 K. The Lamé coefficients are defined with the Young’s
modulus £ = 137GPa and the Poisson ratio v = 0.3 through A = vE/((1 + v)(1 — 2v))
and pr = E/(2(1 4 v)). The temperature-dependent set of admissible stresses is defined
through w, o := 450MPa and a smooth function T satisfying T(6) = 1 for § < 800K and
T(#) = 0.2 for 6 > 820K.

With these definitions we try two different sets of data functions.
Example 5.1 (Fast loading.). Set a:=0, f:=0, g:=0, T :=2-1073s, and
up(t, z) := 10*t mm/s v(x)
fort €[0,T] and xz € Ty. As initial data we employ ug := 0, m := 0, and 6 := S800K.
Example 5.2 (Slow loading.). Set o :=0, f:=0, g:=0, T :=2s, and
up(t, ) ;= 10"t mm /s v(z)
fort €[0,T] and x € T'y. As initial data we employ ug := 0, m := 0, and 6, := 800K.

We simplified this model problem by assuming that there exists a solution that reflects
the symmetry of the problem (indicated by the dashed lines in Figure 1) and restricting
to the part

Q' = ((—a/2,0) x (0,b/2)) \ conv{(0,¢/2),(0,b/2),(—d/2,b/2)}
of the domain. This enforces us to implement gliding boundary conditions along the sides
(—a/2,0) x {0} and {0} x (0,¢/2), i.e., to impose (homogeneous) Dirichlet conditions on
one of the two components of the displacement field v and a (homogeneous) Neumann
condition on the remaining component.

For a triangulation of €2 into 1280 triangles obtained from three uniform refinements
of the coarse triangulation of ' into 20 triangles shown in Figure 1 and used for both
equations (5.7) and (5.8), we employed the time-step size 7 = 10727'/2. In Figures 3
and 4 we plotted respectively the evolution of the modulus of the plastic strain and the
temperature on the deformed body defined by the deformations w,p,p, (%, -) corresponding
to the loading |up(t)| = 4, 8, 12, 16, 20 - 10~mm (i.c., for t = 4, 8, 12, 16, 20 - 10~%s)
obtained with the scheme (5.7)—(5.8) and the loading defined in Example 5.1. For a better
visualization we magnified the displacement by a factor 5. We observe that the occurrence
of plastic material behavior is accompanied by a local rise of the temperature leading in
turn to a softening of the material. This softening effect due to an increasing temperature
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is also illustrated in the plots of Figure 2 where we plotted the discrete power of external
mechanical forces

k k nor,k _ nor,k k
(5.9) Prhlhg(dturh1h2> Thlhg’e‘rhlhg) = <Urh1h2’dturh1h2>Fo

defined in (4.15) as a function of the loadings defined in Example 5.1 and 5.2. For the
slow process, diffusion of heat within the isolated body is much faster and hence the
(non-uniform) yield stresses decrease slower in the plastic region leading to a significantly
reduced softening behavior. The evolution of the modulus of the plastic strain and the
temperature for the slow loading experiment defined in Example 5.2 is displayed in Fig-
ures 5 and 6 and we observe that owing to the more equally distributed temperature, the
deformation of the right end {0} x (0, ¢/2) of the body is less significant than for the fast
process defined in Example 5.1.
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FIGURE 2. Power of external mechanical forces versus applied load for fast
(left plot) and slow (right plot) loading. A softening effect due to the
increase in temperature can be observed for |up(¢)| > 0.1mm. The softening
effect is more significant in the case of fast loading.

Finally, to study the accuracy of our numerical scheme, we plotted in Figure 7 the effect
of numerical dissipation represented by

K 0 K k k nor k
‘Etot - Etot - T Zk:l PTh1h2 (dtuﬂ'hlfn? Th1h27 eThlhg)‘

K k k nor,k k
‘T Zk:l PTh1h2 (dtuﬂ'hlh27 UTh1h2’ HThth) ‘

(510) 57h1h2(tK) =

where Ef, = [, ¢,05, . dz+1C 'ok, ok , dz. The quantity measures the failure of
a discrete version of the contlnuous energy balance. Owing to the implicit discretization
of the heat equation and the explicit treatment of the temperature dependence in the
variational inclusion, numerical dissipation occurs, cf. Proposition 4.2. The results shown
in Figure 7 indicate that this effect is comparatively small and that maxe(o,2) [{rhhs (1)
decays linearly to 0 with h as A — 0 in our model problem and for the employed time-
step size 7 = h20 - 107%/mm. This rate is in correct agreement with the assertion of
Proposition 4.2.
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12, 16, 20 - 10?>mm (displacement is multiplied by factor 5) in the fast

loading experiment defined in Example 5.1.
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7 =h20-107%/mm in the model example with loading defined by (a).
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