Thermo-visco-elasticity with rate-independent
plasticity in isotropic materials undergoing
thermal expansion

S. Bartels!, T. Roubicek??

I Institut fiir Numerische Simulation, Rheinische Friedrich-Wilhelms-Universitit Bonn,
Wegelerstrafie 6, D-53115 Bonn, F.R.Germany.

2 Mathematical Institute, Charles University, Sokolovska 83, CZ-186 75 Praha 8, Czech Republic,

3 Institute of Thermomechanics of the ASCR, Dolejskova 5, CZ-182 00 Praha 8, Czech Republic.

Abstract. We consider a viscoelastic solid in Kelvin-Voigt rheology exhibiting
also plasticity with hardening and coupled with heat-transfer through dissi-
pative heat production by viscoplastic effects and through thermal expansion
and corresponding adiabatic effects. Numerical discretization of the thermo-
dynamically consistent model is proposed by implicit time discretization, suit-
able regularization, and finite elements in space. Fine a-priori estimates are
derived, and convergence is proved by careful successive limit passage. Com-
putational 3D simulations illustrate an implementation of the method as well
as physical effects of residual stresses substantially depending on rate of heat
treatment.

Key Words. Thermodynamics of plasticity, Kelvin-Voigt rheology, harden-
ing, thermal expansion, adiabatic effects, finite element method, implicit time
discretization, convergence.

AMS Subject Classification: 35K85, 49505, 65M60, 74C15, 80A17.

1 Introduction

Thermal expansion in metallic bodies may create enormous elastic stresses if the tem-
perature profile varies considerably. It occurs both within manufacturing processes (es-
pecially heat treatment of large bulks) and sometimes in working regimes, too. These
“thermo-elastic” stresses may trigger activated inelastic processes, typically slip plastic-
ity or even damage. Here we focus on plasticity and consider also hardening effects.
Mechanical energy dissipated during the plastic deformation is converted to changes of
an internal structure of the material due to hardening but also to heat, which ultimately
couples the mechanical and heat parts. Moreover, thermal expansion leads to heat pro-
duction/consumption due to adiabatic effects.

There is an extensive engineering literature addressing thermoplasticity in thermally
expanding materials, employing computationally sophisticated models, e.g. [1, 7, 8, 14,
21, 25], sometimes even at large strains [9, 13, 15, 26, 27] but lacking a rigorous mathe-
matical justification.

Mathematically supported theories seem, however, nearly missing for a long time.
This was mainly because the relevant L!'-theory for the heat equation was developed
only in the 1990s [4, 5], and the mathematical theory for rate-independent processes



is even more recent, cf. [11, 12, 16, 17, 19, 20|, as well as the interpolation technique
of the adiabatic-heat term in three-dimensional case [22], and the coupling with rate-
independent processes with viscous/inertial effects [23] and thermal effects [24].

The main mathematical difficulties are related to finite strain and multiplicative plas-
ticity at finite strains, in evolution driven even by mere elastic response if kinetic effects
are counted, and coupling of rate-independent processes with rate-dependent ones. In
fact, each of the above mentioned three difficulties represents itself a hard open problem,
especially in a three-dimensional setting and if no regularization (e.g. by capillarity or
higher viscosity is involved). This is why we adopt the following simplifications: small
strains and strain-driven linearized additive plasticity, and a linear viscoelastic response.
On the other hand, we allow for a fully rate-independent plastic flow rule although, of
course, the whole system is necessarily rate dependent due to the heat transfer, and
here also due to considered kinetic and viscous effects. As mentioned above, we also
consider hardening to avoid spatial concentration of plastic strains as has been studied
in the isothermal case in [11] which, in general, would lead to awkward interactions of
concentrating plastic-strain rate with thermal effects. Recently, rigorous mathematical
studies for thermoviscoplasticity at small strains had been performed in [3] (considering,
however, a rate-dependent plastic flow rule and no thermal expansion effects) and, as
mentioned above, in [24] (considering general analytical scheme for a slightly different
class of generalized standard materials with gradient theories for internal parameters but
without numerical analysis and the modification for the linearized non-gradient plasticity
only outlined in [24, Remark 4.5 with Example 5.1]).

The model will be formulated in Section 2 where also its thermodynamics will be
exposed. We confine ourselves to trace-free plastic strain and to isotropic materials as
far as both elastic response and thermal expansion are concerned. This implies a math-
ematically important cancellation effect owing to the fact that the thermal-expansion
strain is diagonal and thus orthogonal to the “plastic stress”, cf. (2.22) below. Although
this restricts generality and excludes e.g. single-crystal plasticity which is remarkably
anisotropic, important applications in engineering which standardly treat polycrystalline
(and thus isotropic) metals are allowed by the presented theory.

The main purpose of this paper, performed in Sections 3 and 4, is to develop an imple-
mentable numerical scheme for this model and prove its stability, i.e. a-priori estimates,
and also convergence to a suitably defined weak solution of the model. In Section 5,
the efficiency of the proposed numerical strategy is demonstrated on a 3D example. We
illustrate it on a physically motivated example, exhibiting rate-dependent effects of ther-
mal coupling producing residual elastic stresses and plastic deformation depending on
rate of heat treatment of a steel workpiece.

2 The model within thermodynamics

We consider a bounded Lipschitz domain Q C R? d < 3. The state variables will be
the displacement v : Q — RY, the plastic strain ™ € Rg:vd, possibly a scalar isotropic

hardening parameter 7, and the temperature 6 : 2 — R, where

R4 .= {Aengﬁ;‘; tr(A4) = 0} and ngxrg = {AeR™ AT = A}, (21)
The variables (m,17) =: z play the role of internal parameters. We consider plastic
response determined by a convex closed neighbourhood of the origin, say S C ngxnf X R,
defining an elasticity domain, while its boundary is called the yield surface and has the
meaning of the stress that triggers the evolution of plastic strains; we refer to Section 5



for a specific example. Let dg denote its indicator function and 0% the Fenchel-Legendre
conjugate functional to dg with respect to the inner product o : e = Zijzl
that the physical dimension of ¢ : e is Pa=J/m? so that S determining the degree-1
positively homogeneous “plastic” dissipation potential ¢%, acting on the dimensionless
tensor 7 and on the dimensionless internal hardening variable 7, has indeed the dimension

J/m3. For a simpler notation, we write

We remark that the condition 0 € int(S) implies that (; = ¢% is coercive. The set S
must be unbounded. More specifically, we assume that

0;j€i5- Note

S=5®S5;, S C Rj:vd x R convex, S; the orthogonal complement of Rj:vd x R.
(2.3)

This implies that ¢; is finite only on R%*% x R and that 7(¢) € R%*? a.e. in Q provided
that my € Rg:vd a.e. in €.

Considering a Kelvin-Voigt-type viscous material, our model will consist of the equi-
librium equation balancing inertial, viscous, and elastic mechanical forces,

Oe(u)
ot

where o is the mass density, D the tensor determining the viscous-type response, C the
tensor determining the elastic response, and E the thermal expansion tensor, while the
evolution of the internal parameters m and n are governed by the inclusion

or 0On Cr+Hr Ce(u)
2.5
agl(aﬂm)*( b )9< 0 (2:)
where b > 0 is an isotropic hardening coefficient and H is a symmetric positive semidef-

inite fourth-order tensor determining the kinematic hardening, and the heat trans-
fer/production is governed by the equation

0— — div(]D) ) — div(C(e(u)—m—Ef)) =0, (2.4)

06 , or 0On de(u) de(u)
(O 0)Vo) — (—,—) 2 _0E : 2.
(05 — AV KOVO) =G50 5p) +20(55) o (2:6)
where ¢, = ¢,(0) is the heat capacity and K = K(0) is the thermal conductivity tensor,
1
Ga(é) = §]D)é e (2.7)
is the pseudopotential of viscous-dissipative forces, “:” denotes the product of two (dxd)-
tensors, and e(u) is the small-strain tensor defined as
1 Ou, 6uj
() = = . 2.8
i (1) 2 (axj + 6:@) (2:8)
Throughout this paper, we assume sotropic thermal expansion, i.e.
E=al (2.9)

with « a single thermal-expansion coefficient. It is important that (2.9) together with
the further isotropy (2.19) below will imply that (2.5) does not depend explicitly on tem-
perature (since the driving forces %1/} and 8%1/1 with ¢ from (2.25) below are independent

of ) and ensures the orthogonality (2.22) below.
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Using the identity [0¢;]™! = 9}, the inclusion (2.5) can equivalently be written in a
form which is more standard in engineering literature, namely

<g:;?g§) € ¢ (cr_é&}]lw) with o = C(e(u)—m), (2.10)
which reveals that H is in the position of the back stress to the elastic stress o. This is
also known as Ziegler’s type model [28].

The above equations/inclusion (2.4)—(2.8) are to hold on the space/time domain
Q:=(0,T) x Q with T"> 0 a fixed time horizon.

As we focus on processes in the bulk, we consider only the simplest boundary condi-
tions, namely a prescribed normal stress and heat flux on I' := 0€:

(]Daea—(:) + C(e(u)—w—E@))y =g on T, (2.11a)
(K(O)VO) -v = f on I, (2.11b)
where “-” denotes the scalar product of two vectors and v is the outward normal to I'.
The energetics of the model plays with the mechanical part of the internal energy
1
O(u,m,n) = 3 / C(e(u)—7) : (e(u)—m) + 7Hn + bn* dz, (2.12)
Q
the kinetic energy
1
Tiein (1) := = / olu)? du, (2.13)
2 Ja
the dissipation energy rate
E(u, 7,n) = / G(7,n) + 26 (e(w)) do (2.14)
Q

with (; from (2.2) and (s from (2.7), the thermal part of the internal energy

E(6) ::/Qh(ﬁ) dz, where h(f):= /Oecv(w)dw, (2.15)

and the power of external mechanical forces and heating

F(t,u) = /Fg(t,:c)ﬂ(:c) + f(t,z)dS, (2.16)

The energetics of the model (2.4)—(2.6) can be obtained by testing (2.4), (2.5), and (2.6)
respectively by the velocity ‘?9—7;, by the plastic strain rate %—:, and by 1, which gives after
using Green’s formula for both (2.4) and (2.6) together with the boundary conditions
(2.11) and eventually by summation the energy balance

< (Tkm(%) + B, m 1) + E<9>) = (1, 9Y), (2.17)

cf. (3.7d) below.
We consider an initial-boundary-value problem for the system (2.4)—(2.8). Hence, we
take the initial conditions

u(0, ) = uo, %(O, ) =19, w(0,-)=m, n0,)=mno, 6(0,-)= 6. (2.18)



Also, the non-negativity of temperature is ensured provided 6y > 0 and provided the
boundary heat flux f is non-negative, cf. also the proof of Proposition 4.4 below.

Throughout the article, we will rely on the following data qualification. The positive
definite fourth order tensors C = [C;jp], D = [D;;x] are assumed to be symmetric and
isotropic so that in fact

Cijiur = Ae0ijOrs + fe (5ik5jl + 5z'l5jk)7
Dijrr = Av0ijOr + fy (5ik5jl + 5z'l5jk)7

2 2
with fie, tty >0, A > —He; Ay > — b (2.19)

with § denoting here the Kronecker symbol, A’a and u’s are the Lamé constants. Thus
the elastic stress is Ce = Actr(e)l + 2ue.e with I = [§;;] denoting the unit matrix, and
corresponding energy is $Ce : e = 1\ |tr(e)|® + pele|® and, as a quadratic form of e, it is
positive definite if d < 3, and similarly also the quadratic form e — %]D)e . e is positive
definite. In fact, for the analysis presented below, we need the isotropy only for C but
it would be physically inconsistent to have D anisotropic.

One can derive thermodynamics of the above model by postulating the Helmholtz
free enerqgy as

1 1 b 62
(e, n,0) = 5@(6—71’—1@9)2(6—71’—1@9) + §H7r:7r + 5772 — §CE:E — ¢o(0).  (2.20)

Then entropy is given by

= s(e, ) := —%@/} = ¢p(0) — E:Ce. (2.21)

Note that the mechanical variables separate from temperature in (2.21) and thus ¢, =
cv(e,8) = 0%s(e,0) = 6¢;(f) in (2.6) does not depend on these mechanical variables,
which facilitates the analysis very considerably. This separation effect is due to the
orthogonality

Cr: E = a(Actr(m)I 4 2pe7) : T = a(dAe+2pe) tr(m) = 0, (2.22)

which is owing to (2.3) together with (2.9) and (2.19) provided also tr(m) = 0.
The equation (2.6) itself can be written in the form of the entropy equation as

9? —div(KV0) = ¢  with dissipation rate £ := Q(g: ?Z) + @( a(tu)) (2.23)
Note that [, ¢dr = Z(%%, 25 91) with = from (2.14). At least formally, assuming posi-

tivity of temperature and f > 0, and realizing that always £ > 0, from (2.23) we can see
the Clausius-Duhem inequality

d V@ KV6 - Vo 5 KVo-Vo £ f
— - 2 — - 2 = > (-
T sdx /le 9>+ 02 ed:p /Q 02 +9d:p+/red5_0,
(2.24)

obviously, £/6 is the entropy-production rate. Note also that a combination of (2.9),
(2.19), and (2.22) allows us to write ¢ from (2.20) in the more specific form

Ae 1 b
v(e,mn,0) = E}tr(e—ﬂ)‘2+ ue‘e—ﬂ}Q— a(dAe42pe) O tr(e) + §H7TZ7T + 5772— ®0(0)
(2.25)



where (2.22) was used, too. In fact, (2.24) in the form & [ sdx > [ EYEY0 4 £qq 4
r 5 dS can conversely serve as the origin of the constitutional relation for the entropy
s = —L&a, cf. (2.21), and the elastic stress 0 = 29, cf. (2.10), as well as the driving

force for the flow rule ﬁw = (Hr — 0,b().

3 Enthalpy transformation and weak formulation

It is desirable to allow for a certain growth of ¢, (+) if we have the viscosity in the form
De(%) in order to be able to treat the adiabatic term, cf. [22]. On the other hand, the
technique from [22] specifically relies on Galerkin’s method and does not seem directly
transferable if also the time discretization is involved, which is in turn needed both for
designing a fully discrete scheme and for efficient treatment of the rate-independent flow
rule. The particular difficulty is in limiting a time-discretization of the nonlinear term
cy(0)%. Therefore, we first write the original system (2.4)-(2.6) in terms of enthalpy
instead of temperature, using so-called enthalpy transformation

w = ho(0) := /0 cy(r) dr; (3.1)

thus hg is a primitive function to ¢, normalized such that ho(0) = 0. Further, we define

) hgt(w)  ifw >0, _ K(O(w))
O(w) = { 0 ifw <0, H(w) = I (3.2)

where hy ' here denotes the inverse function to h. This transforms the system (2.4)—(2.6)
into the form

2

Q% — diV(De(g—?) + ((Ce(u) — @(w)E)) =0, (3.3a)
a@(g—:,%) + (CW;;HW) 5 (Ce()(“)) : (3.3b)
%—Z’ — div (A (w) V) = ¢ (88—7;, %) + 2@(8%(:)) + @(w)E:Ce(%). (3.3¢)

We will call (3.3c) shortly the enthalpy equation rather than the heat-transfer equation
in the enthalpy formulation. The boundary conditions (2.11) transforms to

(De(%) + C(e(u) —m — E@(w)))y =g on I, (3.4a)
(A (w)Vw) -v=f onT, (3.4b)

while the initial conditions (2.18) transform into

ou

u(0, ) = up, i

(07 ) = Uy, 7T<07 ) = To, 77(07 ) = 7o, w(07 ) = h’O(eO) (35)
The following definition of a certain sort of a weak solution has been devised in [24],
based on the concept of so-called energetic solution invented by Mielke at al. [12, 16,
19, 20] for the theory of rate independent processes and adapted also for coupling with
viscous/inertial effects in [23]. We refer to [24, Proposition 3.2] for justification (and
not entirely obvious fact) that this definition is indeed selective in the sense that, under
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an additional absolute continuity of % and 2 3¢, it gives indeed a conventional notion
of a weak solution. (For an isothermal situation, cf. also [23, Proposmon 5.2].) Tt
should be however emphasized that this additional regularity of %’; and 7 hardly can
be expected due to the fully rate-independent flow rule, which just makes the devised
concept properly fitted with this problem.

We consider an evolution in the time interval I := (0,7") with a fixed time horizon
T > 0 and denote Q := (0,7) x Q, ¥ := (0,T) x 09, and I := [0,7]. We will
use a standard notation for function spaces, namely the space of the continuous R*-
valued functions C(;R¥), its dual .#(Q;R*) (i.e., up to an isometric isomorphism,
the space of Borel measures), the continuously differentiable functions C*(Q;RF), the
Lebesgue space LP(€; R), the Sobolev space W1P(Q; R¥), and the Bochner space of X-
valued Bochner measurable p-integrable functions LP([; X). If X = (X’)*, the notation
LY (I; X) stands for space of weakly™ measurable functions I — X; this space is dual
to the space L'(I;X’) and, in general, is not equal to L>(I; X). If X is separable
reflexive, then L>°(I; X) = L, (I; X) by Pettis’ theorem, however. Moreover, we denote
by B(I; X), By.(I; X), BV(I; X) or Cy(I; X) the Banach space of functions I — X
that are bounded Bochner measurable, bounded weakly* measurable, have a bounded
variation or are weakly continuous, respectively; note that all these functions are defined
everywhere on I. We will use the notation ¢’ = ¢/(¢—1) for the conjugate exponent to q.
Instead of u(t, -) or z(t, ) or w(t, -), we will write briefly u(¢) or z(t) or w(t), respectively.

Definition 3.1 (Energetic solution.) Assuming (2.19)-(3.10), we call a quadruple
(u, m,m,w) with

u € Cy(I; WH(Q; RY)), (3.6a)
?; L2(1; W RY)) 0 W2 (1 W2 (0 RY), (3.6b)
7 € B(I; W (Q; RE) N BV(I; L*(Q; RYXD)), (3.6¢)
n € B(I;WH3(Q)) NBV(I; L'(Q)), (3.6d)
we L'(LWE(Q) N L1 LNQ) N Byo(L; A#()  with any 1 <71 < %, (3.6¢)
O (T, W) (3.6f)

ot

an energetic solution to (3.3) with the initial/boundary conditions (3.5) and (4.3) if the

following five conditions hold:

(i) the weakly formulated momentum-equilibrium equation (3.3a) with (4.3a,b) holds,
i.e. for all veC*(Q; R?) such that v|x,=0,

/Qg%(T)-U(T) da:—l—/Q <D€(gt) + Ce(u )—W—E@(’LU)) :e(v)

ou Ov
—0— - —dxdt = / ~vdxdt+/gu -v(0)dx, (3.7a
o K [ oig - 0(0)dr. (372)

(ii) the weakly formulated enthalpy equation (3.3c) with (4.3c) holds, i.e. for allveC(Q)
with v(T) = 0,
/ H ()Y - Vo — w2l — Ow)E : ce(au
0

ot 8t)
s,
—De (81;) (07;5L)dedt /vamn(dxdt)jL/Qwov(O) dx+/2fvd5dt (3.7b)



where wy = ho(8y) and by, is a measure (=heat produced by rate-independent dis-
sipation) defined by prescribing its values for every closed set of the type A :=
[t1,t2] X B with B a Borel subset of ) by

brn(A) :=Vare, ((m,n)|pt1,t2)  with
Vargl(z t17t2 = SUPZ/Q Sza Sz 1,l‘)) dx (37C)

where the supremum is taken over all partitions of the type t1<sp<...<sp<ty, k€N,
(iii) the total energy equality holds, i.e. with ® and Tig, from (2.12) and (2.13),
0
G (D) + (D), (D)D) + [ w0

ou
= Tkin (UO) + (I)(Uo, o, ’170) + / ho(eo) dx + / qg- a + dedt (37(1)
Q Y

Tkin (

(iv) the “semistability” holds for any # € WY2(Q; R and 77 € W'2(Q) and for all
t€[0,T], i.e

@ (u(t), 7(t).n(t)) < @ (u(t), 7, 7) +/Q§1(7"{- —m(t),n—n(t))dz, (3.7¢)
(v) the initial conditions u(0) = ug, 7(0) = mo, and n(0) = ny hold.

Note also that (3.6f) makes values of w(t) well defined in the sense of W1t™2(Q)*
and (3.6e) further shows that even w(t) € .#(Q), which has been exploited in (3.7d)
for the time ¢ = T. It should be emphasized that ¢ — w(t) cannot be expected to be
continuous in any sense because, since (; is homogeneous degree-1, the measure b, may
concentrate at particular time instances.

In addition to (2.19) which guarantees that C and D are positive definite, we will
assume throughout this article that

0=0. (3.8)

Other assumptions are on nonlinearities ¢, and K, namely we assume:
¢y i [0, +00) — RY continuous, (3.9a)
Jui>w>1 e >c>0V0eRY: co(14+0) ! <e(0) < er(14+0)*1,  (3.9b)
A R — R™ bounded, continuous, and inf H(w)€-£ >0 (3.9¢)

(w,§)ERXRY, [§]=1

with J¢ from (3.2) below; later in (4.27) we impose further restrictions on w. As far as
the loading qualification concerns, we assume

g€ L*(I; LYT;RY),  ¢>2-2/d (orq>1ifd<?2), (3.10a)
felx), f>0, (3.10b)
ug € WH(Q; RY), (3.10¢)
iy € L2 RY), (3.10d)
T € L2(Q; RIX4), (3.10e)
no € L*(Q), mo >0, (3.10f)
0o € L“(Q), 6, >0, (3.10g)

where we denoted ¥ := 1 x I" in (3.10b).



4 Discretization and numerical analysis

An important phenomenon here is that, proving existence of a solution, we need to pass
to the limit in the non-linear Nemytskil operators induced by the dissipation heat &.
Another peculiarity is that, due to degree-1 homogeneity of (i, the heat equation has its
right-hand side not only in L'(Q) (as it would be in case of higher-degree homogeneity of
dissipative-force potential) but even in measures. Also, it seems difficult to make spatial
discretization of the term —div(.# (w)Vw) compatible with the maximum principle even
on acute triangulations if " is nonconstant (and the qualification (3.9b,d) with (4.27)
below exclude constant % if d > 2).

Therefore, a design of a convergent numerical scheme is technically rather delicate.
Following [24], we will use a fully implicit time-discretization with a constant time-step
7> 0, assuming K, = T/ € N and defining the backward difference operator by

¢k_¢k_1

T

D,¢" := (4.1)
for any sequence {¢*};>o, combined with a regularization of the momentum equation
and of the flow rule, (using as a parameter just the time-step 7 > 0) and of the enthalpy
equation (using a parameter ¢ = ¢(7) > 0 whose dependence on 7 will be implicitly
specified later in (4.34)). More specifically, we consider the following recursive increment
formula

oD2u* — div (]De(Dtu’j) + C(e(uf)—mE—EO(wh)) + |e(uk) P‘%(uﬁ)) —0, (4.22)

kL ok k k
¢ (Dirk, Dyt + (C“Tb;k " ) 5 (Ceg“”) + (”z) , (4.2D)
Dyw! — div (A (wf) Vws) + e(7)[wk P 2w? (4.2¢)

= (1 (Derl, Dink) + De(Dyul):e(Dyul) + O (wk)E:Ce(Dyul),

for k=1, ..., K, =T/t with the corresponding boundary conditions

(De(Dyk) + Cleful) -t~ EOwE)) + 7le(uh)|" e(ut) ) = gk, (4.3a)
(A (wWEVwE) v = fF (4.3b)
on I', starting for £ = 1 by using
u) = Uo,r, uyt = Ug,r — Ty, ™ = 0,7, 1, = o, w) = wo = ho(6h), (4.4)
where
1 kT 1 kr
gr(t,x) = —/ g(t,z)dt and fF .= —/ f-(t,x)dt. (4.5)
T J(k-1)r T J(k-1)r

Note that, in (4.4) and (4.5), we regularized the initial values and the boundary flux uo,

2o and f by wg -, 20 and f-, respectively, cf. (4.8) below. Moreover, .7 in (4.2b) is a
regularizing selfadjoint positive definite linear operator having the quadratic potential

1
5|7 iz with some 0<a <1/2 (4.6)

applied component-wise in (4.2b), with |- [yya2() meaning the standard seminorm in the
Sobolev-Slobodetskii fractional-derivative space. Later we can also use its square root
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Z1/2 defined as a selfadjoint positive definite operator such that .#'/2 o #Y/? = .
Thus

S W(Q) — W(Q)* and SV WeHQ) — LA(Q). (4.7)

Note that we regularized also the initial state for the mechanical part (but not the initial
velocity).

Let us comment the purpose of the regularizing terms. The “y-term” in (4.2a) and
the “O-term” in (4.2d) are to compensate the superlinear growth of the right-hand-side
terms in the hear equation; the former one has already been used in [24] for a mere time
discretization, while the latter one is here needed because, in the spatially discretized
scheme, we will not be able to test by nonlinear functions of w, in contrast with the
spatially continuous case in [24]. Eventually, the “-term” in (4.2b) helps to make
a limit passage in space discretization without using numerical integration formulae,
cf. (4.21) below.

As far as the (regularized) initial and boundary conditions and the loading concerns,
we assume

17(0. od P _ . s 1.2(0y. od
up €W (Q; RY), 1T1{r01 \/FHe(UO,T)Hm(Q;Rdxd) =0, gfroluoj = up in WH*(Q; RY),
(4.8a)
a2/, Tpdxd+1 : _ : 7200y, Tpdxd
71-0,7—€I/V (QvR . )7 1;?01 \/;HWO,THWa,Q(Q;Rdxd+1) - 07 I;fIOlWO,T = Tp 111 L (Q,R x )7
(4.8b)
Mo €W QR W v/T [0 yspaxasy = 0 limr =no in L2(Q),
(4.8¢)
freL™(%), fr >0, lim fr=finL}D). (4.8d)

We will further make a spacial discretization. For this, we assume that we are given
a sequence of triangulations {.7, },~o of the polyhedral domain 2 without hanging nodes
but otherwise entirely general. We suppose that h > 0 range over countable sets of
positive real numbers with accumulation points at 0, and that maxge g, diam(E) < h.

We consider C°-conforming Pl-elements for the approximation of u and w and PO-
elements for the approximation of 7 and 7. The finite-dimensional subspaces of L?({)
and W2(Q) related to PO- and Pl-elements and subordinate to the triangulation O,
respectively by V5 and Vi 5.

For j = 0,1, the L? orthogonal projection onto Vj, is denoted by P;;. We have the
following approximation property at our disposal for any 1 < v < oo:

Vo € L*(Q) : Popv —v in L*(92), (4.9a)
Yo € WH(Q) : Py —wv in W (Q). (4.9b)

Then we devise the Galerkin scheme as follows. We seek (uF,, 7%, n¥,  wF, ) € foh X
Vi x Vo, x Vi, with 7(-) € RE5 ae. on €, satisfying

dev
/ oD?uk, v+ (De(Dtulﬁh) + C(e(ufy,)—7r, —EO(wh,)) + T‘e(ufh)‘vde(ufh» :e(v) dz
Q

= /g'j -vdS Vo € Vih, (4.10a)
r
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/QQ (7, 7) + (Cr7y, — Ce(upy,)+Hrs,) : (F—=Dmyy) + bl (7—-Dyrrry,)
+ 7.l SV (F=Dyrky) + 7Pl S P (=Dinl,) da
> [ QDb Dby V(D € Vi x Vi, (4.11a)
[ (Duty by ko () V- Vo G (Dirk, Dy o
' — De(Dyul,) : (Dl )vde (4.11b)
= /ﬂ@(w’:h)E : Ce(Dyuly,)v da +/Fff7hv ds Yo € Vi,

Let us define the piecewise affine interpolant (w p, Trp, Nrn, Wrn) by

_ 1 _
Urp(t) == y ke + kTT tufgl for t € [(k—1)T, k7], (4.12)

and similarly 7., (t) = M mhy + Bttt and g (t) = & = UTTII}C + Bty and

also wop(t) = ZELTR b=tk ! for t € [(k—1)7, k7] Wlth k= O,...,KT = T/r.

T

Besides, we define also the back-ward piecewise constant interpolant (w.p, Trn, Trn, Wen)

by

Urn(t) 7= Uty Ton(t) = Ty Tien(t) = 0y, Wen(t) = w0y, (4.13)

for (k—1)7 <t < k7, k = 1,..., K;. Similarly, we will later use u,, u,, etc. We will
also use the notation g, and f, defined by g:|(k—1)rkr = g* and Sel(h=1yrpor) = fk for
k=1,.. K,.

Lemma 4.1 (Existence and estimates of discrete solutions) Let (2.19), (3.9),
(3.10), and (4.8) hold. Moreover, let

2%
B>2 4 >max <4 —1> and  w > 1. (4.14)

- - koo ko ok ok d  17dxd : dxd
Then there exists a solution (ugy,, 7y, n5,, wr,) € V& X VIOV, x V), with w(-) € R

dev
a.e. on ), for the system (4.10). Moreover,

HuThHWI o0 (LWL (Q;R4)) < CT7 (4.15&)

HWThHWI oo (I;Wa2(QRIX 1)) <, (4.15Db)

HnThHm/l,oo I:Wa2(Q S CTa (415C)
(I;We2(42))

lejhuwl,oo ey < COr (4.15d)
(LWH2(Q))

with some C. independent of h and with a € (0,1/2) referring to (4.6).

Sketch of the proof. We can see existence of a solution to (4.10) by a standard argument
for coercive pseudomonotone set-valued operators. The coercivity of the underlying
operator can be shown by testing (4.10a), (4.10b), and (4.10c) by uk, € Vi, 7k, € Vocf,fd,
n*, € Von, and wF, € Vi, respectively. Note that these test-functions live in the
corresponding finite-dimensional spaces and are thus legal for this test. It is important
that the right-hand sides of (4.10a,c) have the growth that can be dominated by the
growth of the coercive terms in the left-hand sides; this is ensured by having taken /3
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and 7 large enough and by the assumption (3.9b) which ensures a sublinear growth of
O, namely

O(w) < (——+1) o< (ﬂ)w (4.16)

WCo wWCo

because obviously ho(0) > wco(1+6)% — wey, cf. the definition (3.2). Realize that the
coercivity can be estimated (up to multiplicative constants) as |e|”+|7|?+|n|>+|w|? which
indeed dominates the growth of the “right-hand-side terms” is of the type |w|Y“|e| +
(|| + |nD)|w| + le|*|w| + Jw|**/“|e|. The term (|| + |n|)|w| bears the estimation by
§|m|? + 8|n|* + 6|w|® + Cs and similarly |e|*|w] < dle|” + §|w|? + C5 with any § > 0 and
some Cjy; here § > 2 and v > 4 have respectively been used. The last term can be
estimated as |w|'*/“e| < %|e|’7 4 |w| @/ (=1 < %|e|7+ Hlw|*+ C, for some C,, € R;
here the condition v > 2w/(w—1) has originated.

The a-priori estimates (4.15) then follows from the above test by standard procedure,
i.e. by using the Holder, the Young, and the discrete Gronwall inequalities. O

Lemma 4.2 (Convergence for h|0) There 8 a subsequence of
{(Wrp, Trh, ety Wrn) b0 converging for hl0 weakly® in the topologies indicated in
(4.15) to some (ur,mr, 0y, w,) and each quadruple obtained by such way is a weak
solution to (4.2)—(4.3), i.e. in term of the interpolants

oD2u, — dw@%@ )+c(<)/mqmmm»+ﬂdmﬂ%%@g):q (4.172)

ot

o, On, Cr,+Hr, Ce(u,) Tr
ag( &)+< . )9( 0 )+n¢(m), (4.17b)
8;: — div (A (w,)V,) + &(1)|w, "o, (4.17¢)

B 87TT on, Our\ Ou, ou,
= (52, 5E) + De(S)e(50) + O(wECe(57),
with the boundary conditions

<]D> (65:) + C(e(u,) — 7, — EO(w,)) + T\e(aT)\”’Qe(uT))y =G, (4.18a)
(A (w,)V©,) v =f, (4.18b)

and with the initial conditions (4.4); of course, D?u, in (4.17a) means the piece-
wise constant interpolant in time and (u,, 7.,y W,) is the limit of a subsequence of
{(trn, Trhy Trny Wen) bnso and simultaneously also the piece-wise constant interpolant in
time corresponding to (Ur, Tr, 1y, Wy ).

Sketch of the proof. By Banach’s selection principle, we first select a weakly™ convergent
subsequence. Due to the construction of V; j,, we have the approximation property (4.9b)
at our disposal. Hence we can consider also a sequence {u,;}~0 converging strongly to
u, even in WH(I;Wh(Q;R?)) and such that %, : I — V/%; here one must take
into account that 7 > 0 is fixed hence only a finite number of values of wu, is to be
approximated by using (4.9b).

Due to the dissipative-heat term in (4.18a), we need to prove the strong convergence
aat (Urn) — aat (u,) in L3(Q; R¥?). To this goal, we first use the so-called d-monotonicity
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of e — Ce + |e|""2e to prove the strong convergence e(ii,;) — e(i,) in L7(Q; R¥>?) by
the estimate

7 (Nl oz = @ e ) (€G@n) | omans = @] s

< / Celtim—t)e(m—ir) + 7 (|e(@m)| e(@m) — |e(@)[ 2e(@,)):e(@m—a,) dedt
Q

T / Do (1)~ (T))e(atos ()~ (T)) d

< / C(ﬁrh + @(wrh)E):e(arh_a’rh) - QD?urh . (ﬂ’rh_arh)
Q

ou,

ot

+ / Ce(rn—1r):e(Urn—1r) + 7(|e(@mn)| " e(@m) — |e(@)|"e(@,)) e(Un—a,) dedt
Q

- ) sl —on) ot + | go(n—on) Al

- (Ce(ﬂT) +7le(a,)[ e i

(@) + De(—-

—i—/ %De(uTh(T)—uT(T)):e(ﬁTh(T)—uT(T))d:c — 0. (4.19)
Q

The second inequality in (4.19) is due to the inequality De(Dsuf) : e(uf) > 1D, (De(uk) :
e(u®)), which is just a generalization of the elementary algebraic inequality of the type
(a—b)a > 1a® — $b*. The convergence to zero in (4.19) for k|0 is because 7 > 0 is
fixed so that trivially D?u,;, — D?u, in L*(Q; R?) due to the Rellich compact embedding
W2(Q) € L*(Q), and furthermore also O(w,;,) — O(w,) certainly in L*(Q) (in fact
even in a much smaller Lebesgue space L?%/(4=2=¢(Q) with ¢ > 0) due to the compact
embedding W2(Q) and 7., — 7, in L*(Q; R¥?) due to the compact embedding W2(2)
so that (7.4, + CO(w.4)E) : e(tiy, — 6,) — 0 weakly in L}(Q).

Then, we use the strong monotonicity of e — De to estimate, for some ¢ > 0,

2 — —
c’ 8e(um Ur) S/Dﬁe(um uT):ﬁe(um uT)dxdt
L2(Q;Rdxd) 0 ot ot
86 uTh Ur) 8e(uTh (. 1
S/]D) dxdt+/ —Ce(urn(T)—u (T)):e(wrn(T)—u(T)) do
0 ot o2
o 2 urh u’T‘h)
_/Q QD Urh——FH7, ot
(@mﬁ(:@(wm)]mDae(“T) +7le(un)e(u Th)) el =) 4. 44
ot ot
+ / g, =tmn) gaqy / L e (T)) e(uan(T)—un(T)) d
oe(urp—u,) Oe(Urp—1ur)
—i—/Q]D o : Er dzdt
1 ~
—|—/ iCe(uTh(T)—uT(T)):(e(uTh(T)—uT(T))) — 0. (4.20)
0

The convergence to zero for h|0 again relies on 7 > 0 fixed so that again DfuTh — D?uT,
and 7, — 7, in L*(Q;R%?) due to Rellich’s compact embedding W12(Q2) € L?(),
and because that the strong convergence e(u¥,) — e(u¥) in L7(Q;R?*?) has already

been proved.
Furthermore, we use again the compact embedding W%(Q2) € L?(Q) so that, thanks
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to the regularizing operator ., we have convergence also in
Cu(Demly, Dyrgly) — Cu(Dyrl, Do) strongly in L>(I; L*(Q2)) (4.21)

because 7 > 0 is considered fixed. Altogether, we proved strong convergence of the heat
sources in L'(Q).

Then, using still the weak upper semicontinuity argument for .-terms in (4.11a)
summed over particular time levels, the claimed limit passage from (4.10) to the
boundary-value problem (4.17)—(4.18) formulated weakly is easy to be seen. In par-
ticular, the limit passage from (4.2b) to (4.17b) uses also the approximation property
(4.9b). O

Note that (4.2c) has the right-hand side in L?(£2) since v > 4 and since 7% — %=1 and
n*—nk=1 are certainly in L?(2; R?*%) and L?(12), respectively, hence the weak formulation
of (4.2¢) is understood standardly.

Let us abbreviate the regularized stored energy by &, i.e.

@T(U,W,T/) - @(U ™ 77 H HLW(Q Rdxd }(ﬂ- n)}wa 2(Q Rdxd+1)
1 1 b
= | =C(e(u)—7): (e(u)—7) + =Hr : 7 + —n?
02 2 2

+§mem+% (4.22)

7w + 3 1veay

Lemma 4.3 (Still further a-priori information) For any k = 1,..., K, the follow-
ing “discrete mechanical energy” balance holds:

k
Tion (D) + @, (u, 7, 1) +75 / (1 (Der, D) + De(Dyadt) : e(Dyt) da
=1 /%

k
< Tin (0) + @ (to.r, Mo, 10,7) + T Z (/ wh)E: (Ce(Dtu ) dz +/gi.DtulT dS)
=1 79
(4.23)

as well as the following “discrete total energy” balance holds:

Tkin (DﬂLﬁ) + (I)T (Uﬁ, 7_(_7]?’ ﬁf) + / wf dz < Tkin (UO) + (I)T (UO,Tu 0,75 770,7') + / Wo dz
Q Q

k
*7§:</¢Dmﬁﬁ&ﬁw—dﬂ/Wﬂm%hﬂ) (4.24)
=1 T Q

and also the “discrete semistability”
O,k mh ) < (b 7 + [ (= =) da (4.25)

holds for any (7,7) € W*2(Q; RIX4xR), where ®, and T are from (4.22) and (2.13),
respectively.

Proof. Let us use a short-hand notation z := (m,n) for this proof. Taking (u¥, 2 w¥)

T T

solving (4.2), we can test (4.2a,b) respectively by D;u* and D,z*. By using the convexity
of @, from (4.22) and by summation over time steps, we obtain (4.23).
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Now, to get (4.24), we still add (4.2d) tested by 1 and summed over time steps to
(4.23); here it is important that the dissipative/adiabatic terms mutually cancel in the
mechanical and the thermal parts.

As for (4.25), we use that (4.2b) is the sufficient (and, of Course also necessary)
optimality condition for 2* to minimize the convex functional ®, (u¥, )+ fQ Ci(-—2F "1 da,

which gives
)d:p<(I>( ) /7‘(1( )dx

O, (uf, 27) + /TQ(

for any Z and then, by using that (; is homogeneous degree-1 and thus satisfies the
triangle inequality C1(Z —zk 1) < (Z—2F) + G (2F—2F71), which altogether gives

T

kf kfl

<O (uf,2) + [ G(3—2F) da, (4.26)
arriving thus just to (4.25). O

Proposition 4.4 (Uniform a-priori estimates) Let, beside the assumptions from
Lemma 4.1, also (2.3) hold and the exponent w from (3.9b) satisfy

2d
4.7
YT (4.27)

Then, for some C' and C, it holds

HUTHWI 2amnaors) = O (4.28a)
7] e (T2 N BV (L @REx ) S O (4.28Db)
12| o 2200y vz L)) < C (4.28¢)
HwTHLOO(I;Ll(Q))ﬁLT(I;Wl”"(Q < Cr with any 1 <7 < g3, (4.28d)
1% sy < O (4.28¢)
HQ8UT Loo(IL2(Q5R)) N BV (LWL (R)*) =0, (4.28f)
HUTHLOO LWL (@R = cr', (4.28g)
HWTHLOO LWe2(REX ) <Cr' (4.28h)
“TIT“LW(I wa2(q) S Cr1, (4.28i)
@ s g < Crelr) =7, (4.28))

Note that 2 5; Ur 18 piece-wise constant in time with possible jumps at times ¢ = k7, so
that 025 BtQ u, is a measure, which is why (4.28f) involves BV-space.
Ideas of the proof. For particular details as far as (4.28a-1) concerns, see [24, proof of
Proposition 4.2]; in contrast to [24], here we have used g qualified as L?(I; LY(T; R?))

in (3.10a) instead of a bulk force in L'(I; L?(2;R?)) and also we have admitted o = 0,
which however is just a simplified case. Let us just outline the scenario: As we already
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got rid of the spatial discretization, from the maximum principle one can see that w, > 0.
¢ From (4.24) then one gets the L*>-parts of (4.28b-d) and (4.28f-i). Then one uses the
L'-theory for the evolutionary heat equation [4, 5] based on the test by 1 — 1/(1+w,)’,
0 > 0, combined with the interpolation of the adiabatic term by using several-times
Gagliardo-Nirenberg inequality as in [22, 24], which eventually gives (4.28a) and the rest
of (4.28b-d). Then (4.28¢) and the BV-part of (4.28f) follow by the already obtained
estimates.

Eventually, for 7 > 0 fixed, we already mentioned that the right-hand side of the
discrete heat equation (4.2d) is in L?(2) so that the right-hand side of (4.18a), let us
denote it by 7, for a moment, is in L>(I; L*(2)) so that we can still test the discrete
heat equation by w, to obtain (4.28j). O

In general, C; in (4.28j) may depend not only on 7 but implicitly also on ¢ = (7) and
then (4.28j) says nothing more than w, € L7(Q) only, unless one has some more specific
information about this implicit dependence. Here, it is, however, for v sufficiently large,
one can show that C; even does not depend on (1) at all. Let us present the calculations
only for the physically relevant case, i.e. d = 3 (while for d < 2 it is even less restrictive).

Lemma 4.5 Let d = 3, let the assumptions from Lemma 4.1 and (4.27) hold, and
let, in addition, v > 76/17. Then (4.28j) holds with C, = Cr=20+0/@) for some C
independent of T.

Note that the condition v > 76/17 = 4.47 may (but need not, depending on w)
slightly strengthen (4.14).

Proof of Lemma 4.5. In fact, by testing the heat equation (4.2d) by w,, we can see that

the constant C; is proportional to HTTH L2(1:L8/5(<)" Thus it is desirable to estimate 7, in

L%(I; L5/°(2)) independently of e = (7).
By (4.28a), we have |le(%)||2qraxey < C. By (4.28g), we have
le(ur) || Lo (127 (uraxay < C/77, so that, realizing the equidistance of the partition with

the time-step 7, we have also ||e(% o )| poo (1, (raxdy) < C/T'*Y7 . Interpolating these
estimates with the weights 1 5 and 1 5 yields

ou, C

H ( ot ) LALLM/ (+2) (Q;Rdxd)) = T/ (29) " (4.29)
Thus we have the estimate for the viscous part of the dissipative heat
ou, ou, C
HCe ) el ot ) L2502/ () — T/ (4.30)

Note that the desired embedding L?(I; L*/0+2(Q)) c L*(I; L%°(Q)) needs here v > 3,
which always holds due to (4.14). As to the adiabatic heat, we use the interpola-
tion between two estimates in (4.28d), i.e. between L>°(I; L'(Q)) and L"(I; W' (Q))
with r < 5/4, with the weight A\ and 1—\ with sufficiently small A > 5/8 to obtain
w, € LY3(I;L9(Q)) with ¢ < 5/4. As © has the sublinear polynomial growth with
an exponent less than 5/6, c.f. (4.16) with w > 6/5 due to (4.27), we then have the
temperature ©(w,) € L*(I; L%/5(Q)). By (4.29), we have

ou,
ot )

Here the desired embedding L*(I; L2/ +19(Q)) c L%(I; L5/°(2)) is possible provided
7 is sufficiently large, namely v > 76/17.

C

< — .
L2(I;L12va/ (27w +19) ()) — 7(+1/(27)

|et@)E : ce(

(4.31)
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Eventually, by the L*>-parts of (4.28b,c), we have also "%"LW(I;L2(Q;RdXd+1)) <C/r
which can be still interpolated (with the weight § and 1) with H%”LIU;LI(Q;RdXd-ﬁ—I)) <C

due to the BV-part of (4.28b), and similarly for o1z due to the BV-part of (4.28¢), so
that the remaining contribution to the dissipative heat can be estimated as

87rT on, C

‘ Cl( at ) L2 IL4/3(Q)) - m (432)
Thus
2/B - 1
Ce e ey = @ (e ) (4.33)
O

Proposition 4.6 (Convergence for 7|0) Let ¢ = (1) be chosen to converge to 0 for
710 sufficiently fast so that

171{5105 ()8 =0, (4.34)

with C refering to (4.28j). Then there is a subsequence of {(ur, Tr, Ny, Wr) }rs0 weakly™
convergent in the topologies indicated in (4.28a-f), cf. Remark 4.7, to some (u,m,n,w)
and, if the initial conditions (my, 1) are semistable with respect to ug in the sense

@(Uo, 70, TIO) S @(U,O’ 7}7 ﬁ) + / Cl(ii— — To, ﬁ - 770) dx (435>
Q

for all (7,7) € L*(Q;RYX4XR), then (u,m,n,w) is an energetic solution according Defi-
nition 3.1.

Sketch of the proof. For some details see [24, proof of Proposition 4.3 and Remark 4.5],
the essential differences are the regularizing .- and (-terms. Let us again use the
short-hand notation z := (m,7n) for this proof.

First, by Banach’s selection principle, we select a weakly™ convergent subsequence.
By the generalized Helly principle 2, (t) — z(t) = (7 (t), n(t)) weakly in L?(; R%*? x R)
for all t € [0,T] as well as u,(t) — u(t) weakly in W12(Q;R?), and also w,(t) — w(t)
weakly™* in . ().

To pass to the limit in (4.17a) by-part integrated over I to the weakly formulated
momentum equation (3.7a) is simple because all terms are either linear, or enjoys com-
pactness (which concerns ©(w)-term), or vanishes due to the estimate (4.28g) since

| [ leta (o (o) o] < et [ e o) g = 0177 =0

To pass to the limit in the semi-stability (4.25) towards (3.7¢), we need to construct

a so-called joint-recovery sequence, cf. [18]. Here it essentially means that, for any
2= (#,9) € L2 (R x R) with /) — n(t) > &3 (7 — m(t)), we need to find a sequence

2, = (7, %) in We2(Q; R4+ such that

hnilsoup (I)T(UT(t)a 737) - (I)T(ur(t)a ZT(t)) + 0 gl(éfr - zT(t))dl‘



In fact, the true Gibbs’ stored energy would still yield the term [ g-(¢) - (2 — z-(¢))dS
which, however, could easily be shown to converge to zero if the construction (4.37)
below is adopted.

Let us denote the standard mollifier [-]s; by convolution with a standard posi-
tive kernel whose support is of diameter proportional to §. Thus we can rely on
| [2]sllwrz) < Co7 2|2 so that, by interpolation with || [z]s]|z2¢) < Cllz||lr2@),
one gets || [2]s||lwaz@) < CO°||z||12(). Then, for z € L*(Q2), we have also [z]s — z in
L*(Q) for § — 0. We take the joint-recovery sequence as

o=z () + [2— z(t)h(ﬂ with §(7) := 71/, (4.37)

We rely on the quadratic form of ®., which by the binomial formula results to

1
O, (u, 2) — . (u, 2) :/ §(C+H)(ﬁ'—ﬂ') D (m47m) — Ce(u) : (7—m)
Q
b
+ 5 (=) (i+n) + %5/1/2(2—2) : SV (24z2) da. (4.38)
By (4.37), we have
Zr — 2 (t) = [2 — 2()]5(r) — 2 — 2(t) strongly in L?(Q; R™1), (4.39)

which causes the convergence
(C+H)7, : 71, — (CH+H) 7 (t) = 7, (t) = (CH+H) (7, —7,(2)) : (A47(1))
= (CHR)F—(t)]s) * (rtr (1)
— (CHH)(7—n(t)) : (7+7(t)) = (C+H)7 : 7 — (C+H)7(t) : 7(¢) (4.40)
weakly in L'(€2).  Similarly, we can converge the term 2|7, — 2in,(t)]* =

(A-—n-(t))(Ar+n-(t)). The further term in the difference @, (u.(t), 2;) — @, (u, (1), z-(t))
in (4.36) admits the limit

Celur (1)) : (fr—mr(8)) = Ce(ur (1)) : [F—m(t)]sr) — Celu(®)) : (F—m(t))  (4.41)

weakly in L'(€2), where we used (4.39). Moreover, to limit the .#-term in (4.36), by
(4.6) we have |z|wa2(q) = [|."/?2]|12(0) and, by the choice of §(7) in (4.37), we have also
| [2]5(n lwazy = €(7~1/4). This implies that

2 o)l oy = 7 =) e

— Hy1/2 — 6(771/4)

H_sﬂ(ww(g),m(g)) [1a=2(#)]scr wa(g);Rdxdﬂ)

while
|72 rtzr ()| puaeasny = 19172 @2 (O E=2(0)]s00) | ganassy = O 2)

due to (4.28h,i). Thus the remaining term in the difference @, (u,(t), 2;) — P, (u,(t), z-(t))
in (4.36) can be estimated as

/ .Y (=2 (1)) : S Y2 (3t 2,(t)) dz = O(7H*) — 0. (4.42)

Still we need to pass in the &-term in (4.36) but, by (4.39), we have also
§1(Zr—2-(t) = &([E—2(8)]5()) — & (2—2(t)) certainly in L'(Q) (in fact even in L*(12)).
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Here we also used that, as the kernel in the mollifier is positive, [|s remains in the convex
set dom(&;), hence & (2, —2,(t)) < oo a.e. on 2 provided & (2—2(t)) < co. Altogether, we
can show (4.36) even as an equality with “lim”, and thus we also proved the semistability
(3.7e) instead of just mere inequality with “limsup”.

The limit passage in the energy inequality (4.24) for &k = K, to (3.7d) with “<” is
due to weak lower semicontinuity together with the convergence @ (ug r, 20.-) — P(uo, 20)
which uses (4.8a-c).

Having already proved the semistability (3.7e), we can show the lower energy estimate
(3.7d) with “>" by a Riemann-sum approximation of Lebesgue integral and thus energy
equality as far as z-component concerns, i.e.

ou

O(u(T), 2(T)) + Vare, (2;0,T) > P(uy, 20) +/ C(e(u)—w):e(a) dzdt; (4.43)

Q

for this rather technical argument we refer to [16], or in this “semi-stable” context
rather to [24, Step 7 in the proof of Proposition 4.3]. Here it is also important that
82

we have already proved (3.7a), from which we can also get the information Fzu €

LA(I; W;OOO(Q R%)*) (which does not follovv directly from (4.28f)), and then we can test

it by v := at“ which is in duality with atQu to get the energy balance (as an equality)

as far as the u-component concerns. By summing it with (4.43), we thus obtain the
mechanical energy balance (cf. (4.23)) with “>", i.e

Tkin(%(T)) + ®(u(T), 2(T)) 4 Varg, (20,T) + / De(?;) : e(au) dz
kin (%o U, Zo © (Ce ) da 4. .
> T (i) + B 20)+ [ OIE: Ce()do s [ 05 (4.44)

Now, referring to the measure b, corresponding to Cl( *) defined in (3.7c), then like
in [24] we have

/f; (dzdt) +2/¢2(( )) dzdt = Vargl(Z;O,T)+2/C2<( )) ddt

< liminf / gl(aZT) 426 <e(a;;)> dadt < lim sup / <1<82T) + 2@(@(%)) dadt

710 710

. . 0|0u, 2
<1 Qi = & T‘d O (0, 70
_lg%p(AQWd A% )| e+ @0, 200)

— @, (u(T), (7)) +/@(wT)E:(Ce(88 ) dzdt — /2 aa det)

Q
< /Q §|u0|2 _ g %(T))de + D(ug, 20) — ®(u(T), 2(T)) + /Q@( w)E: Ce(gu) dxdt
_ gt dSdt < Varg, (20, T) + 2 / @( (& )) dadt. (4.45)

The inequalities in (4.45) are successively by the lower weak™® semicontinuity, by general
comparison “liminf <limsup”, by the discrete mechanical-energy inequality (4.23) for
k = K., by the upper weak* semicontinuity and the obvious non-negativity ®, — ® > 0
and by the convergence

ou

ou,
o)

ot

O(w,)E:Ce(—=-) — O(w)E:Ce( weakly in L'(Q) (4.46)
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and also by (4.8b) so that T\ZO,T\%,VG,g(Q.RdXdH) — 0, and finally by (4.44). Thus we have

equality in the above chain of inequalities (4.45). This allows us to say that (%) — b.

weakly* in measures on @) and @(%) — @(86(“)) even strongly in L'(Q).

This allows for the limit passage in the enthalpy equation. In addition, by using
(4.34), we also get rid of the regularizing [-term. More specifically, for any smooth z,
we can estimate this term by using (4.28j) as

‘/ ’wT B szdxdt‘ < &(7)||w, 5(7‘)(075(7')_1/5)&1 (4.47)

[ [ P
= O le(r)VP = 0.

Having (3.7b) already at disposal, we also obtain (3.6) and we can test (3.7b) by
v := 1 which is obviously in duality with 22 € L*(I; W'+4(€)*), and summing it with
(4.44), we obtain (3.7d) with “>”. As the opp051te inequality has already been discussed,
altogether we proved the total energy equality (3.7d). O

Remark 4.7 The weak* topologies mentioned in Proposition 4.6 are meant, of course,
in suitably extended spaces because (4.28b,c,e) involves L'-spaces on which weak*
topology is not defined at all. As to (4.28¢), we consider . (I; W*+42(Q)*) rather
than L'([; W'®2(Q)*), as used already in (3.6f). As to (4.28b,c), we enlarge
(I LN RE D)) and . (1; L'(92)) to the Borel measures ///([xQ RdXd) and . (IxQ)

dev dev
onr

so that the rate of plastic deformation %5 and hardening gg are a-priori bounded in

C(Ix; R * and C(IxQ)*, respectively. Then, after having the information that the
limit is a solution, one can a-posteriori obtain the L!'-information as far as 7(t) and 7(t)
concern.

Corollary 4.8 (Conditional convergence for h|0 and 7]0) Let d < 3, let the as-
sumptions from Lemma 4.1 and (4.27) hold with ~ > 76/17, let (4.35) hold, and let

£(7) = o(7HIE-1/E ). (4.48)

Then:

(i) The convergence (in terms of subsequences) of the weak solutions to (4.17)-(4.18)
with (4.4) towards energetic solutions according Definition 3.1 for 710, claimed in
Proposition 4.6, holds.

(ii) There is a function H : Rt — R such that every subsequence in the set
{(Wrhs Trhy Mrny Wrn) bhso,r500<m(r) Of the Galerkin approzimate solutions obtained by
(4.10) which converges for h]0 and 70 weakly* in the topologies indicated in (4.28a-
f) yields, as its limit (u, 7, n,w), an energetic solution according Definition 3.1.

Proof. Note that, using Lemma 4.5, we have (4.33) which, together with (4.48), guaran-
tees (4.34). Then Proposition 4.6 guarantees the claimed convergence.

To prove (ii), let us first note that all spaces involved in (4.28a-f) have separable
preduals; here we again have in mind the extension the L!-space occuring in (4.28b,c,e)
as in Remark 4.7. In this way, we ensure all occuring weak™ topologies compact and
metrizable if restricted on any closed ball B,(0) centered at the origin 0 of the radius
p referring to norms in (4.28a-f). We use p so large that all estimates (4.28a-f) yield a
subset of B, 1(0); as to (4.28d), we can consider just one r which is sufficiently large
(with respect to w) that is used for interpolation which yields (4.28d), cf. again [22, 24]
for details.
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Then we consider the set &( of all energetic solution in accord to Definition 3.1
which lie B,_1(0). We have already proved that & is non-empty. Similarly, for 7 > 0,
we consider the set &, of the solutions (u,, 7,7, w;) € B,_1(0) to the problem (4.17)-
(4.18) with (4.4). In Lemmas 4.1-4.2 and Proposition 4.4, we proved that the sets &, are
nonempty for any 7 > 0. Then, considering again the metric generating the mentioned
weak™ topology on B,(0), we denote by N.(S) C B,(0) a e-neighbourhood of a set
S C B,(0),i.e. N(5) := UsesH(s)NB,(0) where 4(s) is an e-neighbourhood of s with
respect to the above mentioned metric. Note that N(.S), being a union of open sets, is
always open in B,(0) and thus B,(0)\N.(S) is always compact, if nonempty.

For all € > 0, there is 7. > 0 such that &, C N.(&y) for all 0 < 7 < 7,; indeed, if € is
so large that N.(&) = B,(0), there is nothing to prove since always &, C B,(0), while
in the opposite case, supposing the contrary, we would find a sequence in the nonempty
compact set B,(0)\ (&) and, again by arguments as in Proposition 4.6, we could show
that (even all) its cluster point(s) for 7 — 0 would again be the solution(s), i.e. belong to
Sy, which is however a contradiction with being in B,(0)\N.(S&y) C B,(0)\&y. Beside,
we can assume 7, — 0 for e — 0, e.g. 7. < €.

Let us now denote by &, the set of the solutions (u,p, Trpn, 7rh, Wrp) Whose existence
has been proved in Lemma 4.1. It should be emphasized that we even cannot exclude
that &,, N B,(0) = 0. Anyhow, fixing 7 > 0, we can show that there is H(7) > 0 such
that, for any 0 < h < H(7), even &,, C N,(&,). Assume the contrary, i.e. for each
H > 0 one can find some 0 < hy < H such that (o, Tray, iy, Wrhy ) lies outside
N,(S,). By Lemma 4.2, we could then take a subsequence converging for H — 0 in
the weak™ topology indicated in (4.15) to some limit lying in &,. As this topology is
finer than the metrizable topology considered so far, this subsequence would converge
in this coarser topology and eventually (i.e. for H small enough) would lie in B,(0) or,
more precisely, in the compact set B,(0)\N-(&,), which would show that this limit is
simultaneously in B,(0)\N,(&,) and in &, which is not possible.

Merging the obtained inclusions &,, C N,(6,) and &, C N.(Sg), we can deduce
G C Ni(S,) C N.(N(Sp)) = Nrpe(So) C Nyro(Sg) C Noo(Syp). Altogether, we
thus have shown that for this H(7) and for any 0 < h < H(7), any discrete solution
(Urh, Trns Nrhy Wep) € &7 C Niyo(Sg), and that this holds for any 7 < 7.. As we can
push € — 0 (and also 7. — 0), we verify the convergence claimed in (ii). O

5 Computational implementation and 3D simula-
tions

In our implementation we made the simplification . = 0 and solved the variational
inclusion exactly, making use of the fact that w¥, € 95%(d;z¥,) holds if and only if d;2*, €
0ds(wry), where 28, = (75, np,) and Wiy, = (07, €5,) = (Cle(uy,) —mh,) —Hal,, —big, ).
For our numerical simulation, we neglected the kinematic hardening by putting H = 0.
We introduce A, := die(uF,) — 77'C~'5% ! and use the identity ¥, = e(u”,) — C'wF,
to recast the flow rule as

(A]:h — 7 ICy, dt??fh) € 005 (G, ). (5.1)

For certain material laws and stress-strain relations it is possible to derive an explicit
formula for the unique solution %,, 7¥, of (5.1) in terms of (given) A%, &1 and 7.
As above, we employ the linear stress-strain relation ¢%, = Ce*, = A\ tre?, T+ 2p, ¥,
for the elastic strain tensor ¥, = e(u,) — 7%, . We consider mere isotropic hardening
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defined through the von-Mises yield function ®(c,¢) := |deva| — o,(1 + ¢u€) and the
corresponding set of admissible pairs of elastic stresses and driving forces for hardening

S:={(.&) e REI x R; |deva| < 5, (1 + gué)}, (5.2)

sym

where o, is the yield stress, ¢y the hardening parameter, and “dev” denotes the trace
free part of a tensor. With these deﬁnitions we are in the setting of [10, Theorem 3. 2] and
may deduce that for given A, ¢¥-1 and 7 > 0 there exists a unique solution (¥, ,n¥,)
of (5.1) given by

54, = S(AL, €57,7) == O+ 2u/d)tr (rA5,) T+ F(A%,, €57, m)dev (745,)  (5.3)

where
F(AY,, €50 7) = R (in(Hi)) Fbii) for dev (r45) 2 iy(lzq’fihi)’
o for [dev (rAk,)| < ),
and
et qZUl(|devaTh| —o,) for |dev (TA’jh)| > %,
i for |dev (TA¥,)| < %,
and ¥, = —b71¢F, . In particular, the plastic phase occurs for |dev (TA’jh)\ > g,(1+

qu& )/ (2pe). For explicit formulas in case of other plastic material behavior such as
plasticity with linear kinematic hardening we refer the reader to [10].

In addition to the simplifications . = 0 and H = 0, we neglect inertial and viscous
effects, kinematic hardening, and temperature dependence of the heat capacity. Thus, in
the numerical experiments reported below, we consider ¢, > 0 constant and set ¢ := 0 and
D := 0. The discrete scheme (4.2a)-(4.2d) then reduces to the following coupled quasi-
stationary, displacement and temperature formulation: Given (uf;l, f,: L fhl,ﬁfhl) €
Vity X Vo X Vo‘f,fd x Vi find (uf,,0%,) € Vi, x Vi, such that u¥ |r, = up -4, and

/ (AL [ul,] 50 7) e(v)do = / CE6%, : e(v) dz, (5.4)
Q Q
ey (di0F,, w) / KVOF, -Vwdr = / ok dyn® wde — b7t / ¢k diek wde (5.5)
Q Q Q

for all v € Vi), with v|p, = 0 and all w € V3.

The implementation of the approximation scheme was done in MATLAB in the spirit
of [2, 10] and equations (5.4)-(5.5) were decoupled and solved with a fixed-point itera-
tion. In this implementation, the nonlinear system of equations (5.4) is approximated
with a Newton iteration and all occurring systems of linear equations are solved using
MATLAB’s backslash operator. In our experiments the Newton scheme always termi-
nated within at most 4 iterations to achieve an ¢? norm of the residual vector (defined
through nodal basis functions) less than 10~"J. Moreover, in all time steps, less than 6
fixed point iterations were sufficient to achieve an absolute change of the temperature in
the H' norm less than 10~Km'/2.

We used the scheme (5.4)—(5.5) to simulate the plasticization through thermal
expansion of a steel cubic-shaped specimen subject to an external heating, starting
from room temperature and without initial plastic strain. Focusing on this process, we
neglect surface loading, i.e. ¢ = 0. To demonstrate interesting rate-dependence of the
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whole system, we considered different speeds of the heating regime but with the same
total energy pumped into the specimen. This is specified in the following example:
e Material data: heat capacity ¢, = 3.2MJm3K™!, heat transfer coefficient x =
80Wm'K~!, thermal-expansion coefficient o = 2-107°K~!, the Young’s modulus
E = 137GPa, the Poisson ratio v = 0.3. The set of admissible stresses is defined
through 7, := 450MPa and gy = 107*Pa~!. The plastic part of the free energy
is defined through the parameter b = 10~3Pa.

e Geometry of the specimen: d := 3, Q:= (—L/2,L/2)? for L =2-10"%m.
e Initial conditions: uy(z) = abpx for x € Q, my := 0, 1y := 0, and 6, = 300 K.
e Heating regime: considering T' = 1.5s and given ¢, € [0, T], we put the heat flux

t71-108Jm™2 fort < t,
f(t,z) = { 0 for t > ¢, (5.6)

fort € [0,7] and x € T.

Let us remark that the Lamé constants used in (2.19) are calculated, as standard,
Ae = VE/((14v)(1-2v)) and p. = E/(2(14v)). The value of the heat capacity ¢,
corresponds to the capacity per mass 400J /kg K if the mass density of the conventional
steel 8-10%kg/m? is considered. The overall energy pumped into the body fOT fr fdsSdt =

Jo" Ji fdSdt = 10%Jm*meas,y(I') is thus 2400J independently of ¢*.

We simplify computationally this model problem by exploiting the symmetry of data,
i.e. both of geometry and of the initial conditions as well as of the heating sources,
and restricting to the subdomain €' := (0, L/2)3. This enforces us to implement glid-
ing boundary conditions along the three sides S; := {(x1,zs,73) € ; x; = 0} with
i=1,2,3, i.e., to impose (homogeneous) Dirichlet conditions on u; on S; and a (homo-
geneous) Neumann condition on the remaining components of u as well as on w. Thus
we pre-select only some symmetrical solutions of the original problem on 2. One should
realize that, due to lack of rigorous uniqueness proof, only the whole set of solutions must
be symmetric and non-symmetric solutions may exist. Anyhow, this set contains also
some symmetric solutions, which can be proved just by applying the previous arguments
to the problem reduced on 2.

For a triangulation of €2’ into 2560 tetrahedra obtained from three uniform refinements
of a coarse triangulation of ' into 5 tetrahedra (i.e. h = 273v/3L/2 ~ 0.2 - 10~>m) and
used for both equations (5.4) and (5.5), we employed the time-step size 7 = vh with
v = 0.05ms™!. Figure 1 illustrates the evolution defined through ¢, = 0.075s. The heat
energy is pumped through the sides of the body, which leads to higher temperatures
along the sides and especially the edges and the corners. This non-uniform temperature
(and thus thermal expansion) distribution enforces elastic stresses which are large along
the edges of ) and cause an expansion of the body. At ¢t ~ 0.035s the stresses attain
the yield stress in vicinity of the edges and trigger plastic strain evolution. In contrast
with it, there is no plastic strain around the free corners (only one of which is depicted
on Figures 1 and 2 due to the smaller computational domain €' & €, which is is due to
the fact that the deformation is there locally a compression and no shear forces occur.
When the external heat flux f is switched off at ¢, = 0.075s, the average temperature in
' no longer increases and the temperature equidistributes after some time. In contrast,
the stresses cannot equidistribute and the specimen cannot entirely return towards its
initial stress-free state if plasticised at some regions (here along edges) during the fast
heating process. Figure 1(middle bottom snapshot) indeed shows remaining elastic stress
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Figure 1: Displacement (magnified by factor 60) together with temperature 6,,(t, ),
postprocessed modulus of stresses |o,4(t, -)|, and postprocessed modulus of plastic strain
|7-n(t, )| (from left to right) for t = 0.025, 0.05, 0.075, 0.15, 0.3s (from top to bottom)
with f defined through (5.6) with ¢, = 0.075s.
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Figure 2: Postprocessed modulus of plastic strain |m,(t, )| for t = ¢, = 0.075s and the
mesh sizes h = 27¢y/3107?m, ¢ = 3,4, 5 (from left to right). The finest mesh has 163 840
tetrahedral elements.

especially in the central region of the specimen.
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Figure 3: Total discrete energy and work of external heat (left). The relative difference
between the total discrete energy and the external forces is small and converges linearly
to zero as h — 0 (right).

Figure 2 illustrates, in particular, that for decreasing mesh-sizes the plastic strain
becomes more and more symmetric. The asymmetry on coarse meshes is expectedly
due to the anisotropy of the underlying triangulation, although, due to lack of rigorous
uniqueness proof, only the whole set of solutions to the limit problem (i.e. h = 0) must
be symmetric and non-symmetric solutions may exist, and we thus even cannot claim
that the concrete approximate solutions approximate any symmetric solution and exhibit
some tendency for symmetry.

In Figure 3 we graphically studied the validity of a discrete energy balance analogous
to the continuous one in (3.7d). The left plot of Figure 3 shows the total discrete energy
E!. and the work of external heat W/, plus initial energy E! (0), defined by

ext

k
1 ~
Bl (ty) = /cheﬁh + éC_lafh Lol OER P de, Wi (1) = ZT/ngS-
=0

The two quantities almost coincide for all ¢ € [0, T] and the right plot of Figure 3 shows
their relative distance 9, defined through
Bl (te) = Bl (to) — Wik (t)]

5 t — ext
w(te) TER,(0) + Wi (t0)
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relative time ¢/t, for heating times ¢, = 0.075, 0.15, 0.3s. The plastic material behaviour
becomes less pronounced as the external heating happens slower.

for h = 27%/3107%m, ¢ = 3,4,5. We observe that the relative difference is small and
decays linearly to zero as the mesh-size becomes small. The increase of the quantities by
approximately 300J corresponds to an eighth of the total energy pumped into the entire
specimen €.
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Figure 5: Thermal part of the energy for different speed of the heating regimes given by
(5.6) for t, = 0.075, 0.15, 0.3s. The detailed picture (right) shows that final temperature
is slightly lower if the material was more plasticized during the heating.

In Figure 4 we displayed for different values of ¢, the L? norms of the stresses 5%, —

CEP,¢0%, and plastic strains 7%, as functions of ¢/t.. The L? norm of the stresses
increases within the relative-time interval [0, 1]. For small values of t,, i.e., for a faster
heating of the specimen, the material is plasticised in large domains. Since for slow
heating of the specimen, the temperature rather equidistributes and does not lead to
large elastic stresses so that no plasticity occurs at all, if ¢, is 0.3s or bigger. Finally,
in Figure 5 we plotted the thermal part of the energy, i.e., the quantity c, fQ 0%, dx
(i.e., up to a factor ¢,|Q2] = 25.6J /K, the average temperature) as a function of ¢/t.. We
see that the achieved average temperature is slightly lower for more pronounced plastic
process, i.e. for faster heating (=a shorter time t,) because bigger part of the heat energy
pumped into the body is converted into remaining plastic changes of the material and
to the elastic stored energy due to the mentioned remaining elastic stress. This effect
is, however, relatively very small (cf. Fig. 5-left) because the energetics of mechanical
processes is “cheaper” than the thermal energetics, and can only be made visible on
some detailed zoom (cf. Fig. 5-right).
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