STABILITY OF THE TAYLOR-HOOD ELEMENT

We prove the discrete inf-sup condition for the Taylor—Hood element follow-
ing an argument of [Ver84].

Proposition 0.1 (Taylor-Hood element). Let
Vi =S5(Tw)?, Qun=8"(Tu) N L§(Q),

and assume that for every T € Ty, at most one side belongs to 02. Then
there exists 3" > 0 such that for all p;, € Qp, we have

pp, div vy, dx
op Jazrdvendz gy
wmevinfoy [Vl
Proof. Let pp, € Qp. As in the proof of Lemma 7.3 we find that
pp, div vy, dx
qup  JaPndVORAT Tl
onevi{oy  [Vonll
We show that there exists ¢y > 0 such that
pp, div vy, do
sup fQ— > collh Vgl
wmevinfoy [Vl

Multiplying this inequality by c1/ce and adding it to the perturbed inf-
sup inequality above then proves the statement. To derive the required
inequality, we introduce for every edge E = [z1, 29| € &, the quantities

bE:SOZ190227 hE:‘21722|7 tE:(Z’?*Z].)/hE'
We have by € S%(Ty,) with suppbg C wg =J{T € T, : E C T}. Letting
Oepn = (pn(22) — pa(21))/hE,
we find that Vpy|r - tg = Ogpy for every T C wgr. We define
wy = Y aptpbp,
Ee&y,

with ap = h%ﬁEph if B¢ 092 and ap = 0 otherwise. Then, we have
/ wh-Vpnde = Y Oppuhl | Vpntsbpdr=cg Y |0ppal*hilwsl,

& E€&y, W EEE,\0Q

where cq = d!/(d+2)!. Since the patches (wg : E € &) have a finite overlap
and [|Vbog|| g wg) < chy', we deduce that

IVunl? < 3 a3l Vbpl2e,) <c S |0npPh3lwsl.
Ec&, E€&,\00
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We thus find, after integrating by parts and using wp|ag = 0, that

pp div oy dx 1/2
sup va > C( E ’aEph‘2h2E|wE‘) :
v €V \{0} IVon] E€ER\O0

Because of the assumption on 7y, every element T € Tj, has d linearly inde-
pendent tangent vectors tg that do not belong to 0€2. Hence, the expression
on the right-hand side is equivalent to the weighted norm |h7Vpy||. This
proves the asserted inequality. O

Remarks 0.2. (i) If Tp # 9Q then we have SZ(Tp)? C SE(Th)? so that
the supremum in the inf-sup condition becomes larger, the fact that py has
vanishing integral mean has not been used in the proof.

(i) The assumption on the triangulation is of technical nature and can be
avoided provided that Ty, contains sufficiently many elements, cf. [BBF13].
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