
DERIVATION OF THE WAVE EQUATION

SÖREN BARTELS

We consider the planar motion of an elastic string of finite length that oc-
cupies the interval [α, β]×{0} in its undeformed but stressed reference con-
figuration. The position of the particle occupying initially the position x is
at time t > 0 given by y(t, x) ∈ R2 with a function

y : [0, T ]× [α, β]→ R2,

We imagine the string as a chain of elastic springs. Then, the net force
acting on a segment [x1, x2] ⊂ [α, β] equals the difference of the tension
vectors T (x2) and T (x1), cf. Fig. 1.
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Figure 1. Elastic string with tangential tension vector
(left); small transversal and longitudinal displacements εu
and εw (middle); pre-stressed reference configuration (right).

By Newton’s second law F = ma this implies that

T (t, x2)− T (t, x1) =

∫ x2

x1

% ∂2t y(t, x) dx,

where % denotes the constant density, i.e., mass per unit length, of the string.
Differentiating this identity with respect to x2 and subsequently replacing
x2 by x yields that

∂xT (t, x) = %∂2t y(t, x).

The stress vector T is directed tangentially to the string and its length
depends on the elongation |∂xy(t, x)| > 0, i.e., we have Hooke’s law

T (t, x) = σ
(
|∂xy(t, x)|

) ∂xy(t, x)

|∂xy(t, x)|
.

We consider the situation that the motion of the string is small and thus
assume that with a parameter 0 < ε � 1 and the scaled transversal and
longitudinal displacements u,w : [0, T ]× [α, β]→ R, cf. Fig. 1, we have

y(t, x) =

[
y1(t, x)
y2(t, x)

]
=

[
x
0

]
+ ε

[
w(t, x)
u(t, x)

]
.
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With the canonical basis vectors e1, e2 ∈ R2 it follows that

∂xy(t, x) = e1 + ε

[
∂xw(t, x)
∂xu(t, x)

]
.

We linearize the euclidean length and the tangent vector using Taylor ex-
pansions at e1, i.e., for every z ∈ R2 we have

|e1 + εz| =
(
1 + 2εz1 + ε2|z|2

)1/2
= 1 + εz1 +O(ε2),

and with f(x) = x/|x| expanded at x = e1,

e1 + εz

|e1 + εz|
= e1 + ε(I2 − e1 ⊗ e1)z +O(ε2) = e1 + εz2e2 +O(ε2).

We deduce, omitting the argument (t, x), assuming that σ is C2 regular, and
neglecting terms of order ε2, that

T = σ
(
|∂xy|

) ∂xy
|∂xy|

=
(
σ(1) + σ′(1)ε∂xw

)(
e1 + ε∂xue2

)
= σ(1)e1 + σ′(1)ε∂xwe1 + σ(1)ε∂xue2.

The vectorial equation ∂xT (t, x) = %∂2t y(t, x) thus reduces with σ̃ = σ(1)
and σ̃′ = σ′(1) to the two independent equations

σ̃′∂2xw(t, x) = %∂2tw(t, x),

σ̃∂2xu(t, x) = %∂2t u(t, x).

Each of these equations is called a wave equation. The constant σ̃ is the
initial tension of the string, cf. Fig. 1. Note that both, transversal and
longitudinal motions take place, cf. [Ant80] for further details.
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