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Abstract

In this paper, on the basis of a (Fenchel) duality theory on the continuous level, we
derive an a posteriori error identity for arbitrary conforming approximations of a primal
formulation and a dual formulation of variational problems involving gradient constraints.
In addition, on the basis of a (Fenchel) duality theory on the discrete level, we derive an
a priori error identity that applies to the approximation of the primal formulation using
the Crouzeix—Raviart element and to the approximation of the dual formulation using the
Raviart—Thomas element, and leads to error decay rates that are optimal with respect to
the regularity of a dual solution.
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1. INTRODUCTION

The present article aims to study the following variational problem with gradient constraints:
min {I(v) = 3IIVol30 = (fiv)a = (g, v)ry } (1.1)
over the convex set
K:={veW"(Q)||Vv|<(ae inQ, v=upae onlp}.

Here, 2 C R% d € N, is a bounded simplicial Lipschitz domain with (topological) boundary 92
that is split into the Dirichlet (i.e., I'p) and Neumann (i.e., I'y) parts. The functions f € L*(Q), g €
WL N), up € WH>(T'p) represent the load, the Neumann and the Dirichlet boundary data,
respectively. Apart from that, the function ¢ € L>°(Q) represents the gradient obstacle function.
Under generic assumptions on the data (c¢f. Section 3), by standard arguments, one can establish
that (1.1) admits a unique solution (cf. [12, 21]).
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This model problem arises in various applications, e.g., (i) elasto-plastic torsion in structural
engineering (cf. [16, Chap. 2]), (ii) stochastic optimal control (cf. [30]), (iii) mathematical finance
(¢f. [29]). Despite it being of significant interest, there exist (a) no provably convergent solvers,
which also take discretization into account, for this problem and (b) no a posteriori or a priori error
estimates in full generality. The goal of this paper is to close both these gaps. During this process,
several new tools, which are of interest on their own, have been developed.

A key challenge in developing a solver for (1.1) is on how to handle the projection onto the
constraint set K. This is highly non-trivial no matter what discretization is used. To overcome this,
motivated by [6], we consider a primal-dual formulation. The main contributions are stated next:

1.1  Main contributions

1. This article works under full generality of problem (1.1): more precisely, for the data in (1.1),
we only assume that f € L}(Q2), g € W bY(Tw), ¢ € L®(Q), and up € WH*(T'p) such
that there exists a trace lift up € W1°°(Q) satisfying ||VTI/ZD||OOQ < 00. In this context, the
Sobolev space W1:°°(Q2) turns out to provide the correct norm topology on the convex set K,
so that well-established convex duality methods (e.g., the celebrated Fenchel duality theorem
(cf. [13, Rem. 4.2, (4.21), p. 61])) can be applied.

2. A thorough characterization of the (Fenchel) dual problem (in the sense of [13, Rem. 4.2, p.
60/61]) as well as convex optimality relations are provided in Theorem 3.1, including a strong
duality relation. The derived (Fenchel) dual problem is defined on (L*°(€2))* (i.e., the dual
space of essentially bounded Lebesgue measurable functions L (2)), which is isometrically
isomorphic to (ba(£2))? (i.e., the space of bounded and finitely additive vector measures).

3. At the continuous level, for arbitrary conforming approximations of the primal and dual prob-
lem, an a posteriori error estimator (i.e., primal-dual gap estimator) is derived in Lemma 4.1.
This is followed by the primal-dual total error in Lemma 4.3. Both these error quantities
are shown to be exactly equal by the primal-dual gap identity in Theorem 4.5.

4. The results from the second and third bullets above also hold at the discrete level for
appropriate finite element discretizations. In particular, Theorem 5.2 establishes a strong
discrete duality relation and convex optimality relations. Theorem 5.4 shows the recon-
struction of the discrete primal solution from the discrete dual solution via an inverse
generalized Marini formula.

5. Discrete primal-dual gap estimator and discrete primal-dual total errors are respectively
derived in Lemmas 6.1 and 6.3. They are again shown to be equal in Theorem 6.5. This is
followed by a priori error estimates in Theorem 6.6.

6. The outer loop of the main algorithm drives the primal-dual gap estimator to zero (e.g.,
via mesh refinement). The inner loop consists of a sub-problem solve (dual problem solve).
An example of inner loop via gradient flow is provided in Algorithm 7.1. Other alternatives
include Newton or quasi-Newton methods. The convergence of inner loop is established in
Proposition 7.2.

1.2  Related contributions

The existing body of literature largely either focuses on the theoretical analysis or on the numer-
ical analysis of simplified problems: The contributions [7, 10, 8] provide a numerical study of (1.1).
They operate under an simplified scenario, in which f € L1(Q) and ¢ € L® () are constants and
00 =TI'p with up = 0. Under these assumptions, problem (1.1) simplifies to the classical obstacle
problem, where the obstacle function is given via the distance function to boundary 9% (cf. [19,
Thm. 1.2]). They derive a priori error estimates using classical techniques and under higher
regularity assumptions. The contribution [7] equally derives an a posteriori error estimator using
a convex duality approach. However, it poses the primal problem on the Sobolev space I/VO1 2 (Q).
As we notice in this paper, this could lead to an ill-posed dual problem as, then, the celebrated
Fenchel duality theorem (cf. [13, Rem. 4.2, (4.21), p. 61]) is not applicable. The recent contribu-
tion [9] treats non-constant f € L*(£2) and imposes the gradient constraint via penalization. A
priori error estimates between the penalized solution and its approximation are derived. However,
the complete a priori error estimate is stated as an open problem under [9, Rem. 6.1].
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2. PRELIMINARIES

Throughout the entire paper, let Q@ C R, d € N, be a bounded simplicial Lipschitz domain such
that 0 is divided into two disjoint (relatively) open sets: a Dirichlet part T'p C 9Q with [T'p| > 0'
and a Neumann part I'y C 09 such that 0Q =T p UT .

For a (Lebesgue) measurable set w C R™, n € N, and (Lebesgue) measurable functions or vec-
tor fields v,w: w — R’ £ € N, we employ the inner product (v, w),, = fw v ® w dx, whenever the
right-hand side is well-defined, where ®: R x R — R either denotes scalar multiplication or the
Euclidean inner product. The integral mean over a (Lebesgue) measurable set w C R™, n € N, with
|w| > 0 of an integrable function or vector field v: w — R?, £ € N, is defined by (v),, = ITI\ [, vda.

2.1 Classical function spaces
For m € N, p € [1,00], and an open set w C R™, n € N, we define
W™P(w) = {v € LP(w) | D% € LP(w) for all a € (Ng)" with |a| <m},

where D* := Mii‘aw and |a| ==Y | a; for each multi-index o == (avq,...,a,) € (1No)",
equipped with the Sobolev norm || - |lmpw = || - [lp.w + |- lm.p.w, where || [lpw == ([, |- [P dz)» and
1
P
[ mpw = ( > ||D°‘(')||§,w> :
ac(Ng)m: 0<|a|<m

Then, for s € (0,00)\N, p € [1,00], and an open set w C R™, n € N, the Sobolev—-Slobodeckij semi-
norm, for every v € W™P(w), is defined by

D®v)(x) — (D®v p ’
5,pw 5:(2 /W/WK )(1:)—y|.570+d )W)l dxdy) )

where m € Ny and 6 € (0,1) are such that s = m + 6. Then, for s € (0,00) \ N and an open set
w C R™ n € N, the Sobolev—Slobodeckij space is defined by

WP (w) = {v € WP (w) | [v]spw < oo},
where m € Ny and 6 € (0, 1) are such that s=m + 0.

|v

2.1.1 Integration-by-parts formula

For m € N, p,p’ € [1,00], where % + 1% =1, and an open set w C R™, n € N, we define

WP (div; Q) = {y € (L ()" | divy € LP ()} .

Next, denote by tr(-): WhP(Q) — W=52(9Q) and tr((-) - n): W? (div; Q) — (W' 52(9Q))*
the trace operator and the normal trace operator, respectively, where n: 9Q — S?~! denotes the
outward unit normal vector field to . Then, for every v € W?(Q) and y € W? (div; Q2), there
holds the integration-by-parts formula (cf. [15, Sec. 4.3, (4.12)])

(Vu,y)a + (v,divy)q = (tr(y - n), tr(v))sq (2.1)
where, for every § € (W= 5P2(90))*, 5 € W'~ #P(y), and v € {T'p, Ty, 00}, we abbreviate
(G, 6:(0)) 1= (§ e (@) w2 vy (2.2)

Eventually, we employ the notation
WhHP(Q) = {veW"P(Q) |tr(v) =0ae onTp},
WJI\’,/ (div; Q) = {y € Wp/(div; Q) | (tr(y - n),tr(v))sq =0 for all v € W},’p(Q)} .

In what follows, we omit writing both tr(-) and tr((-) - n) in this context.

IFor a (Lebesgue) measurable set M C R?, d € N, we denote by |M| its d-dimensional Lebesgue measure. For
a (d — 1)-dimensional submanifold M C R% d € N, we denote by |M| its (d — 1)-dimensional Hausdorff measure.
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2.1.2 Bounded and finitely additive vector measures

Denote by M(dz; ), the o-algebra of Lebesgue measurable sets. Then, the space of bounded
and finitely additive vector measures on M(dx; ) is defined by (¢f. [31, Def. 4.1])
v(0) =0, v(Q)] < oo, (AU B) =v(A) +v(B) }

ba(Q d::{ : dx:; Q) R?
(ba())? = qv: M(dz; Q) — for all A, B € M(dz; Q) with ANB =0

The total variation norm, for every v € (ba(f2))?, is defined by
V(@)= sup D [w(A),

(Ai)ienem(Q2) iEN

where 7(Q) C 2M(d%:9) j5 the set of all countable, disjoint partitions of € into Lebesgue measurable
sets. By Lebesgue’s measure decomposition theorem, for every v € (ba(Q))?, there exist unique
y € (LY(Q)4 and v* € (ba(2))? with v* | y ® dz?, such that (cf. [31, Thm. 2.28])
v=y@dr+v5 in (ba(Q))?. (2.3)
The dual space of (L= (Q))? (i.e., ((L°°(£2))9)*) is isometrically isomorphic to (ba(£2))¢; in the sense
that for every y* € ((L>°())?%)*, there exists a unique v € (ba(Q))? such that (cf. [31, Thm. 3.1])

W Y) (L)) = /del/ for all y € (L™(2))?,

1" I (L)) = V()

2.2  Triangulations and standard finite element spaces

In what follows, we denote by {7x}r>0 a family of uniformly shape regular triangulations of
Q CR? deN, (cf [14]), where h > 0 refers to the averaged mesh-size, i.e., h = (|Q|/card(N))7,
where N}, contains the vertices of T;,. We define the following sets of sides:
‘Sh = S;] @] S}?Q B
S, ={TNT'|T,T' € Ty ,dimsy(TNT')=d -1},
SH={TNIQ|T € T,,dimyp(TNIN) =d—1},
S) ={S €8 |int(S) Cv} fory e {Tp,I'n},

where the Hausdorff dimension is defined by dim (M) :=inf{d’ >0 | 2% (M)=0} for all M CR®.
It is also assumed that the triangulations {75 }~0 and boundary parts I'p and 'y are chosen such
that S,?Q = S}:D L'JS,I;N, e.g., in the case d = 2, the boundary parts I'p and 'y touch only in vertices.

For k € NU{0} and T € Ty, let P*(T') denote the set of polynomials of maximal degree k on 7.
Then, for k € NU {0}, the set of element-wise polynomial functions is defined by

L8(Th) = {vn € L=(Q) | vp|7 € PK(T) for all T € T, } .

For ¢ € N, the (local) L?-projection IIj,: (L*(Q))¢ — (£°(T4))" onto element-wise constant func-
tions or vector fields, respectively, for every v € (L*(Q))" is defined by Il,v|r = (v)p for all T € Ty,.

For m € NU{0} and S € Sy, let P"™(S) denote the set of polynomials of maximal degree m on S.
Then, for m € NU {0}, the set of side-wise polynomial functions is defined by

L™(Sp) = {vn € L=(USy) | vp|r € P™(S) for all S € S} .

For £ €N, the (local) L2-projection 7, : (L' (USy))! — (£°(S1))? onto side-wise constant functions
or vector fields, respectively, for every v € (L'(US}))" is defined by 7,v|s = (v)s for all S € Sp,.
For every vy, € L¥(T;,) and S € Sy, the jump across S is defined by

[on]s = vplr, —onlr.  if S € S}, where T4, T_ € Ty, satisty 0Ty N 9T = S,
s vplT if Se SQQ, where T € Ty, satisfies S C 0T

2For every y € (L'(Q))¢, we employ the notation (y ® dx,@)(Loc(Q»d = jQ y-gdx for all § € (L>®(Q))<.
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For every y;, € (LF(T1,))¢ and S € S, the normal jump across S is defined by

[yn - n]s = Ynlr, -1 Fynlro-np. if Se S;, where T, T_ € T, satisfy 0T, N9T_ = 9,
l Ynlr - if Se S,‘?Q, where T € T, satisfies S C 0T,

where, for every T' € T, ny: 0T — S~ ! denotes the outward unit normal vector field to T

2.2.1 Crouzeiz—Raviart element
The Crouzeiz—Raviart finite element space (cf. [11]) is defined as
Sl’”(ﬁl) = {vh e £1(77,,) | 71 vn] = 0 a.e. on USﬁ}.

The Crouzeix—Raviart finite element space with homogeneous Dirichlet boundary condition on I'p
is defined by

Sgcr(ﬁ) = {vh € SV (T) | mhon = 0 a.e. on US}:D}.

Denote by ¢s € SY"(Tp), S € Sy, satisfying pg(zrs/) = dg,s forall S, 5" € Sy, a basis of SH"(Ty,).
Then, the (Fortin) quasi-interpolation operator I1§": Wh1(Q) — S1¢7(Ty,) (cf. [15, Secs. 36.2.1,
36.2.2]), for every v € WH1(Q) defined by

v =Y (v)s s, (2.4)
Sesy,
preserves averages of gradients and moments (on sides), i.e., for every v € WH1(Q), it holds that
Vplli"v =1I,Vv  a.e. in Q, (2.5)
Il v = mpo a.e.on USy, (2.6)

where Vj,: LY(T5) — (£°(T1))? is defined by (Vyvn)|7 = V(v |r) for all vy, € L1(Ty,) and T € Th,.

2.2.2 Raviart-Thomas element
The (lowest order) Raviart—Thomas finite element space (cf. [26]) is defined as

Yr|lr - mr = const on 9T for all T € Ty, ,}

0 o 1 d
RIV(Th) = {yh € (£°(Th)) [yn-n]s =0 on S for all S € Sj,

The Raviart—Thomas finite element space with homogeneous normal boundary condition on I'y
is defined by

RIN(Th) = {yn € RT*(Th) | yn -n=0ae. onTy}.
Denote by ¢g € RT°(Ty), S € Sh, satisfying ¢s|s - ng = dg,5 on S’ for all S’ € Sy, a basis of
RTO(Ts), where ng is the unit normal vector on S pointing from 7" to Ty if T, T_ € T with S =
0T NAT-. Then, the (Fortin) quasi-interpolation operator It : V, ,(Q) = {y € (LP(Q))? | divy €

LYQ)} — RT(Tn) (cf [14, Sec. 16.1]), where p > 2 and ¢ > %, for every y € V, ,(€) defined by

Wiy = > (y-ns)sts, (2.7)

SESH

preserves averages of divergences and normal traces (on sides), i.e., for every y € V, 4(), it
holds that

divIly'y = ,divy  a.e. in Q, (2.8)

'y -n=my-n ae on US,.

2.2.3 Discrete integration-by-parts formula
For every vy, € S1¢"(Ty,) and yj, € RT(T,), there holds the discrete integration-by-parts formula
(Vion, Upyn)o + (Hpop, divyn)o = (7h0k, yn - 7)og - (2.10)
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3. GRADIENT CONSTRAINED VARIATIONAL PROBLEM

In this section, we discuss a gradient constrained variational problem.
e Primal problem. Given f € L'(Q), g € W~ (T'y), ¢ € L>®(Q) such that essinf,ca((z) > 0,
and up € WH°(T'p) such that there exists a trace lift up € W1°°(Q) satisfying || VZ‘D loo,0 < 1,

the primal problem is given via the minimization of I: W1:%°(Q) —RU{+o0}, for every v € W (Q)
defined by

I(v) = 5| Vo3 0 + Ix (v) = (f,v)e = (g, v)ry 51)
= 5[ Voll50 + [1%<(0)(VU) = (f;v)a = (g, v)ry + I{fD}(U% '

where
K:={veW"(Q)||Vv|<(ae inQ, v=upae onlp},
Ik = II%C(O) o V: Wh>(Q)»R U {+00}, II%C(O): (L>(Q))? =R U {+o0}, for every g€ (L>(Q))?,

is defined by
. 0 if |y < Ca.e. in Q,
I ) @) = {

400 else,
and I{fD}: Whee(I'p) = R U {+o0}, for every o € W1>°(T'p), is defined by

r . 0 if v =up a.e.onI'p,
Ly (0) =
“b 400 else.

Since the functional (3.1) is proper, strictly convex, weakly coercive, and lower semi-continuous,

the direct method in the calculus of variations yields the existence of a unique minimizer v € K,
called primal solution. We reserve the notation v € K for the primal solution.

e Dual problem. A (Fenchel) dual problem (in the sense of [13, Rem. 4.2, p. 60/61]) to the
minimization of (3.1) is given via the maximization of D: (ba(2))? — R U {—o0}, for every
v=y®dr+v° € (ba(Q))? where y € (L*(Q))? and v* € (ba(Q))? with v* L y ® dz (cf. (2.3)),
defined by?

/cb y)da — [L[(Q) - I (v)

(v, Vip)r=@))* — (f,up)a — (g, Up)ry ,

(3.2)

where
K* = {v € (ba(Q)? | (v, Vo) (1o (aye = (f,0)a + (g, v)ry for all v € WHX(Q)},
I+ (ha(Q))? — R U {+o0}, for every ¥ € (ba(Q2))?, is defined by

. 0 ifve K*,
I * =
K@) {+oo else,

and ¢*: O x R? = R, for a.e. x €  and every s € R?, defined by
3lsl? if |s| < ¢(z),
QS*(Z‘?S) = { w) .
()]s — if |s| > (),

denotes the Fenchel conjugate to ¢: Q x R? — RU {400} (with respect to the second argument),
for a.e. z € Q and every t € R?, defined by

oz, t) = L|t]> + {O if [t] < ¢(z),
) = 39

+oo if [t] > ((x).

3Here, %VS € (ba(Q))? is defined by (% S)(A IA cdv forall Ae M(dz; Q).
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Appealing to [27, Thm. 2], for every y € W(div;Q), we have that

D(y ® dx) / ¢* (-, y) de — I 5y (divy) = I[N (y - n) + (y,up)on — (g, up)ry »
where I{ e : (LY())? — RU {+o0}, for every ¥ € L}(Q), is defined by

0 ifov=—fae inQ
I (D) = ’
Q) {+oo else.

and ITN: W=11(99Q) — RU {400}, for every 5 € W—11(9Q), is defined by

{g}-
gy = [0 @)= (g0, forallve W5™(Q),
{a} +oo  else.

The identification of the (Fenchel) dual problem (in the sense of [13, Rem. 4.2, p. 60/61]) to
the minimization of (3.1) with the maximization of (3.2) can be found in the proof of the following
result that also establishes the validity of a strong duality relation and convex optimality relations.

Theorem 3.1 (strong duality and convex optimality relations). The following statements apply:

(i) A (Fenchel) dual problem to the minimization of (3.1) is given via the mazimization of (3.2).
(ii) There exists a maximizer = z@dx + pu® € (ba())?, where z € (L(Q))? and p® € (ba(f2))?
with u* 1L z @ dx (cf. (2.3)), of (3.2) satisfying the admissibility condition

(1 V) (e o)ye = (f,v)a + (g, v)ry  forallve W5e(Q). (3.3)
In addition, there holds a strong duality relation, i.e., we have that

I(u) = D(). (3.4

(i4i) There hold convex optimality relations, i.e., we have that

z if 2] < ¢, :

Vu = Dip*(-,2) = { , } a.e. in €, (3.5)

' C iflzl>¢
|17 1() = (1°, V) (oo )y - (3.6)

Remark 3.2. (i) By the standard equality condition in the Fenchel-Young inequality (cf. [13,
Prop. 5.1, p. 21]), the convex optimality relation (3.5) is equivalent to

z-Vu=¢"(-,2) + 6(,Vu) a.e. in Q. (3.7)
In addition, by [13, Cor. 5.2(5.8), p. 22], the convex optimality relation (3.5) is equivalent to
z € 0up(-,Vu) a.e. in Q. (3.8)

(i) If p = z @ dz € (ba(Q)), i.e., u® = 0 in the Lebesgue decomposition (2.3), then from the
admissibility condition (3.3), it follows that z € W(div; Q) with

dive=—f a.e. in ), (3.9)

(z-n,v)a0 = (g,v)ry  for allv € W5™(Q). (3.10)

Proof (of Theorem 3.1). ad (i). First, we introduce the functionals G: (L*°())¢ — R U {+oc}
and F': WH>(Q) — RU{4oc}, for every y € (L>=(Q2))% and v € W1 >(Q), respectively, defined by

= /ng(~,Vv)dx

= 3llyll5q + I}%C(o) (v)
F) = —(f,0)0 — (g, o)y + T2 (1)
Then, for every v € W>(Q), we have that
I(v) = G(Vv) + F(v).
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Thus, in accordance with [13, Rem. 4.2, p. 60/61], the (Fenchel) dual problem to the minimization of
(3.1) is given via the maximization of D: (ba(f2))¢ — RU{—o0c}, for every v € (ba(f2))¢ defined by

D(v) = —G*(v) — F*(~V*v), (3.11)

where V*: (ba(Q))¢ — (W1°°(Q2))* denotes the adjoint operator to V: W (Q) — (L>°(2))4.
First, resorting to [28, Thm. 1], for every v = y @ dx + v* € (ba(2))%, where y € (L'(£2))?
and v* € (ba(Q2))? with v* L y ® dx (cf. (2.3)), we find that

/ (o y) dz + (Ie)* ("), (3.12)
where
C={ye (L) |Gy) < +oo} = {y € (LX) | |yl < ¢ ae. in O},
Io: (L=(Q))? — RU {400}, for every § € (L>(2))%, is defined by
. JO ifgeC,
Te(g) = {—i—oo else,
and, thus,

1) (v®) = sup (V°, y) (o = |1v5)(Q).
()" (v°) yec< )z (@) = eV |(Q) (3.13)

Second, for every v € (ba(Q2))¢, we have that

F*(=V*'v)=  sup {— (Vv 0)wr=) + (f,v)a+ (g v)ry I{FfD}( v)}
VEW Lo (Q)
= sup — (v, Vo) =@yt + (f,v)a + (9, v)ry
vEW 5 (Q) { ) (3.14)

— (v, Vup) = @)? + (f,up)a + (9, Up)ry
= Ix-(v) = (v, Vup)L>=@)* + (f,up)a + (9, Up)ry -
In summary, using (3.12), (3.13), and (3.14) in (3.11), for every v € (ba(f2))¢, we arrive at the
claimed representation (3.2).
ad (ii). Since both G: (L>(Q))? — RU{+occ} and F: W1*(Q) — RU{+oo} are proper, con-
vex, and lower semi-continuous and since G: (L*°(2))? — R is continuous at Vip € dom(G o V)
(recall that | VgD lloo,0 < 1) with @p € dom(F'), i.e., we have that
G(y) = G(Vip) (y— Vip in (L=()7),
by the celebrated Fenchel duality theorem (cf. [13, Rem. 4.2, (4.21), p. 61]) and Lebesgue decompo-
sition theorem (cf. (2.3)), there exists a maximizer u = z®@dz+p° € (ba(Q2))?, where z € (L1(Q))4
and p® € (ba(Q))? with p* 1 z®dz, of (3.11) and a strong duality relation applies, i.e., it holds that
I(u) = D(n).
ad (iii). By the standard (Fenchel) convex duality theory (cf. [13, Rem. 4.2, (4.24), (4.25), p. 61]),
there hold the convex optimality relations
—V*u € 0F (u), (3.15)
w € OG(Vu). (3.16)
While the inclusion (3.15) is equivalent to the admissibility condition (3.3), the inclusion (3.14),
by [28, Cor. 1B], is equivalent to

z € 0yp(-,Vu) ae. inf, (3.17)
|27 1(Q) = (1*, V) (oo (q))a - (3.18)
Eventually, by [13, Cor. 5.2(5.8), p. 22], (3.17) is equivalent to (3.5). O
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4. A posteriori ERROR ANALYSIS

In this section, resorting to convex duality arguments from [5], we derive an a posteriori error
identity for conforming approximations of the primal problem (3.1) and the dual problem (3.2)
at the same time. To this end, we introduce the primal-dual gap estimator ngap: Kx K" —R,
for every v € K and v € K* defined by

n*(v,v) == I(v) — D(v). (4.1)

The primal-dual gap estimator (4.1) can be decomposed into two contributions that precisely
measure the violation of the convex optimality relations (3.5),(3.6).

Lemma 4.1 (decomposition of the primal-dual gap estimator). For every ve€ K and v=y ® dz
+v® € K*, where y € (L*(Q))? and v* € (ba(Q))? with v* 1 y®dz (cf. (2.3)), we have that

ngap(va V) = Ugap,A(U, y) + U;ap,B(% VS) s
Ngap,a(,y) = /Q {¢(, Vo) = Vv -y +¢"(,y)}dr,
Nap, (0, 1°) = [21°(2) = (1°, V) (g ()2 -
Remark 4.2 (interpretation of the components of the primal-dual gap estimator).

(i) The estimator ngapyA measures the violation of the convex optimality relation (3.5);
(i1) The estimator nzap g measures the violation of the convex optimality relation (3.6).

Proof (of Lemma /.1). Using the adm1851b111ty condition (3.3), forevery v € K and v = y @ da +
v € K*, where y € (L1(Q))? and v* € (ba(Q))? with v* L y® dx (cf. (2.3)), we find that

I(v) ~ D) = / o(- Vo) dz — (f,0)a — (g, v)rx
/ 6" (- y) do + | 1v|(Q)

(v, Vup) =)+ + (f,up)a + (9, Up)ry
- / 6( Vo) dz — (f,0 — Gp)a — (9,0 — Ap)ry

/ & (- y) do + [ 20°|(Q) — (v, Vi) (2= ()"
= / ¢(, V’U) dl’ - <Z/,V(’U - ﬂD)>(Lm(Q))d
/ ¢ (- y) do + [ 20°|(Q) — (v, Vi) (2= ()"

= [ 466,90 = Fooy+ 6" ()} do + 111D — (08, Vo D

In the next step, we derive meaningful representations of the optimal strong convexity measures
for the primal energy functional (3.1) at the primal solution u € K, i.e., for p?: K — [0, +00),
for every v € K defined by

P(0) = 1(0) — I(u), (12)
and for the negative of the dual energy functional (3.2), i.e., for p% j,: K* — [0, 4+00), for every v € K*
defined by

p2p(v) = =D(v)+ D(u), (4.3)

which will serve as ‘natural’ error quantities in the primal-dual gap identity (¢f. Theorem 4.5).
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Lemma 4.3 (representations of the optimal strong convexity measures). The following statements
apply:
(i) For every v € K, we have that

i) = 3IVo = Vuls o+ (B =1, = Vu- Vo) (oo, -

(ii) For every v =y ®dx +v* € K*, where y € (L'(Q))¢ and v* € (ba())¢ with v* 1| y @ dx
(cf. (2.3)), we have that

p2p(W) = 5(Di¢*{y, 2}y — 2),y — 2)a + [1v°|(Q) — (v°, V) (L (@))a »
where D2¢*{-,-}(-) : RY x R? x Q — R¥*4 for a.e. x € Q and every t, s € RY, is defined by
1
D?¢p*{t,s}(z) = / D?¢* (z, Xt 4 (1 — N)s)dA.
0
Remark 4.4. (i) Since {|z| > ¢} = {|Vu| = (} (¢f. (3.5)) and Vu-Vv < (% a.e. in {|Vu| = ¢}
for allv € K, for every v € K, we have that
(I—Z‘ —1)(*=Vu-Vo) >0 ae in{|Vul =(}.
(ii) Since for a.e. v € Q and every t € R?, we have that

2 g% _ Idxd Zf|t| = g(x)’
Di¢*(w,1) = {C(;T)(Idxd_ 5 il > (),

for a.e. x € Q and every t,s € R, by the Cauchy-Schwarz inequality, we observe that

|52 if 1t < ¢(=),
D2p*(z,t) s @ s =
vt {ﬂ?)usP— ) i o] > (o).
{|s|2 if It < (@),
0 iflt > C(a).
Proof (of Lemma 4.3). ad (i). Using the admissibility condition (3.3) and the convex optimality
relation (3.6), for every v € K, we find that

I(v) = I(u) = 5[ Vl5.0 — $1Vul3 g — (f,0 —u)a — (9,0 — u)ry
= 3IVullz.0 — 3IVull3.o — (1, Vv = V) (£ )y

(4.4)

>

= LIVelEo - $IVulE g - (Vo Vua - (4 Vo= Ve
= 3IVol3a = 3IVullzg — (2, Vo = Vu)o + [31°[(9) — (1°, V) (1 (0))a -
Next, due to the convex optimality relation (3.5), we have that
z=Vu a.e. in {|Vu| < (},
(4.6)

z:%Vu a.e. in {|Vu| = (}.
Therefore, using (4.6) and the binomial formula in (4.5), we find that
10) = I(w) = V030 — 2 Vul0 — (Va, Vo - Vu)a
+ ((% — 1)Vu,Vu - W)uw:q
+ 27 1(Q) = (®, Vo) (1 ()
= 311V = Vull3 o + (1 = 1,¢° = Vu- Vo),
+ [ 1(Q) = (1, Vo) (e )y »

which is the claimed representation of the optimal strong convexity measure p?: K — [0, +00).

[Vul=¢}
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ad (i1). Using the admissibility condition (3.3) and taylor expansion, for every v = y@da+v° €
K*, where y € (L*(Q))¢ and v* € (ba(2))? with v* | y ® dx (cf. (2.3)), we find that

—D(V)+D(M)=/¢* dx—/¢

+1ev’l(Q) = [zp°1(Q) = (v — p, Viip) (= (@) (4.7)
= (D" (,2),y —z) +5(Dio™{y. 2}y — 2),y — 2)a
+1ev°l(Q) = [zp°1(Q) = (v — p, Viip) (= () -

Next, using the convex optimality relations (3.5),(3.6), for every v = y ® dz + v* € K*, where
y € (LY(Q)? and v* € (ba(R2))? with v* L y ® dx (cf. (2.3)), we observe that

(D:97 (5 2),y = 2)o — (v = 1, Viup) r= @)t = (Vu,y = 2)o = (y — 2, Viip)a

— (v = u®, Vip) (L= (@)
=(y—z,Vu—Viup)q

+ (V° = p*, Vu = Vip) L= (q)
— W = 1% Vu) o= @)
(v —p, Vu = Viip) (1= (q))
=V, Vu =y + |z l(Q)
= — (", Vu) =)t + [z1°|(Q),

(4.8)

where we used in the last step that, due to the admissibility condition (3.3), for every & € W™ (€),
we have that

(v, VO) (L= ()t = (1, VO) (2> (2))? -

Eventually, using (4.8) in (4.7), we conclude that the claimed representation of the optimal
strong convexity measure p* ,: K* — [0, +00) applies. O

Towards this end, we have everything at our disposal to establish an a posteriori error identity
that identifies the primal-dual total error p?,,: K x K* — [0, +00), for every v € K and v € K*
defined by

Prot (V1) = pi(v) + p2 p(v), (4.9)
with the primal-dual gap estimator 72,,: K x K* — [0, 400) (¢f. (4.1)). This leads to an a poste-
riori error identity, called primal-dual gap identity, which can be interpreted as a generalization
of the celebrated Prager—Synge identity (cf. [25]).

Theorem 4.5 (primal-dual gap identity). For every v € K and v € K*, we have that

p?ot (U7 V) = ngap(v7 V) :
Proof. Combining the definitions (4.1), (4.2), (4.3), (4.9), and the strong duality relation (3.4),
for every v € K and v € K*, we find that

= ngap(val/) : O

The primal-dual gap identity (c¢f. Theorem 4.5) requires to approximate the primal and the
dual problem at the same time in a conforming way —a potentially computationally expensive task.
On the basis of orthogonality relations between the Crouzeix—Raviart and the Raviart-Thomas
element, in the subsequent section, we transfer all convex duality relations from Section 3 to a
discrete level to arrive at a discrete reconstruction formula that allows us to approximate the
primal and the dual problem at the same time using only the Crouzeix—Raviart element.
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5. DISCRETE GRADIENT CONSTRAINED VARIATIONAL PROBLEM

In this section, we discuss a discrete gradient constrained variational problem.

e Discrete primal problem. Let fr, € LO(Tx), gn € EO(S;EN), Cn € LO(Tx) with essinfueq(p(z) >0,
and uft, € £2(S; ) such that there exists a trace lift up € ST (7T5,) satisfying HVCL’:BHOOQ < 1be
approximations of f € L'(Q), g € W11 (Tw), ¢ € L>®(Q), and up € W1>°(I'p), respectively.
Then, the discrete primal problem is given via the minimization of I¢": SV (T;,) — R U {+o0},
for every vy, € SH¢"(T;,) defined by

I (vn) = 3IVhonll3.0 — Irer (vn) = (fas avn)a — (9h, Thvn) Ty 5.1)
= 3 IVaunl3a = Ik, ) (Vavn) = (fu. Thvn)e = (gn, mon)ey + I3 (vn) '

where
K= {vh e SH(Th) | [Vaon| < G ace. in Q, mo, = v ace. on I‘D},

Iger = If%c; (O)OVh :SLer(Ty) = RU{+o0}, IIS}C} ) (L2(T7))¢ = RU{+o0}, for every 7 € (EO(E))d,
is defined by

0 if |gn] < (¢p ae. in Q,

I8 Un) =
Kch(o)(yh) {+oo else,

and 115, . LO(S}P) — RU {+o0}, for every o, € L9(S,.?), is defined by

{ub}”

0 if o), = uly a.e. on T'p,

I's  (By) =
{H’B}<vh) {+oo else.

Since the functional (5.1) is proper, strictly convex, weakly coercive, and lower semi-continuous,
the direct method in the calculus of variations yields the existence of a unique minimizer u§" € K}",
called discrete primal solution. We reserve the notation u§" € K" for the discrete primal solution.

e Discrete dual problem. A (Fenchel) dual problem (in the sense of [13, Rem. 4.2, p. 60/61])
to the minimization of (5.1) is given via the maximization of Dy*: RT%(T,) — R U {—oc}, for
every y, € RT°(T;,) defined by

Dit(yn) = —/ & (- Mpyn) dz + (yn - nyulh)r, — Ikro= (yn)
@ (5.2)
== [ G ot b, = T @van) = 155 (o ).

where

K}Tlt’* = {yh € RT(T,) | divyn = —fn a.e. in Q, yp -n = gy a.e. on FN},

Igpre =1 yodiv+ I M ((4) -n): RTO(Th) = RU {oo}, I1 Ny £9(S,~) = RU {+o0}, for

every vy € EO(S}EN ), is defined by

" 0 if o, = g a.e. on I'y
It~ = ’
{gn} (th) {+OO else,

and ¢} : O x R? — R, for a.e. x € Q and every s € R?, defined by
sl il < Gle),
Cnl@)ls] = S42= it |s| > Gul),

denotes the Fenchel conjugate to ¢y, : Q2 x R4 — RU{+oco} (with respect to the second argument),



VARIATIONAL PROBLEMS WITH GRADIENT CONSTRAINTS: ERROR IDENTITIES 13

for a.e. x € Q and every t € R%, defined by

T if [t] < Cu(x),
on(x,t) = 3 t]" + {+oo if [t| > Cn(z).

Remark 5.1. Note that the discrete dual problem is not only defined on finitely additive vector
measures but on a subset of finitely additive vector measures that are absolutely continuous with
respect to the d-dimensional Lebesgue measure dz. Hence, if f = fr, € L°(Th), g = gn € L° (S}:N),
up = uly € LO(S; ), and ¢ = ¢ € LO(T), vector fields that are admissible in the discrete dual
problem, i.e., yn € K,:t’*, are also are admisstble the continuous dual problem, i.e., yp € K*.

The identification of the (Fenchel) dual problem (in the sense of [13, Rem. 4.2, p. 60/61]) to
the minimization of (5.1) with the maximization of (5.2) can be found in the proof of the following
result that also establishes the validity of a strong duality relation and convex optimality relations.
Theorem 5.2 (strong duality and convex duality relations). The following statements apply:

(i) The (Fenchel) dual problem to the minimization of (5.1) is given via the mazimization of (5.2).
(ii) There exists a mazimizer z;' € RTY(Ty,) of (5.2) satisfying the discrete admissibility conditions

dive]' = —f, ae inQ, (5.3)
it on =gy a.e. onT'y. (5.4)

In addition, there holds a discrete strong duality relation, i.e., we have that
I () = DR (:47). (5.5)

(iti) If a discrete strong duality relation, then there hold the discrete convex optimality relation

Izt if Tzt < G,
Viuj = Dy (-, p25") = eyt ; a.e. in Q.  (5.6)
Ch IHZZZtI Zf |Hh2ht‘ > Ch

Remark 5.3 (equivalent discrete convex optimality relations). By the standard equality condition
in the Fenchel-Young inequality (cf. [13, Prop. 5.1, p. 21]), the discrete convex optimality relation
(5.6) is equivalent to

thg75 -Vpuy = ¢Z(-,th;t) + on(, Vaus) ae in . (5.7)

In addition, according to [13, Cor. 5.2(5.8), p. 22], the discrete convex optimality relation (5.6)
is equivalent to

Uzt € Oipn(-, Vius™)  a.e. in Q. (5.8)

Proof (of Theorem 5.2). ad (i). First, we introduce the functionals G, : (£°(75,))% — RU {40}
and Fj,: SV (T,) — R U {+oo}, for every 7, € (£°(T3))? and v;, € SY"(Ty), respectively,
defined by

Gr(yn) = /Qd)h('vyh) da
= 3l7nll3.0 - Iﬁch © @n)
Fp(vn) = —(fn, Hnon)a — (ghs Ton)ry + I{F@)}(Uh)-
Then, for every v, € S (73,), we have that

I (vn) = Gr(Vhon) + Fi(vn) -

Thus, in accordance with [13, Rem. 4.2, p. 60], the (Fenchel) dual problem to the minimization of (5.1)
is given via the maximization of D9 : (£9(T,))¢ — RU{—oc}, for every 3, € (L°(T5))? defined by

D)(@y) = =G4 @n) — F*(=Vi¥n) (5.9)
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where V5 : (L%(T3))? — (S%"(Th))* denotes the adjoint operator to Vj,: SH"(T,) — (L°(T5))4.
First, using element-wise the definition of the Fenchel conjugate of ¢5,: Q x R? — R U {+o00}
(with respect to the second argument), for every 7, € (£L°(T3))?, we have that

G (Gn) = / (. T) de. (5.10)

Second, for every 7, € (£°(T))¢, using the lifting lemma [5, Lemma A.1 in the case T'c = (]
and the discrete integration-by-parts formula (2.10), we have that
Fy (=Viyn) (5.11)

= sup  {— (@ Vavn)a + (fo, Dnon)a + (ghs Thon)ry — I{Ff, }(Uh)}
v ESLET (Th) D

= sup  { =@ Vaon)a + (fo, Iwvn)e + (9 Thon)ry }
v €S (Th)

= (Un, Vallh)a + (fr TTH)a + (gn, Tl )ry
I?_fh}(div yn) + Iffh}(yh -n) { if there exists y, € RT%(T5)
=< —(yn, Vhﬁ’b)g + (fmﬂhﬁ}b)g + (gh,mﬂ’ﬁ)rN such that g, = Iy, a.e. in Q,
400 else,
I?_fh}(diV yn) + Ifg]fl}(yh -n) { if there exists y, € RT%(Tx)
—(yn -n,u)r, such that ¥, = I,y a.e. in Q,

+00 else.

Hence, using (5.10) and (5.11) in (5.9), for every 3, = Hpyp, € I, (RTO(Ty)), where y, € RTO(Ts,),
we arrive at the claimed representation (5.2). Since DY = —oo in (LO(73))% \ Hx(RT°(T1)), we
can restrict to II,(RTY(7Ty)). Finally, we simply define the functional D5*: RT°(7;,) — RU{—oc},
for every y, € RT°(T3,), by
D (yn) = D (L) -
ad (ii). Since Gp,: (L%(Tn))? — R U {+o0} and Fj,: SV°"(T,) — R are proper, convex, and
lower semi-continuous and Gp,: (£°(7))¢ — R U {+oc} is continuous at V,u% € dom(Gp, o V)

~h
(recall that ||v2:D loo.0 < 1) with @% € dom(F},), i.e., we have that

Gu(@) = Gr(Vath) (G — Valh  in (L2(Th)?).
by the celebrated Fenchel duality theorem (cf. [13, Rem. 4.2, (4.21), p. 61]), there exists a maximizer
zZ9 € (LY%(Tn))? of (5.9) and a strong duality relation applies, i.e., it holds that
I (ufl) = Dy(zh) -
Since If"(u§") < +oo and dom(— DY) C I1,(RT(Ty)), there exists vector field 2} € RT(Ty) such

that 29 = I1;2; a.e. in Q. In particular, we have that D) (z9) = D7t(2r?), so that 2}t € RT(T3)
is a maximizer of (5.2) and a discrete strong duality relation applies, i.e., it holds that

I (ug") = D (27).
ad (i11). By the standard (Fenchel) convex duality theory (cf. [13, Rem. 4.2, (4.24), (4.25), p. 61]),
there hold the convex optimality relations
~Villyzt € OF, (ug"), (5.12)
2" € 0GH(Vaus!). (5.13)

The inclusion (5.13) is equivalent to the discrete convex optimality relation (5.6). The inclusion
(5.12) is equivalent to the discrete admissibility condition (5.3). O
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Given a discrete dual solution (i.e., a maximizer of (5.2)) and a Lagrange multiplier associated
with the discrete admissibility condition (5.3), which we obtain as a by-product in the computation
of the discrete dual solution and which is actually a placeholder for the (local) L?-projection of
the discrete primal solution, the discrete primal solution is immediately available via an inverse
generalized Marini formula (cf. [23, 2, 1, 6]).

Theorem 5.4 (inverse generalized Marini formula). Given a discrete dual solution z}' € RT°(Ty)
and a Lagrange multiplier A, € LO(Ty) such that for every (yn,m,) " € RTY(Tn) x LO(Ty), it
holds that

—(De (- pzpt), My — O, divyn)o = — (s - nsulh)ry, (5.14)
(div 2", 7)o = —(fn. 7n)a (5.15)
the discrete primal solution uj” € S Ler(Ty,) is given via the inverse generalized Marini formula
u§” = A + Digi (-, Upzpt) - (idga — Hpidga) — a.e. in €. (5.16)

In particular, from (5.16), it follows that
Hpus™ =X, a.e. in §). (5.17)

Remark 5.5 (well-posedness of the non-linear saddle point formulation (5.14),(5.15)).

(i) While equation (5.15) is equivalent to the discrete admissibility condition (5.3), setting
A = pus™ € LO(Th) and using the discrete convex optimality relation (5.6), the equation
(5.14) is an immediate consequence of the discrete integration-by-parts formula (2.10) together
with Tpuy = u'b a.e. on I'p.

(ii) The inverse generalized Marini formula (cf. (5.16)) together with the reqularity of the discrete
dual energy functional (5.2) motivates to, first, compute the discrete dual solution (e.g.,
using a semi-implicit discretized L?-gradient flow) and, then, to compute the discrete primal
solution for free via the inverse generalized Marini formula (cf. (5.16)).

Proof (of Theorem 5.4). To begin with, we introduce the abbreviation

5" = A, + Dy (- My 2rt) - (idge — Hyidga) € £Y(T) . (5.18)

Then, by definition (5.18), we have that
Va5 = Dy (-, Ip2)t)  ae. in Q, (5.19)
Myay” = A a.e. in Q. (5.20)

From the equations (5.14),(5.20) and Vpu§" = Doy (-, Ip250) (cf. (5.6)), for every yn, € RTN(Th),
it follows that
(thﬁ”,l'[hyh)g + (Hhaﬁ, divyh)Q — (u'}hyh . n)pD =0. (5.21)

Resorting to the discrete integration-by-parts formula (2.10) in (5.21), for every y, € RTN(Tr),
we find that
(ﬂff - 'LL?LT, div yh)g = (Hhﬂff — Hhuir, divyh)g

= (Ipuy", divyn)o + (Vauy', Opyn)o — (yn - ns mhug)rp (5.22)
0.

Since, on the other hand, we have that Vj,(@§" — u§") = 0 a.e. in Q, i.e., ¢ —u§" € LY(Tp),
(5.22) implies that

as" —us" € (div (RTS(Th) ™ (5.23)

where the orthogonality needs to be understood in £°(7}) equipped with (-, -)q. Due to [I'p| > 0,
and, thus, I'y # 99, we have that

div (RTR (Tn)) = L°(Th) ,

so that from (5.23), we conclude that @5" = u§" in SH<"(Tp,). O
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6. A priori ERROR ANALYSIS

In this section, resorting to the discrete convex duality relations established in Section 5
following [5], we derive an a priori error identity for the discrete primal problem and the
discrete dual problem at the same time. From this a priori error identity, we derive an a priori
error estimate with an explicit error decay rate that is quasi-optimal. To this end, we proceed
analogously to the continuous setting and start with examining the discrete primal-dual gap
estimator néap,h: K§™ x K30 — [0, 400), for every vy, € K§" and yj, € K" defined by

Maap,n (Vns yn) = L5 (vn) — D (yn) - (6.1)
The discrete primal-dual gap estimator has the following integral representation.
Lemma 6.1. For every v, € K;" and y,, € K,Tlt7*, we have that
nﬁap,h(vh,yh) = / {3, Opyn) — Mpyn - Viow + on(, Viavn) } da.
Q
Remark 6.2 (Interpretation of the discrete primal-dual gap estimator). The estimator néap’ h
measures the violation of the discrete convex optimality relations (5.6).

Proof (of Lemma 6.1). Using the discrete admissibility condition (5.3), the discrete integration-
by-parts formula (2.10), and the binomial formula, for every v, € K;" and y,, € K;t’*, we find that

I (vn) = Dit(yn) = $1Vavnll3.0 — (fas Davn)e — (gh, Thvn)ry

+/ &5 (- pyn) dz — (yn - n,up)r,,
o
= / on(-, Viop) do + (divyn, Hpon)o — (Yn - n, mhon)ry
0
+/ &5 (-, Hpyn) dz — (yn - n, ThvR)rp
Q

= / {&h (-, Inyn) — Mpyn - Vion + éu(-, Vior) } da,
Q
which is the claimed integral representation of ngag nt KT X K,Tlt’* — R.

In the next step, we derive meaningful representations of the discrete optimal strong convem’ty
measures for the discrete primal energy functional (5.1) at the discrete primal solution u§"™ € K},
i.e., for pI’LI.,. (K" — [0, 400), for every vy, € K;" defined by

P (on) = I (vn) — I (a7 (6.2)

and for the negatlve of the discrete dual energy functional (5.2), i.e., for p?. prt Krt ¥ — [0, +00),
for every y, € K;"* defined by

02 e (un) = D} (yn) + DY (11) (6.3)
which will serve as ‘natural” error quantities in the discrete primal-dual gap identity (cf. Theorem 6.5).

Lemma 6.3 (representations of the discrete optimal strong convexity measures). The following
statements apply:

(i) For every v, € K|, we have that

II
Pier (o, u7) = 31V — Vi o + (D225 — 1,2 = V0 Vion) 9, er sy -

(i) For every y, € K", we have that
P> pre(n, 21') = 3 (D765 AT nyn, 2"} (Mayn — Wazp’), Mayn — Mazp e
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Remark 6.4. (i) Since {|Iyz}'| > G} = {|Vau§™| = G} (¢f. (5.6)) and Vyu§™ - Vyo, < (7

a.e. in {|Vyul| = (p} for all v, € Ki", for every vy, € K§", we have that
(Ml 1) (2 — Vpug - Vaon) 20 ace. in {|Vhul| = i}
(ii) Analogously to (4.4), since for a.e. x € Q and every t € R?, we have that

2 s | Lixa if |t] < Cu(z),
D; ¢y (x,t) = {Cht(lfﬂ) (Taxd — %) if [t > (),

for a.e. x € Q and every t,s € R?, by the Cauchy-Schwarz inequality, we observe that

2 1k . _ ‘5‘2 Zf‘ﬂ < Ch(x)a
Digp(x,t) :s®@s = {C']t(x)(|3|2 B (t‘{ff) if 1t > ()

>{52 1< Gl
10 if [t] > ().

Proof (of Lemma 6.3). ad (i). Using the discrete integration-by-parts formula (2.10), for every
vy € K}, due to mpv, = mpuf” a.e. on I'p, we find that

Iy (on) = I3 (ug")

(6.4)

$1Vivnllz.a — 31Vaus II3.q

— (fn, Hpop = puy o — (g, ThoR — TRUE )Ty

LIVaonl0 - HIViag 130
+ (divyp, Opop — Hpug ) — (yn - n, Thvn — Uy oo
= %thvh”g,sz - %th“?”g,sz - (thirzta Vo — Viaug o .
Next, using that, due to the discrete convex optimality relation (5.6), we have that
Myt = Vaus” a.e. in {|Vpui'| < Cn},
Mz = Ml s e in {|Vhu| = G-
Therefore, using the binomial formula, we find that
I (on) = I (uf") = 51IVaonl0 = 5IVRui 5.0 — (Viug, Vi, = Vaug)a

H, rt
+ (B = ) Vi, Vil = Vion) 1, g,

HL
= 31IVnvn = Vil B o + (e = 1), = Vauil - Vavn) o, upricc,)

which is the claimed representation of plﬁr : K§7 — [0, 400).

ad (ii). Using the discrete admissibility condition (5.3) and Taylor expansion, for every y;, €
K%, due to gy, -n = z,rlt -n a.e. on I'yy, we find that

—Di(yn) + Djt (2 /¢h (- nyn) /¢h (- Tpzpt) — (yn - — 25 noulh)r),

= (Do}, (- Mpzp), Mpyn — Mazp o — (yn -0 — 25" - nyul) o
+ 3(DEoj {Wpyn, U2y} (Mpyn — Mp2pt), My, — Mp2p o
= LD My, Mp2p' Y My — Wpzpt), Mpyn — Mazpt)e,

where we used that, by the discrete convex optimality condition (5.6), the discrete integration-by-
parts formula (2.10), and the discrete admissibility condition (5.3), for every yj, € K;"*, it holds that

(Dy (-, Tp 2, Mpyn — Mnzp o = (Vaug, Mpyn — Mnzh o
= (div 2}’ — divys, Hpus o + (yn -1 — zflt S, TRUT )90
= (yn -n— 2z - n,ulh)aa,

which is the claimed representation of p? .. K% — [0, 400). O
h
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Eventually, we have everything at our disposal to establish a discrete a posterior: error
identity that identifies the discrete primal-dual total error pfot’h: K™ x K" — [0, 4+00), for

every v, € Ki" and y;, € K;"* defined by
Prot.n (Vs Yn) = pler (vn) + P2 pre(yn) (6.5)
with the discrete primal-dual gap estimator (6.1).

Theorem 6.5 (discrete primal-dual gap identity). For every v, € K" and y5, € K;t’*, we have
that

pgot,h(vh’yh) = ngap,h(vhayh) :

Proof. Using the definitions (6.1), (6.2), (6.3), (6.3), and the discrete strong duality relation (5.5),
for every vy, € K§" and y;, € K;"*, we find that

Prot.n(Vnsyn) = pler (vn, uf) + p° oyt Wns 1)
= I (vn) = I (ug") + Dyl (23") — Dy (yn)
= I (vn) — D} (yn)
= Tlgap,h(vh, Yn) - O

If we insert the (Fortin) quasi-interpolations (2.4) and (2.7) of the primal and the dual solution
(assuming that the singular part vanishes, i.e., u® = 0), respectively, in the discrete primal-dual
identity (c¢f. Theorem 6.5), we arrive at an a priori error identity, which allows us to derive error
decay rates in dependence of the regularity of the dual solution.

Theorem 6.6 (a priori error identity and error decay rates). If fn =11, f € L°(T), gn :=Thg
€ LOSIN), uly == mpup € LY(S} ), and ¢, = T,¢ € LO(T), the following statements apply:

(1) If p* =0 and z € V, 4(Q), where p > 2 and q > dQT‘_iQ, then §Tu € K7, Ttz € K%, and

P (M u, I} 2) = /Q {n (-, OpI} 2) — TR 2 - TR Vu + ¢y (-, 1, V) } da
< $(Vd+1) |z = I 2l3 0 + 316 — Cl3a -
(ii) If, in addition, z € (W"2(Q))¢ and ¢ € W¥2(Q), where v € (0,1], then
Pron.n (I, I 2) < B (|2]7 5.0 + I
Proof. ad (i). First, using (2.5) and (2.6), we observe that
VI u| = [, V| < T, |Vl < G, a.e. in Q,

mpllf u = mpu = Thup = u}fj a.e.on'p,

v20) -

i.e., it holds that II§"u € Kf". Second, using (2.8) and (2.9), we observe that
divl})'z = Udivz = I (—f) = —fn a.e. in ,
Mz -n=mu(z-n) =mhg = gn a.e.on 'y,
i.e., it holds that IT;*z € K]"*. Then, using Theorem 6.5 together with Lemma 6.3 as well as (2.5),
abbreviating zj, == I, 115z € (L°(T3))?, we find that
p%ot,h( w1 2) = /Q {n(-,Zn) — Zn - U Vu+ ¢ (- 11, Vu) } dz. (6.6)

Due to ¢y (-, 11, Vu) = £[I1, Vu|? ae. in Q and ¢(-, Vu) = £|Vul? ae. in ©, by Jensen’s inequality,
it holds that [, ¢n (-, Iy Vu)dz < [, ¢(-, Vu) dz, so that from (6.6), we infer that

oun ;’"u,n;“fz)g/Q{qs;;(.,zh)—zh~w+¢(-,w)}dx. (6.7)
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Then, using in (6.7) the convex optimality relations (3.5),(3.7), that by the convexity of ¢* € C*(R9),
it holds that

7¢*('a Z) < *¢*(', zh) - Dt¢*(‘7 5h) . (Z — Zh) a.e. in €2,
we find that

P (I, T 2) < /Q (65(.30) + (2= 3) - D (,2) — 6*(2) ) da

= (Dy¢*(-,2) — Did*(, Z1), 2 — Zn)a +/ {¢;(7 Zh) — 0t (., Zh)} dz (6.8)
Q
=1+ 1.
So, it is only left to estimate I} and I?:

ad I}. Using the Taylor expansion
Di¢*(-,2) = Dyd* (-, 2n) + %Dfrj)*{z, Zni(z —2zp) ae. in Q,
and that, by (4.4), it holds that |D?¢*(z,t)| < Vd+ 1 for a.e. z € Q and all t € R, we obtain
Ié = %(quﬁ*{z, Eh}(z — gh), Z — gh)Q
(Vi o (6.9)
<s(Vd+ 1)z =Znlz0-

ad I,%. Due to ¢Z(, Zh) = QJE;J—%C,% a.e. in {|Zh| > Ch}, ¢*(,Zh) ZC‘g}A—%Cz a.e. in {|Eh| > C},
o5 (-, Zn) = 2|Z|? ace. in {|Z,] < G}, and ¢* (-, Z,) = 2[Z,]? ace. in {|Z,] < (Y}, it holds that

Iy = 5(20Z0] = € = Chy Ch = ) fzn > max{cn.c}) (6.10)
= 5llIZnl = Cull2 e <1z <cy + 3N1ER = CIE fecpzni<cny - '
Using that |2, L ¢y — ¢ in L2(T) for all T € Tj, and that {|Z,| > (5} can be decomposed into
elements from Ty, as |23, ¢, € L°(Tr), we find that
3 (2Z0] = € = Ghs G — O gznsmaxicn.cty = 32120 = €= G G = Ogizni>an
— 52120 = € = Gy Cn — O cnetzni<cy

< — <l
= ”Ch C”{\znb(h} (6.11)

1
2
+ 511zl = Cllz.tcn<izni<ci ISh = Cll2geu<izni<cy
+ 5 111Zn] = Cull2,gcn<izni<cy IS = €|
3
2

2,{¢n<|Zn|<C}
< 31¢h = €Il g1z 503 »
Then, from (6.11) in (6.10), we deduce that
I} < %HCIL_C”%,Q' (6.12)
Eventually, combining (6.12) and (6.9) in (6.8), we conclude that the claimed a priori error
estimate applies.
ad (ii). From (i), using Jensen’s inequality and the fractional approximation properties of IIj,
(¢f. [14, Thm. 18.16]) and II}* (cf. [14, Thms. 16.4, 16.6]), we conclude that
Pror.n (I u, I 2) < cf|z = 230 + ¢ [T (z = TT3f2) 3.0 + ¢ [I¢ = Tl 0
< cllz = Mazlf3.0 + cllz = I2]5 0 + cll¢ — ¢ 30
<ch® (121250 + ¢22.0)

which is the claimed a priori error estimate. O
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7. NUMERICAL EXPERIMENTS

In this section, we review the theoretical findings of Section 4 and Section 6 via numerical exper-
iments. All experiments were conducted using the finite element software package FEniCS (version
2019.1.0, cf. [22]). All graphics were generated using the Matplotlib library (version 3.5.1, cf. [18]).

7.1 Implementation details regarding the optimization procedure

The iterative maximization of the discrete dual energy functional (5.2) is realized using a semi-
implicit discretized L2-gradient flow modified with a residual stopping criterion guaranteeing the
necessary accuracy in the optimization procedure. For the semi-implicit treatment, we introduce
the auxiliary function ¢p: Q x R>g = R, for a.e. € Q and every r > 0 defined by

(e,17) = { ifr < ().
PR = Ch(x)r—# if r > Cp(x).

Algorithm 7.1 (Semi-implicit discretized L2-gradient flow). Let 2} € RTY(Tp) with div z) =

—fn a.e. in Q and 2 -n = g, a.e. on Ty and let T, s’;wp > 0. Then, for every k € N:

(i) Compute the iterates (zF,\F)T € RT(T,) x L°(Ty,) with 2 -n = g, a.e. on T'n such that
for every (yn, M) € RTG(Th) x LO(Ty), it holds that

k_ Degp CMnzy ' D pp ok SUIPT _ h
(thTZh - }‘}Ihz—ﬂﬂhzha thh)Q = (Apdivyn)e = —(yn - n,up)r, (7.1)
(div 25, 74)e = —(fa, Tn)a
where d, 2} = %(z,’i - z}’f*l) € RTY(Tn) denotes the backward difference quotient.
(ii) Compute the residual i € RTY(Tr) such that for every yn € RTY(Ts), it holds that
. ok — .
(risyn)o = *(%WHMZ, Hh?Jh)Q — (A, divyn)o + (21 - n,up)rp - (7.2)

Stop if HTZ

The following proposition establishes the well-posedness (i.e., existence of iterates), stability
(i.e., a priori bounds), and convergence (i.e., the convergence of the iterates to a discrete dual
solution) of Algorithm 7.1.

l2.0 < agtop; otherwise, increase k—k + 1 and continue with step ().

Proposition 7.2 (well-posedness, stability, and convergence of Algorithm 7.1). Let the assump-
tions of Algorithm 7.1 be satisfied. Then, the following statements apply:
(i) Algorithm 7.1 is well-posed, i.e., for every k €N, given the most-recent iterate z;i_l ERT(Th),
there exists a unique iterate zf € RT°(Ty) solving (7.1).
(i) Algorithm 7.1 is unconditionally strongly stable, i.e., for every L € N, it holds that
L
=Dt )+ 7Y hd 2|50 < —Di (1) -
k=1
(i11) Algorithm 7.1 terminates after a finite number of steps, i.e., there exists k* € N such that
Hr}li ||27Q S Egtop'
The proof of Proposition 7.2(ii) is essentially based on the following inequality.
Lemma 7.3. For a.e. x € Q and every a,b € R?, it holds that

Wb. (b—a) > ¢ (z, |b]) — ¢} (z, |a]) + %Dw#ﬂwla\)w S

Proof. Follows from [4, Appx. A.2], since ¢} (z,-) € C*(Rxo) and (t — Dy} (x,t)/t) € CO(R>p)
is positive and non-decreasing for a.e. x € €. O

Proof (of Proposition 7.2). ad (i). Since Dy} (x,t)/t > 0 for a.e. x € Q@ and all t > 0, the well-
posedness of Algorithm 7.1 is a direct consequence of the Brezzi splitting theorem (¢f. [3, Thm. 6.4]).
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ad (7). Let L € N be arbitrary. Then, for every k € {1,..., L}, choosing y, =d, 2} € RTY(Th)
n (7.1), due to div(d,z}) = 0 a.e. in Q, we find that

Dy, (5| n 2y

M2 13 0 + ( = Dl1yzf, Madof )+ (drsf - moud)r, = 0. (7.3)

According to Lemma 7.3 with a = th,’i_1|T € R? and b = I1;,2F |7 € R? applied for all T' € Ty,
for every k € {1,..., L}, we have that

* k—1
Mmir{”nhzg Mhdrzf > de[oh (L Thzl)]  ae. in Q. (7.4)

‘Hh,Z;:7
Using (7.4) in (7.3), for every k € {1,..., L}, we arrive at
ITadr 25 13,0 — dr[D}f(21)] < 0. (7.5)
Summation of (7.5) with respect to k€ {1,..., L}, using Sr_, d,[D5t(2F)] = Dyt (zF) — Dyt(2)),
yields the claimed stability estimate.

ad (ii1). Due to (ii), we have that ||1'Ith,z’,§||%Q — 0 (k — 00). Thus, by div (d,zf) = 0a.e.inQ,
the finite-dimensionality of RTS(7x), and the equivalence of norms, it holds that

K250 in RTY(Th) (k— o0). (7.6)

In addition, due to (i), we have that D3 (zF) > Drt(z))) and, thus, (2F)ken € RT(T3) is bounded.
In addition, due to [3, Prop. 7.4] together with |T'p| > 0, for every k& € N, we have that

Ak ll2.0 < sup {O%, divyn)a}
Y ERTY (Tw) : lynll 2 (aivioy <1
D * . H k—1
= sup {(thr«z]ﬁ - %thﬁ, thh)Q + (yn - n, u}]_L))FD}

Y ERTY (Tn) : lynll 5 (aivioy <1
< Madr 2 2,0 + 1Des, (o 1Mnzi 2,0 + en luhll2,ry

implying that (A¥)xen € £°(73,) is bounded. Due to the finite-dimensionality of RT(73) and £°(T,),
the Bolzano-Weierstraf theorem yields a subsequences (27*)sen € RT(Th), (\i)een € L£2(Th)
as well as limits 2, € RT%(Tp), A\, € L°(Ty) such that

2 =2, inRTYT) (£ — o0), (7.7)
e X i L£%Th) (0= o0).

Due to divzy = —f, a.e. in Q and 2f - n = gj, a.e. on 'y for all k € N, (7.7) implies that

divz, = —fn, ae. in , (7.9)
Znm=gp a.e.on I'y. (7.10)

In addition, due to (7.6), (7.7) implies that
2N 5% i RTY(Th) (6 — o0). (7.11)

Thus, using (7.7)—(7.11), by passing for £ — oo in (7.1), for every y, € RT%(Tx), we obtain

(P2, )+ O, divgn)a + Ga - myup)r, = 0, (7.12)
which together with (7.9) and (7.10) proves that 2z, € RT(7,) is a discrete dual solution and
A = ITus™ ace. in Q. Hence, using (7.6) and (7.12), for every y;, € RTx(Tr), we obtain

. e _ .
(ry, yn)a = (Wﬂhzﬁe,ﬂh%)ﬂ + O, divyn)a + (yn - nyulb)r,
Zh
— (Wﬂh%,ﬂwoﬂ + (A, divyn)o + (yn - nup)r, =0 (€= 00),
i, it — 0in RTY(Tr) (£ — 00), and, thus, by the finite-dimensionality of RTS (T), 7} — 0 in
RTY(Th) (£ — oo), implying that ¢ — 0 in (L?(Q))? (£ — 00). As this argumentation remains
valid for each subsequence of (7 )ren € RTY(Tr), the standard convergence principle yields that

ri = 0 in (L2(2))? (k — o0). In particular, there exists k* € N such that [[rf |2, <efy,,. O
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7.2 Experimental setup

For our numerical experiments, we consider the manufactured solution in [17, Expl. 2.3.2, p. 122].
More precisely, let Q:= B2(0) :={z € R? | |z| <r}, r>0,p =090 (i.e., Tn:=0), f=C € L'(Q),
up =0 € WH®(T'p), and ¢ = 1 € L*(Q). Then, the primal solution u € K and the dual
solution z € K*, for every x € (2, are defined by

%(r2—|x|2) ifC<2,
= — if 2 <|z| <
W= frofel o EE=RlSr) ol g
—SlzP+r—& H0<|z[<E, r
2(z) =S
In what follows, we set 7 =1 (i.e., @ = B$(0)). Then, using the MatLab (version R2024a, cf. [20])
library DistMesh (version 1.1, c¢f. [24]), we generate approximative triangulations 7., 7 =0,.. ., 6,
where h; =~ 0.36x§ foralli=0,...,6, such that Qp, CQ, where Qp, :=int(UTp,) for alli=0,...,6.
As approximations of the Dirichlet boundary data serve u}g = TTh,u € £0(8,?fz'”), 1=20,...,6.
For this series of triangulations 75, i = 0, .. ., 6, we apply the semi-implicit discretized L2-grad-
ient flow (cf. Algorithm 7.1) with step-size T = 1.0, stopping parameter ”, = 1.0x10™%, and ini-

tial iterate (2 , A} )T € RTR (Th,) X L2(Th,) such that for every (yn,, 7p,,) " € RTR(Tn,) % L°(Th,),
it holds that

(TTh, 210, Ty e, — N0 divyn,)a,, = Wn, -1, ul)oqy,

(divzgi,ﬁhi)ghi = —(fhiaﬁhi)mi )

to approximate the discrete dual solution z,rlt € K;:’*, 1 =0,...,6, the discrete Lagrange multiplier
X?Li € L%(Ty,),i=0,...,6, and, subsequently, using inverse generalized Marini formula (cf. (5.16)),
the discrete primal solution uj” € K", i =0,...,6.

For determining the convergence rates, the experimental order of convergence (EOC), i.e.,

_ log(e;) —log(ei1)
* log(hi) —log(hi—1)

where, for every ¢ = 0,...,6, we denote by e; a generic error quantity.

EOCi(ei) ,...,67

7.8 Numerical experiments concerning the a priori error analysis

In this subsection, we review the theoretical findings of Section 6.
More precisely, given the experimental setup of Subsection 7.2, we compute the error quantities

A g (T, |
ezgap’hi = ngap,hi( ?:ua H;liz) ’
Inasmuch as z € (W%(Q))? and ¢ € W12(Q), Theorem 6.6(ii) predicts the error decay rate
O(h?) = O(N;), where N; == dim(RT°(Ty,)) + dim(L£%(7r,)), i € N, for the discrete primal-dual
total errors (¢f. (6.5)), which are equal to the discrete primal-dual gap estimators (cf. (6.1)), i.e.,
we expect (cf. Theorem 6.6(i))

=0,...,6. (7.13)

EOC; (e8™P) = EOC;(ef°") = 2.

K2

In Figure 1, for C' € {2.5,5.0,7.5,10.0}, we report the expected optimal convergence rate
of about EOC;(ef°) ~ EOC;(e$™P) ~ 2, i = 1,...,6, i.e., an error decay of order O(h?) = O(N;),
i=1,...,6, which confirms the optimality of the error decay rate derived in Theorem 6.6(ii).
Moreover, we observe that the a priori error identity in Theorem 6.6(i) is approximatively satisfied.
Note that, in the case C' < 2, the dual solution is an affine polynomial, so that the latter (up to
machine precision) coincide with the discrete dual solution. In addition, in the case C' < 2, the
primal solution is a quadratic polynomial, so that, by (2.5), (up to machine precision) we have
that Vp 11 u = Vpug” a.e. in €. For this reason, we did not add error plots for the case C' < 2.



VARIATIONAL PROBLEMS WITH GRADIENT CONSTRAINTS: ERROR IDENTITIES 23
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Figure 1: Logarithmic plots of the experimental convergence rates of the error quantities (7.14).
For forcing terms C € {2.5,5.0,7.5,10.0}, we report the expected quadratic error decay rate, i.e.,
EOC;(ef°") ~ EOC;(ef™P) ~ 2, i = 1,...,6. In addition, we report that the discrete primal-dual
error (c¢f. (6.5)) approximatively coincides with the discrete primal-dual gap estimator (cf. (6.1)).

I,z € £9(T5)

|V112UZZ\ € 60(7712)

1.0 — 5
0.8 4
I i
0.4 2
0.2 1

0

. 0.0
&) N

0.5

1.0

Figure 2: left: plot of [Vp,uf” | € L%(Th,), where red dots mark T' € Ty, with [Vp,uf’| = 1in T}
right: plot of [ITj, z;! | € L°(Ty, ), where red dots mark T' € Ty, with [II;, 2}’ | <1in T'. In summary,
We report that {|Vp,uf" | =1} = {|[Tlp, 2" | > 1} and {|Vy,uf” | < 1} = {|TI,2;" | < 1} as pre-
dicted by the discrete convex optimality relation (5.6).
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7.4  Numerical experiments concerning the a posteriori error analysis

In this subsection, we review the theoretical findings of Section 4.
More precisely, given the experimental setup of Subsection 7.2, for every ¢ = 1,...,6, we
define the admissible approximation

wl, cr
—cr .__ Hhi Uh,

uy = c
P max{1, VI ug || oo ,0 )

K,

where T} S5 (Th,) — W5™(9Q) is a suitable quasi-interpolation operator, e.g.,
1 av,l av,2 sz,1 52,2 L2,1 L2,2
1,7 € {Hhi AL % I I % I I }v

where, setting & (Ts,) = L*(Tn,) N W5™(Q), for k € {1,2}, we denote by
(i) Hif’k: S5 (Th,) — Sk (Th,) the averaging quasi-interpolation operator from [14, Subsec. 22.4.1];
(it) 2% S (T, ) = S (Th
(i) Hﬁj’k:SBCT(’ﬁli)%Sﬁ(’ﬁ”) the (global) L?-projection operator from [14, Subsec. 22.5].
Then, we compute the error quantities

;) the Scott-Zhang quasi-interpolation operator from [14, Appx. A.3];

elot = 2 (W 25, } P06 (7.14)
5P i 2 (T 1) o

In Figure 3, for C' = 10.0, we report a reduced (compared to Subsection 7.3) convergence rate
1
of about EOC;(ef°") ~ EOC;(ef*?) ~ 1,7 =1,...,6, i.c., an error decay of order O(h;) = O(N}?),

K3
i=1,...,6. Moreover, we observe that the a posteriori error identity in Theorem 4.5(i) is

approximatively satisfied.
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Figure 3: Logarithmic plots of the experimental convergence rates of the error quantities (7.14).
2 2
For C' =10.0 and TT}’! € {H',l:’l, HZQ,)’Q, HZ’?’I, Hfj’2, Hi o Hﬁi 21, we report a reduced linear error

B

decay rate, i.e., EOC;(el°") ~ EOC; (e2™) ~1,i=1,...,6. In addition, we report that the primal-
dual error (cf. (4.9)) approximatively coincides with the primal-dual gap estimator (cf. (4.1)).
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8. CONCLUSION AND OUTLOOK

A (Fenchel) duality theory for variational problems with gradient constraints was developed.
On the basis of this (Fenchel) duality theory, an a posteriori error identity was derived, which can
be seen as a generalization of the Prager—Sygne identity (cf. [25]) for the Poisson problem. To
make the a posteriori error identity numerically practicable, it is necessary to approximate in a
computationally inexpensive way the primal problem and the dual problem at the same time. To
this end, exploiting orthogonality relations between the Crouzeix—Raviart element and the Raviart—
Thomas element, all (Fenchel) duality relations from the continuous level are transferred to a
discrete level and reconstruction of a primal solution from a given dual solution is derived, using
the so-called inverse generalized Marini formula. The inverse generalized Marini formula enabled
us to approximate the primal problem and the dual problem at the same time using only the
Raviart-Thomas element. In addition, the discrete (Fenchel) duality theory allowed us to derive an
a posteriori error identity also on the discrete level, which, eventually, turned out the be an a prior:
error identity and enabled us to derive explicit error decay rates depending on the regularity of
the dual solution and the obstacle function. Numerical experiments were carried out that confirm
the optimality of the derived error decay rates and the validity of both the a priori error identity
and the a posteriori error identity. Still open is the question of the accurate post-processing of
the discrete primal solution to obtain an admissible approximation of the primal solution. Simple
node-averaging and, subsequently, global scaling with the gradient length does not approximate
the gradient in (L>°(9))¢ with the desired accuracy. Instead a quasi-interpolation operator, which
either preserves the gradient length or at least approximates the later with the needed accuracy,
should be employed. In the end, this would allow us to use the local refinement indicators induced
by the primal-dual gap estimator for adaptive mesh-refinement. The latter will be content of
future research.
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