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Abstract

In this paper, we study an elastic bilayer plate composed of a nematic liquid crystal
elastomer in the top layer and a nonlinearly elastic material in the bottom layer. While the
bottom layer is assumed to be stress-free in the flat reference configuration, the top layer fea-
tures an eigenstrain that depends on the local liquid crystal orientation. As a consequence,
the plate shows non-flat deformations in equilibrium with a geometry that non-trivially
depends on the relative thickness and shape of the plate, material parameters, boundary
conditions for the deformation, and anchorings of the liquid crystal orientation. We focus
on thin plates in the bending regime and derive a two-dimensional bending model that com-
bines a nonlinear bending energy for the deformation, with a surface Oseen-Frank energy for
the director field that describes the local orientation of the liquid crystal elastomer. Both
energies are nonlinearly coupled by means of a spontaneous curvature term that effectively
describes the nematic-elastic coupling. We rigorously derive this model as a I'-limit from
three-dimensional, nonlinear elasticity. We also devise a new numerical algorithm to com-
pute stationary points of the two-dimensional model. We conduct numerical experiments
and present simulation results that illustrate the practical properties of the proposed scheme
as well as the rich mechanical behavior of the system.
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1 Introduction

Liquid crystal elastomers (LCE) are solids made of liquid crystals (LC) incorporated into a
polymer network. In an isotropic phase (at high temperature) the LC are randomly oriented,
while in the nematic phase (at low temperature) the LC show an orientational order and the
material features a coupling between the entropic elasticity of the polymer network and the LC
orientation. LCE exhibit various interesting physical properties (e.g., soft elasticity [35, 34],
or thermo-mechanical coupling [21, 60]), and are considered in the design of active thin sheets
that show a complex change of shape upon thermo-mechanical (or photo-mechanical) actuation,
see [61] for a recent review and [59, 56] for existing and future applications, cf. Figure 1.
Understanding the mechanical properties of such thin films is the subject of current research in
physics, mechanics, and mathematics; e.g., see [25, 24, 49, 48, 23, 2, 1, 4, 3] for a selection of
contributions that focus on mathematical modeling and analysis of nematic LCE films.

In our paper, we consider a thin bilayer plate with a top layer consisting of a nematic LCE
and a bottom layer consisting of a usual nonlinearly elastic material. In view of the nematic-
elastic coupling, the top layer features a non-vanishing eigenstrain, while the bottom layer is
stress-free in flat reference configurations. As a result, non-flat equilibrium shapes emerge with
a geometry that is the result of a non-trivial interplay between the orientation of the LC and the
deformation of the plate. Various shapes have been observed experimentally, e.g., see [61, 53, 28].
In particular, films have been studied that “bend” in order to achieve equilibrium, e.g., [53].

The goal of the present paper is to develop and analyze an effective, two-dimensional model
for the nematic LCE bilayer plate, which is able to predict non-trivial bending deformations
as energy minimizers and stationary points. For this purpose, we consider a three-dimensional,
geometrically nonlinear elasticity model for the bilayer plate that invokes both — the elastic
energy of the elastomer and the Frank energy of the LCE. As a main result, we rigorously derive
a two-dimensional bending model from the three-dimensional model as a I'-limit; here, we focus
on a regime where the thickness of the plate is comparable with the relaxation length-scale of the
LC directors and we consider an energy scaling that is compatible with bending deformations.
Secondly, we devise a numerical algorithm to compute stationary points of the two-dimensional
model and present simulation results that illustrate the rich mechanical behavior of the system.



(a) Bending/buckling behavior of a rectangular film with uniaxially aligned
(left) vs. patterned (right) director. Source: Ware et al. ( [59]), license: CC
BY 4.0 (https://creativecommons.org/licenses/by/4.0/).

prescribed director field. Parameters used: u = 1073, A = 103, 7
£ =8x 1072 (cf. Lemma 2.4 and Section 2.5).

(b) Simulation of an LC bilayer with either uniaxial (left) or patterned (right)
— 15,

Figure 1: Comparing findings from physical experiments with LCE simulations: Director an-
choring may be used to control the buckling behavior.

Our simulations are able to reproduce characteristic material traits that are observed in physical
experiments as shown in Figure 1, where the compression of an LCE strip leads to classical Euler
buckling or non-Euler buckling. In the physical experiment from [59] as well as in the numerical
simulation illustrated in the figure, the buckling behavior is determined by the alignment of the
director, which is either uniaxial along the long direction of the strip, or is patterned, i.e. it is
constantly parallel to the long direction of the strip in its left half, undergoes a rotation of 7/2
around the surface normal in a small transition region close to the center of the strip, and then
is constant again in most of its right half.

In contrast to earlier works, our model is not restricted to situations, where the orientation of
the LC is prescribed. We also analyze settings, where the orientation of the LC is not prescribed
and thus allows for a soft elastic response. We also consider partial constraints (e.g., restrictions
to the tangential plane) for the LC orientation.

Let us present the main contributions of our paper with more detail: We denote by S C R?
the mid-surface of the plate and by 0 < h < 1 its thickness. We denote the rescaled domain
of the plate by Q := 5 x (—%, %) and its top layer by Q.. As we shall explain in Section 2.5
an appropriate model for the bilayer plate is given by the (rescaled and non-dimensionalized)
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energy functional,

Eatun )= [ W s, S @) ety [ W s, (o 00) A S @) .
2 [ V(o) (Vha(2)) ™ det(Shn (o) do.

where yp, : © — R3 denotes the deformation of the plate and ny, : Qiop — S? (with S? being
the unit sphere in R3) the director field (pulled back to the reference domain). It describes the
orientation of the LC. Above, V, := (V', 103) := (01, 02, +03) denotes the scaled gradient that
comes from upscaling the domain to unit thickness. The third integral describes the Oseen-
Frank energy of the nematic LCE (in the simple form of a one-constant approximation). Here,
€2 > 0 is a parameter that is related to the modulus of Frank elasticity, the shear modulus of
the elastic material, and the physical thickness of the plate; see Section 2.5 for details. The
first and second integral in (1) describe the elastic energy stored in the deformed plate. Here,
W denotes a stored energy function that describes a frame-indifferent, non-degenerate material
with a stress-free reference state (see Assumption 2.1 below for the precise assumptions), and

Ly(n) = r;%(l—i—(rh—l)n@n), nes? (2)

denotes the step-length tensor introduced by Bladon, Terentjev and Warner [17, 60] to model
the nematic-elastic coupling. We note that the coupling is active in the nematic phase (when the
order parameter satisfies r;, > 1) and enforces stretching (resp. compression) in the direction
parallel to n (resp. in directions orthogonal to n). In the isotropic phase, which corresponds to
rp = 1, the coupling is inactive. Since we are interested in the bending behavior of the plate,
and since bending modes have an energy per unit volume, that scales quadratically with the
thickness of the plate, we consider the scaling factor =2 in front of the first two integrals in
(1), and we make the assumption that r;, = 1 + hr for some fixed constant 7 € R.

Theorem 2.3, which is the analytic main result of the paper, shows that in the zero-thickness
limit h — 0, the energy functional &, I'-converges to a two-dimensional model. It takes the
form of an energy £(y,n) defined for bending deformations

€ H2(S:RY) = {y € HASiRY) : (V'y)TV'y = Iz .

and director fields n € H'(S;S?). Here and below, I;.4 denotes the unit matrix in R?*¢, The
energy & couples a nonlinear plate model (quadratic in curvature) with a surface Oseen-Frank
energy. In the special case of a homogeneous material, the derived model takes the form

3 (1. ., . 3 1, g2
E(y,n) = /SQel (]Iy + g (3[ -7 ® n/>> + 16 2Qel (3.7 - ® n’) + §|V'n|2dx/,

where
I, := V'yT V' (O1y Adoy) and 7' := V'yTn

denote the second fundamental form (in local coordinates) of the isometric immersion y and
the in-plane component of the director n in local coordinates, respectively. (See Figure 2 for
the geometrical meaning of n and 7’.) Above, Qg is a quadratic form obtained from W by a
relaxation formula, which in the special case of a homogeneous and isotropic material can be
explicitly written down, see Lemma 2.4.

The elastic energy of the bottom layer, the preferred curvature resulting from an inhomoge-
neous mismatch between the layers, and the Oseen-Frank term describing the crystalline order



of the LCE layer yield competing contributions to the dimensionally reduced energy functional.
Characteristic properties of the three-dimensional model such as non-vanishing eigenstrain in
the LCE layer are preserved in the two-dimensional setting, which itself exhibits its own char-
acteristics: in many cases, the preferred curvature tensor %f(%] —n' ®7') cannot be attained
by the second fundamental form of an isometric immersion of a flat reference configuration.
This leads to non-vanishing bending stresses. In order to explore the model behavior by means
of numerical simulations in Section 3, we discretize the two-dimensional energy using discrete
Kirchhoff triangular (DKT) elements for the deformation y and Lagrange P; finite elements for
the director n. Functions in the corresponding finite element spaces are required to satisfy the
isometry and unit-length constraints node-wise up to some small tolerance. We approximate
stationary points of the discretized energy via alternating between descent steps resulting from
discrete H?- and H'-gradient flows for the deformation and the director field, respectively, us-
ing linearizations of the corresponding constraints. Our numerical experiments confirm the rich
behavior of the model: We investigate typical properties of the modeled LCE plates with an
emphasis on the effects induced by prescribing various boundary conditions for the director,
which in some situations have a significant influence on the energy landscape. Most notewor-
thy, for a rectangular LCE plate clamped on two opposing sides, with certain combinations of
coupling and order parameters  and &, imposing director boundary conditions may be used to
select between a notable energy response or almost no response with respect to compression,
effectively rendering the plate softer or more rigid.

We conclude the introduction by comparing our findings with previous results of the literature.
As all rigorous derivations of nonlinear bending models from 3d, our I'-convergence result for &,
is based on the theory developed by Friesecke, James, Miiller [26]. In particular, if we consider
yn +—> En(yn,np) with the director field ny being fixed, and if we neglect the nematic-elastic
coupling, i.e., r;, = 1, then we recover the celebrated result of [26]. Furthermore, if we consider
Yn — En(yn, np) (with ny being still fixed) and rp, = 1+ h7 with 7 # 0, we end up with a model
similar to y, — [, W(Vayn(I +hB)™") dz with a prestrain (I + hB) that is of the order of the
plate’s thickness. Problems of that type (with applications beyond nematic LCE plates) have
been extensively studied in recent years, e.g., see [54, 55, 40, 16, 45, 36, 15, 18]. In this flavor,
also bending models for nematic LCE plates with a prescribed and a fixed director n have been
derived, [2, 1, 4, 5]. In contrast to these works, in our model the director field n is a free variable
of the model. This leads to the presence of additional nonlinearities in our model; namely, the
coupling term Ly,(ny) in the second integral in (1) and the factor (Viy,)~tv/det Vay, in the
third integral in (1). In our proof we shall first obtain an a priori estimate for Vjn, in LP for
1 < p < 2 that eventually implies that %(Lh(nh)_% — I) strongly converges. In order to obtain
the a priori estimate on Vjn; (see Lemma 4.1) we need to assume a sufficiently strong (yet
physical) growth of W (F) for det F' — 0 and for |F| — oo (see Assumption 2.1 below).

We also treat the case of clamped, affine boundary conditions for y on flat parts of the lat-
eral boundary S x (—3,3), see Section 2.3. We note that such boundary conditions have
already been treated in the purely elastic case in [26] based on a Lipschitz truncation argu-
ment, which, however, does not extend to situations with prestrain. Instead, we introduce a
different argument that invokes an approximation result of independent interest: we prove that
the well-known density of HZ (S;R3) N C*(S;R3) in H2,(S;R3) (see [46, 31]) extends to the
case with clamped, affine boundary conditions, see Proposition 2.11. In Section 2.4 we also an-
alyze in detail the emergence of 2d-anchorings for the director field from 3d-anchorings. This is
partly motivated by [27], where dimension reduction is carried out for non-deformable nematic
plates in a Q-Tensor setting. We consider both strong and weak anchorings on lateral parts
of the boundary, as well as on the mid-surface. In particular, the analysis of boundary- and

anchoring conditions for y and n justifies the model problems that we consider in our numerical



simulations in Section 3.3.

In Section 3.1 we devise a discretization of the two-dimensional energy based on discrete Kirch-
hoff triangular (DKT) elements for the deformation and Lagrange P; finite elements for the
director that requires the unit-length and isometry constraints to be satisfied up to a small
tolerance in the nodes of a triangulation. Consequently, in Section 3.2 we propose a discrete
gradient flow scheme using linearizations of the respective constraints for approximating sta-
tionary points of the discretized energy. The approach, which alternates between H'- and H?-
gradient descent steps for director and deformation, essentially combines techniques developed
in [6, 10] for harmonic maps and in [7, 8, 13, 12, 11, 14] for the isometric bending of prestrained
bilayer plates. Numerical experiments in Section 3.3 serve to illustrate both the behavior of the
two-dimensional model as well as practical properties of the numerical scheme which we plan to
analyze in a follow-up paper. For isometric plate bending a similar H2-gradient flow approach
based on a discontinuous Galerkin discretization has been analyzed in [19]. An application of
that method to the case of (normal elastic) bilayers has been investigated experimentally in [20].
For harmonic maps, an alternative approach that relies on a conforming discretization of the
target manifold in the form of geodesic finite elements is presented in [51, 52]. Finite element
methods for the Ericksen model of nematic LC with variable degree of orientation, i.e., in the
case that € = &(z) is not constant, have been considered in [43, 58].

Structure of the paper. The paper is structured as follows: In Section 2 we introduce the
precise setup, present the definition of the two-dimensional limiting functional and state the
main ['-convergence result. Section 2.3 is devoted to the discussion of boundary conditions for
the deformation. Anchoring for n is discussed in Section 2.4. Section 2.5 discusses the modeling
and non-dimensionalization of the energy. All proofs are postponed to Section 4. In Section 3
we formulate the numerical algorithm and present simulation results.

Notation. In the paper we shall mostly use standard notation whose meaning is evident from
the context. Furthermore, the following less standard notation is used:

e For z € R3 we write z = (2/,23), and call 2/ the in-plane components and x3 the out-of-
plane component of z.

e V' := (01,02) denotes the in-plane gradient, and V), = (V' ,%83) denotes the scaled
gradient.

e Both of the above conventions are dropped in Section 3 where, to simplify notation, 2d-
coordinates and gradients are denoted with x and V, respectively.

e I denotes the identity matrix on R%*?; sometimes we write Ijyq to avoid ambiguities.

e H2 (S;R3) denotes the space of Sobolev isometries, i.e., y € H?(S;R3) satisfying the
pointwise isometry constraint V'y'V'y = I. For y € HZ (S;R3) we write b, := d1y A
Oy, Ry := (01y,02y,by) and I, := V’yTV’by. The latter is the negative of the second

fundamental form of the surface parametrized by ¥y represented in local coordinates.

_ V(YY) "TVhy-I . . . . .
e Ej(y) = ¥——-—— denotes the scaled nonlinear strain associated with the deformation
y € HY (O R3).
e | - | denotes the Euclidean norm on R? and the Frobenius norm on matrix spaces. For

A, B € R¥™4 we consdier the scalar product A - B := tr(A" B).



e For A € R?*2 we denote by ¢(A) the 3x3-matrix that is zero except for the upper-left
2x2-block, which is given by A.

e For A € R?*2 the inequality A > 0 has to be understood in the sense of quadratic forms,
i.e., Aa-a > |al? for all a € R

2 Setup and statement of analytical main results

2.1 The rescaled three-dimensional plate model and assumptions

We consider a bilayer plate with (rescaled) reference configuration €2 := S x (—%, %) where

S C R? is an open, bounded and convex domain with piece-wise C'-boundary. (3)

Convexity is assumed for simplicity and the extension to non-convex S is possible, see Re-
mark 2.12 below. We assume that the top layer of the plate o, := S x (0, %) is occupied by
a nematic LCE, while the bottom layer of the plate Q \ Qyp, consists of a standard nonlinearly
elastic material. As we shall explain in Section 2.5 we can model such a plate with thickness

h > 0 by the rescaled, non-dimensionalized energy functional
En HYQR3) x HY(Quop; S?) — [0, o],

with &, (yp, np) being defined by (1). As already mentioned in the introduction, throughout the
paper we assume £ > 0 and 7, := 1 + h7 (with 7 € R fixed), where & denotes the parameter in
front of the Oseen-Frank energy and 7, the order parameter in the definition of the step-length
tensor Ly (ny) introduced in (2). Thus, the deviation of Lh(nh)_% from identity is given (up to
a scaling with h) by the nonlinear map By, : S — R3*3,

o=

1
1 1+ hr)s —1 1+hr)72 -1

— f(Lh(n)_% )= %[4_ (1+ hf)%%
h h h

Note that By, is only well-defined for » > 0 with |h7| < 1. We tacitly assume this condition

from now on.
We suppose that the stored energy function W satisfies the following properties:

By(n) n@mn. (4)

Assumption 2.1 (Stored energy function). Let Cy > 0, qw > 4, and let ry : [0,00) — [0, 00]
denote a monotone function satisfying limgs_o rw (0) = 0. We assume that W : (—%, %) xR3%3 —
[0,00] is a Borel function such that for all x3 € (—3%,3) we have:

(W1) (frame indifference). W (z3, RF) = W (x3, F) for all R € SO(3) and F € R3*3,
(W2) (non-degeneracy and natural state).

W(x3, F) > Clw dist?(F,SO(3))  for all F € R3*3,

W (z3, F) < Cy dist?(F,S0(3))  for all F € R¥® with dist®(F,SO(3)) < &
(W3) (quadratic expansion at SO(3)). There exists a quadratic form Q(xs,-) : R3*3 — R such

that
W (zs, Isxs + G) — Q(z3,G)| < |G\27“W(\G]) for all G € R3*3.

(W4) (growth condition). For all F € R3*3,

A max{|[F|™ det(F)~ %"} — Cy det F >0,

+00 else.

W (xs, F) Z{



Remark 2.2. Assumptions (W1), (W2), (W3) are standard assumptions in the context of the
derivation of plate theories from 3d-nonlinear elasticity. In particular, these assumptions allow
us to linearize the material law at SO(3). The quadratic form in assumption (W3) is given by
the Hessian of W at identity, i.e.,

10PW (as, 1)
Qs G =5 pror

As a consequence of (W1), (W2) and (W3), @ satisfies

G-G.

1
VG € R33 . m] symG|? < Q(x3,G) < Cy|sym G|2. (5)

The growth condition (W4) is less standard, however, in accordance with physical growth
assumptions: it enforces a blow up of the elastic energy for compressions of the material to zero
volume and for large changes of area, and excludes (local) interpenetration. From the analytic
perspective, we use (W4) in Lemma 4.1 to control the expression F~!'v/det I, which appears in
the formulation of the Oseen-Frank energy, cf. (1).

2.2 The effective bending plate model and I'-convergence

As we shall see, in the limit &~ — 0, we obtain as a I'-limit an energy functional £(y,n) defined
for a bending deformation 7 : S — R? and a director field n : S — S? in the domain

Az :={(y,n) : y € HZ,(S;R?), n € H'(S;$%)}.

The limiting functional £ can be written as the sum of an elastic energy and surface Oseen-Frank
energy,

E(y,n) == Ea(y,n) + E2Eor(n), (6)
where

Eor(n / |V'n|?da’.

(Recall the notations z’ := (z1,22) and V' := (91,02).) The elastic energy is defined as

gel(yv TL) = / Qel <Hy + FB(%IQXQ - V’yTn 02y v/y—l—n)>
S
+ 772-Eres (%I2><2 - V’yTn ® V’yTn) da’.

Note that V'y " n describes the in-plane projection of the director field n in local coordinates,
i.e., with respect to the tangential plane’s basis (01y, 02y). (See Figure 2.)
Furthermore,

o Qg : Rfyxg [0,00) denotes a quadratic form that describes the bending stiffness of
the plate. It is positive definite on ]ngxrfl and determined by the relaxation formula of

Definition 2.5 from the quadratic form @ in the expansion of W, cf. (W3).

o Fles is a positive definite quadratic form on Rg’;n?; and describes the local residual energy

coming from the LCE Eigenstrain. It is given in Definition 2.5 as a function of Q.

e B: ngxrg — ngxg is a linear map that is related to the linearization of Bj,. Its precise

form, see Definition 2.5, depends on Q.

The analytical main result of the paper is the following theorem, which states that £ emerges
as a rigorous I'-limit of &, for h — 0:



tangential plane at y(x')

deformation y

Figure 2: For each material point 2’ € S, the director field’s value can be expressed in global
coordinates via n(z’) and in local coordinates via fi(z') = Ry(z')"n(2’). The latter describes
the director field with respect to the tangential plane and the surface normal in y(z’). The
value V'y(2') "n(z') = 7' (') represents the tangential components.

Theorem 2.3 (I'-convergence). Let Assumption 2.1 and (3) be satisfied.
(a) (Compactness). Let (yp,np) C HY(R3) x HY(Quop; S?) satisfy

lim sup & (yp, np) < 00. (7)
h—0

Then there exist (y,n) € Az, and d € L?(Qop; R?) such that (up to a subsequence),

(. ]éyh,vhyh) — (y,Ry)  strongly in L*(%), (8)

np —n strongly in L*(Q), (9)

Viny, — (V'n, d) weakly in LP(Qop) with p := % > 1. (10)

(b) (Lower bound).  Let (yn,np) € HY(Q;R3) x HY(Qtop; S?) and (y,n) € As. Suppose
(yn,nn) — (y,n) strongly in L?(2) x L*(Qtop). Then,

liminf &, (yn, nn) > E(y,n).
h—0

(¢c) (Upper bound).  For all (y,n) € As there exists a sequence (yp,np) € HY(Q;R3) x
HY (Qop; S?) with (yn,np) — (y,n) strongly in L*(Q) x L?(Qep) and

lim &, (yn, na) = E(y, n). (11)
h—0

(See Sections 4.1, 4.3, 4.4 for the proof.)

In the special case of a homogeneous, isotropic material (the situation that we shall investigate
numerically in Section 3) the energy densities Qq, Eres and the map B are given by explicit
expressions:

Lemma 2.4 (The homogeneous and homogeneous, isotropic case). Let Assumption 2.1 be sat-
isfied. Additionally assume that W is independent of x3. Then we have for all A,U € ngxrg,

Qu(4) = 15 min Q(4(4) + sym(d @ e3)), (12)
Fie(U) = +-Qa(0), (13)
B(U) = ZU. (14)



In addition, if the material is isotropic, that is,
A
VA € R33 . QA) = S (tr A)? 4 p| sym AJ?, (15)

then (12) and (13) further simplify to

1 PA 2 2
Qa4) = 35 (575, (x4 + wlAP).
0

Fres(U) = i(

o (trU)?2 +u\U|2).

A+ 2u
(See Section 4.2 for the proof.)

In the general case these quantities are defined as follows:

Definition 2.5 (Definition of Q, Eres and B). For A, U € R2X2 and x5 € (-4, 1) define

Sym

Q2(x3,A) = ég%g Q(x3,t(A) +sym(d ® e3)),

N[

Qec1(A) := min Q2(x3, 234 + M) dzs,
MeRZR J-1

Eies(U) := min /

Q- <.733,333A + M + 1(1’3 > 0) U) dzs,
AMeRZSE J -1
where 1(x3 > 0) denotes the indicator function of (0, %) For the definition of B, we consider
the matrices

1
—(e1 ®ex+ea®eq),

V2

which form an orthonormal basis of R2X2. For i = 1,2,3, we denote by A;, M; € ngxn% the

sym
unique minimizers of the strictly convex, quadratic function

Gi1 =e1 ®ey, G = e2 ® ea, Gs =

(R2X2 % R2X2) 5 (A, M) Q2 3, 1(zs > 0)1G; — (x3A+M)> das.

Sym sym

i\:)\»—‘

We define B : R2X2 — R2X2 y

Sym Sym

The following structural properties are satisfied by Qel, Fres, B:

Lemma 2.6 (Properties of Qel, Ereq, B). Let W satisfy Assumption 2.1, and let Qel, Fres and
B be defined as in Definition 2.5. Then,

(a) Qe : Rg;n% [0,00) is quadratic and satisfies ﬁ]AF < Qe(A4) < C{—VQV]A\Q.
(b) Eres : RS2 — [0,00) is quadratic and satisfies ﬁwy? < Fies(U) < %—ZV]UP.

(¢) B is linear and there is C > 0 (depending only on Cy ) such that |B(U)| < C|U|.
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(See Section 4.5 for the proof.)

As a consequence of Lemma 2.6, the limiting energy features good compactness and continuity
properties:

Lemma 2.7 (Compactness and continuity of the limiting energy). Let Assumption 2.1 be
satisfied and let S C R? be a Lipschitz domain. We extend € to a functional defined on
L?(S;R3) x L%(S;R3) by setting E(y,n) := oo for (y,n) &€ As. Then:

(a) (A priori estimates). There exists C = C(S,Cw,7) > 0 such that for all (y,n) € Az we
have

/S VP e < C(Ealyn) + 1).

(b) (Compactness). Sublevels of € of the form {(y,n) € Az : E(y,n) < C and ||y||r2(s;rs) <
C} with C > 0 are compact in Ay considered with both, the strong topology of L*(S;R?) x
L?(S;R3) and the weak topology of H*(S;R3) x H'(S;R?).

(c) (Lower semicontinuity). Let (y*,n*),(y,n) € Ay and suppose that (y*,n*) — (y,n)
strongly in L2(Q) x L*(Qop). Then

liminf Eop(n*) > Eor(n),
k—o0

lim inf Eel(yk,nk) > Ea(y,n), provided limsup Sop(nk) < 0.
k—o0 k—o0

In particular,
lim inf £(y*, n*) > E(y,n),
k—o0

(d) (Continuity). Let (y*,n¥),(y,n) € Az and suppose that y* — y strongly in H?(S;R?).
Then

Ea(y",n*) = Ealy,n)  if n* = n weakly in H' (Qop),

Eor(nf) = Eor(n) if n* — n strongly in H'(Qtop)-

(See Section 4.5 for the proof.)

We note that in view of the previous lemma, the direct method can be applied to £ to prove
the existence of minimizers in H2 (S;R?) x H'(S;S?).

2.3 Boundary conditions for y

We establish refined versions of Theorem 2.3, where we take boundary conditions for y and/or n
into account. In this section we focus on boundary conditions for y. As it is well-known, cf. [26],
not every type of boundary condition for the deformation is compatible with the bending scaling.
We therefore restrict our analysis to the natural situation of clamped, affine boundary conditions
on “straight” parts of the lateral boundary 0S5 x (—%, %) of 2. For the precise statement we
make the following assumption on the boundary data:

Assumption 2.8 (Boundary conditions for the 2d-model). Consider kpc € N relatively open,
non-empty line segments L; C 0S and a reference isometry ypo € HE,(S;R3) such that for i =
1,...,kpc (the trace of ) V'ypc is constant on L;. We introduce a space of bending deformations
that satisfy the following boundary conditions on the line segments:

Apc = {y € H2,(S;R?) : y=ypc and V'y = V'ypc on L1 U... U Ly }-

11



As we shall see in Theorem 2.9, the 2d-boundary conditions emerge from sequences of 3d-
deformations (y,) € H'(Q; R?) with finite bending energy and subject to the following clamped,
affine 3d-boundary conditions,

yn(2', x3) = (1 — hé)ypo(2') + hasby,, () on (L1U...ULgy.) X (—%, %), (16)
in the sense of traces and for a compression factor 6 € R. In the following we write
Apcsni={y € HY (4 R3) : y satisfies (16) }. (17)

Theorem 2.9 (Clamped, affine boundary conditions for y). Let Assumptions 2.1, 2.8 and (3)
be satisfied.

(a) (Compactness in Apcspn).  Let 6 € R. Consider the situation of Theorem 2.3 (a)
and additionally suppose that y, € Apcsp for all h. Then there exist y € Apc and
n € H'(S;S?) such that (up to a subsequence) we have (8), yn — y strongly in L*(Q;R3),
(9) and (10).

(b) (Recovery sequence in Apcsp,).  Consider the situation of Theorem 2.3 (c) and addition-
ally suppose that y € Apc. Then for any

§>7Cw, (18)

the statements of Theorem 2.3 (c) hold for a sequence (yp) that additionally satisfies
Yn € Apcsh-
(See Sections 4.1 and 4.4 for the proof.)

Remark 2.10 (Condition (18)). The construction of the recovery sequence on affine regions of
y € Apc is based on a wrinkling ansatz that allows for recovering order-h-stretches in in-
plane directions. Compressions cannot be realized in this way. However, the nematic-elastic
coupling tensor (c.f. (2)) requires to realize compressions of magnitude of the order 7#Cyy. The
additional term —hdypc in the 3d-boundary condition (cf. (16) and (18)) allows us to introduce
a macroscopic in-plane compression, that, in combination with the wrinkling ansatz, yields a
recovery sequence realizing both, order-h-in-plane stretches and the required compressions.

A crucial ingredient in the construction of recovery sequences with prescribed boundary con-
ditions is the following density argument, which is of independent interest. It applies even to
non-convex domains S'

Proposition 2.11 (Density of smooth isometries in Apc). Let S satisfy (89) and let Assump-
tion 2.8 be satisfied. Then

Apc N C(S;R?) is dense in (Apc, || - | 2 (55m3))-
(See Section 4.8 for the proof.)

Remark 2.12 (Extension to non-convex S). In this paper, convexity of S is only used for the
construction of the recovery sequence (cf. Theorem 2.3 (c¢) and Theorem 2.9 (b)). With help
of [31], the results can be extended to non-convex domains satisfying the regularity condition
(89). In fact, we prove Proposition 2.11 already for non-convex S by combining results from
[31] with an extension argument. However, for the construction of the recovery sequence we
assume convexity of S to keep the arguments less technical and self-contained: Our construction
uses a decomposition of the non-flat part {I, # 0} (for smooth y € H2 (S;R?)) into connected
components. Convexity of S simplifies the geometry of such connected components, cf. proof
of Lemma 4.13.
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2.4 Weak and strong anchoring for the director on bulk and boundary

In this section we discuss a variety of anchorings for 3d-director fields nj, : Q¢op — S? and their
relation to anchorings for 2d-director fields n : S — S?. We shall distinguish weak and strong
anchoring. In the physics literature, strong anchoring refers to a point-wise condition for nj,.
Here, we impose them on two-dimensional surfaces of the body, in particular, on parts of the
lateral boundary, i.e., on

I, x (0, %) for some T',, C 95S.
On the other hand, weak anchoring is described by an additional term in the energy functional,
which assigns positive, but finite energy to deviations of the director from a prescribed behavior.
We shall consider both surface and volumetric anchorings, where the anchoring is imposed on
two-dimensional and three-dimensional subsets of the body, respectively.
From the modeling point of view, it is natural to phrase weak and strong anchorings for the
director field in local coordinates, i.e., in the coordinate system spanned by Vi yp (2') where 2/ € Q
denotes a material point and yp, : © — R? the deformation. Therefore, given a configuration
(yn,nn) € HYQR3) x H (Qtop; S?) we consider the transformed field

() = Cof (Viyn(2)) "'na(z) _ Viyn(z) nn(x)

| Cof (Viyn(z)) 1 nn(z)]  [Vayn(x) Tnn(2)]
We note that it is not possible to introduce surface anchorings for ny, directly, since, in general,
the trace of 7y, on two-dimensional surfaces is not well-defined. To overcome this obstacle we
consider two types of workaround solutions:

e One possibility is to consider only parts of the boundary where clamped, affine boundary
conditions for the deformation are assumed. Indeed, if I',, is contained in a flat part
of S x (0, %), where (yp,) satisfies (16) and has finite bending energy, then we have
Viyn = Rpc + O(h) close to ', in an L?-sense for some Rpc € SO(3). Thus, the ill-
defined restriction of 7y to I';, x (0, %) might be replaced by the trace of the field Rgcnh,

and we obtain a strong anchoring condition, which, for instance, takes the form
1
REconp = fipe on I';, x (0, 5) in the sense of traces,

for some Apc € H'(S;S?). As we shall see, in the limit ~ — 0 the strong 2d-anchoring
condition 7 = figc emerges, where 1 = RJ n € H'(S;S?) denotes the director in local
coordinates w.r.t. the isometric immersion .

e Another possibility is to consider volumetric weak anchoring through penalization energies
of the form

/ i, — fipe|®pda,
Qtop

where p € L'(Qtop) denotes a non-negative weight. In the limit h — 0 we recover the
1
weak anchoring [¢ |7 — fipc|?p(a’) da’ where p(a’) := [? p(2’, z3) das.
As we shall see, with help of volumetric weak anchoring, we can also justify

e weak and strong 2d-anchorings on parts of 3S where no conditions on the deformation
are imposed (see Lemma 2.17),

e weak and strong 2d-anchorings on the mid-surface of the plate (see Lemma 2.14).

Finally, we remark that we do not only consider anchorings of Dirichlet type (i.e., where the
value n is fully prescribed), but also conditions or penalizations that enforce tangentiality of
the director in the 2d-model, i.e., n - by, = 0, where y is the 2d-deformation.
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Strong anchoring on clamped boundaries. We first state a result that is a rather direct
consequence of Theorem 2.3 and treats general linear strong anchorings phrased for n in global
coordinates:

Lemma 2.13 (Clamped, affine boundary conditions and strong anchoring). Let Assumption 2.1
and (3) be satisfied, and let T,, C OS be relatively open. Consider ¥po : T, x R? — R3,
Upo(z',n) :=m(x") + M(z")n with m € L*(T,; R3) and M € L?(T,,; R3*3).

(a) (Compactness). Consider a sequence (yp,np) with equibounded energy in the sense of (7)
and assume that

11

\I]BC(CL',,TLh($)) =0 fO’I" a.e. r = (1,",1,’3) c Fn X (_57 5

)- (19)

Then in addition to the statements of Theorem 2.3 (a), any limit (y,n) of a subsequence

of (yn,mp) satisfies
Upe(a' n(z") =0 for a.e. ' € T,. (20)

(b) (Recovery sequence). Let (y,n) € Ay satisfy (20). Then there exists a recovery sequence
(yn,np) that satisfies the properties of Theorem 2.3 (c), and additionally (19). Further-
more, if Assumption 2.8 is satisfied and y € Apc, then the recovery sequence (yn,np) can
be constructed such that it additionally satisfies yn, € Apc 5, with S satisfying (18).

(See Section 4.6.1 for the proof.)

With help of the previous lemma we may treat strong Dirichlet and tangential anchorings:
For an illustration, we denote by £ C 05 one of the line segments of Assumption 2.8 and
consider some relatively open I';, C £. Note that for y € Apc, we have R, = Rpc on L for
a single rotation Rpc € SO(3). For 3d-director fields nj, € H'(Qop; S?) and 2d-director fields
n € H'(S;S?) we may consider the following strong anchorings:

e (Strong Dirichlet anchoring). Let figc : Ty — S? be given (and admissible in the sense
that it is the trace of some director field in H*(S5;S?)). Consider

Upo(a',n) = Rho(2)n — ipo(a’). (21)

Then Lemma 2.13 shows that the strong 3d-anchoring condition Rgcnh = fpc on I, X
(0, 3) leads to the 2d-anchoring condition Rj-n = fipc on Ty,

e (Strong tangential anchoring). Let vg denote the (constant) outer unit normal to S on
T',,. Consider

Upo(a’,n) = (Rge(x')n - (vs,0))er. (22)

Then Lemma 2.13 shows that the strong 3d-anchoring condition R;Cnh 1 (vs,0) on
T, x (0, %) leads to the 2d-anchoring condition Rgcn 1 (vg,0) on T'y,.

Volumetric anchoring. In this paragraph, we derive 2d-weak and strong anchorings imposed
on the mid-surface starting with weak 3d-volumetric anchorings in the form of weighted inte-

1
grals. To that end let p € L'(€4qp) be a non-negative weight and set p(2’) := [ p(z/, x3) das.
Furthermore, we consider g, 7 € L?(S;S?) for describing preferred orientations of the director
on the mid-surface. We introduce functionals Gp,, Hp, : L2(£2; R?) X L?(Q4op; R3) — [0, o0] defined
for (yn,np) € HY(Q;R?) x HY(Qop; S?) with det Viy, > 0 a.e. in Q by

Yy na Yy

2 2
ng| pdz, Hr(yn, 1) ::/ 19} pdx,

Qtop

Gn(yn,nn) = /

Qtop

[Vayy min| [Vayy nin|
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and Gy, (yp,npn) := Hp(yn, np) := +o0o otherwise. To express the corresponding 2d-anchorings,
we introduce the functionals Gyeak /strong» Hweak /strong : L?(S;R3) x L?(S;R?) — [0, 00] defined
by

[s IR n—nol?pda’ if (y,n) € As,

400 else,

0 if (y,n) € Az and (R)n —ng)p =0 a.e. in S,

400 else,

s \(R;n) DPPpda’ if (y,n) € A,

400 else,

0 if (y,n) € Ay and (Rjn-0)p =0 a.e. in S,

+o0o else.

gweak(y7n) = {
gstrong(y7n) = {
Hweak(y7n’) = {

Hstrong(yan) = {

Lemma 2.14 (Derivation of anchorings on the mid-surface).

(a) The statements of Theorem 2.3 hold with (&, E) being replaced by (En + G, E + Gweak) -
They also hold with (&, E) being replaced by (En + Hp, E + Hweak) -

(b) Let 0 < B < 1. Then the statements of Theorem 2.3 hold with (Ex,E) being replaced by
(En +h7BGy, £+ Gstrong)- They also hold with (&, E) being replaced by (Ep, + h=PH,, E +
Hstrong)'

(See Section 4.6.1 for the proof.)

In the special case p := % and U := e3, we obtain by Lemma 2.14 (a) the 2d-energy

1
(yn) = Egn) / In- b, do,
g Js

which features a weak anchoring term that penalizes non-tangentiality of n. Likewise Lemma 2.14
(b) leads to the point-wise, tangentiallity constraint

n-by =0 a.e. in S.

Anchoring on lateral boundaries I';, C 9S. Next, we justify weak and strong 2d-anchorings
imposed on boundary segments I';, C 3S. In contrast to Lemma 2.13, here, anchorings for the
director in local coordinates are treated. To simplify the analysis, we make the following as-
sumption:

I',, € 05 is relatively open with finitely many connected components, and (23)

the closure T',, is contained in a one-dimensional C?-submanifold of R2.
As mentioned before, it is not possible to directly consider anchorings for the director in local
coordinates on a 2d-surface I', x (0, 3). We therefore introduce the set

o :={¢—svg(¢): el 0<s<a},

where vg is the outer unit normal to S. Note that I, is a thin “boundary strip” that intersects
S, and that for ¢ — 0 “approximates” the boundary segment I',,. We shall consider weak
volumetric anchoring energies on (S NT'Y) x (0,4). To formulate these, we need to extend
the given boundary director field Apc : T’y — S? to the strip I'?. We consider the following
canonical extension that extends to a field that is constant along fibers orthogonal to I',:
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Lemma 2.15 (Canonical extension). Let S C R? be a bounded Lipschitz domain. Assume (23).
Then there exists @ > 0 (only depending on Ty, and S) such that for all g € L*(T';S?), the
identity

(Eg) (2’ — svg(a')) := g(a') for a.e. ' €T, and s € (0,5)
defines a unique function Eg € L?(T'7;S?). We call Eg the canonical extension of g.

(See Section 4.6.2 for the proof.)

We are now in the position to introduce the functionals that model the volumetric weak an-
chorings: For given data fipc, 7 € L*(I'y;S?) and o > 0 we consider G7,HY : L*(;R3) x
L2(Qtop; R3) — [0, oc] defined for (yp,np) € HY(Q;R3) x HY(Qop; S?) with det Vi,yp, > 0 ae. in
Q by

2

2 Yy,
Gi, (Yn>nn) = / 7%}%% — Enpc| dz,
o J(sarg)x(0,4) | [Vayy nal
2 v/ ?
H] (yn, nn) = / M 'Eﬁ’ dz,
o J(sarg)x(0,4) | [Vayy nal

and G7 (yn,nn) = HJ (yn,nn) := +oo otherwise. Above, Enpc and EZ denote the canonical
extension of ngc and D.

By appealing to Lemma 2.14 (a), for o > 0 fixed, we shall obtain weak 2d-anchoring energies
on the boundary strip (S NT?). The limiting anchorings are given by the functionals G, H7 :
L?(S;R3) x L%(S;R3) — [0, 0] defined for (y,n) € Ay by

1 1
G%(y,n) := / |R;—n—EﬁBc\2dx’, Ho (y,n) == / |R;—n-E19|2da:',
0 J(snryg) 0 J(SnTry)

and +oo otherwise.

Corollary 2.16. Assume (23). Then for all scaling parameters 5 > 0 and o € (0,5) (where
a > 0 only depends on Ty, and S), the statements of Theorem 2.3 hold with (&, E) being replaced
by (En+07PG7,E +07PG7) and also with (€, E) being replaced by (En + o PHT, E + o PHO).

The proof directly follows from Lemma 2.15 and Lemma 2.14 (a) and is thus left to the reader.
In a second step, we argue that a subsequent I'-limit for & — 0 yields weak and strong anchorings
on I',. To describe the latter we introduce the functionals Gyeak/strong,I'n s Hweak /strong,I
L3(S;R?) x L*(S;R3) — [0, ],

Gueater, (4,1 Fn|R In—npclPdH if (y,n) € As,
wesTn i +00 else,
G _)o if (y,n) € Ay and RJn =npgc a.e. on Iy,
strong,I'y, y, else,
Heener, (4,7 fs RT DPPAHY if (y,n) € A,
wes e A else,

if (y,n) € Ay andRJn-ﬁ:Oa.e. onI'y,

+oo else.

Hstrong,Fn (2/, ) = {

Lemma 2.17. Let S C R? be a bounded Lipschitz domain. Assume (23). Then the following
holds:
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(a) Let B = 0. As o0 — 0 the functionals € + G and € + H® I'-converge (w.r.t. strong
convergence in L*(S)) to the functionals € + Gyeakr, and € + Hyeak T, , respectively.

(b) Let 0 < B < % As 0 — 0 the functionals € + 072G and & + o= PH T-converge
(w.r.t. strong convergence in L*(S)) to the functionals € 4+ Gstrong.r,, and € + Hstrong,I'y »
respectively.

(See Section 4.6.2 for the proof.)

Remark 2.18 (Relation to simulations of Section 3). The results of this and the previous section
explain how 2d-boundary conditions for the deformation and the director field emerge from
3d-models. Let us anticipate that in Section 3 we present numerical experiments for 2d-models
with different types of boundary conditions. In this remark we comment on their derivation
from 3d-models.

(a) In Example 3.2 a 2d-model is considered with S := (=5,5) x (=1, 1), subject to boundary
conditions on £1 = {-5} x [—1,1] and L2 = {5} x [—1,1] for the 2d-deformation, its
gradient and the director. Furthermore, tangentiality of n is enforced. The situation can
be described by the 2d-energy (€ + Hstrong), Where Hgirong enforces the tangentiality of
n and is defined with p := 1 and n := e3. The clamped, affine boundary conditions for
y on L1 U Ly can be encoded by a suitable choice of Apc, while the strong anchoring
conditions of n take the form of the pointwise constraint (20) with ¥p¢ as in (21). This
situation can be derived as a I'-limit from a 3d-model of the form (&, + h™"Hy) (yn, nn)
(c.f. Lemma 2.14 (b)) subject to the clamped, affine boundary condition y, € Apc 5, and
the pointwise constraint ¥ pc(z/,np,(2)) = 0 on (£1 U L2) X (—3, 3) for the director field.
The passage to 2d then follows by combining Theorem 2.9, Lemma 2.13 and a variant
of Lemma 2.14. Indeed, one can check that Lemma 2.14 (b) extends to the case where
additional boundary conditions for the deformation and strong anchorings for the director
field are considered.

(b) In Example 3.1, the deformation and its gradient, as well as the director, are fixed on
a common boundary segment. This situation arises as a I'-limit via directly combining
Theorem 2.3 (b), Theorem 2.9 and Lemma 2.13 with Upc as in (21).

(c) In Example 3.3 boundary conditions are only prescribed for the 2d-director (in local
coordinates). This setting is motivated by the I'-limits of Corollary 2.16 and Lemma
2.17 (b).

2.5 Modeling and non-dimensionalization

In this section, we explain the derivation of the scaled and non-dimensionalized energy &, defined
in (1). In the following, variables with a physical dimension are underlined, e.g, we write x for
the position vector with physical dimensions and z for the position vector in non-dimensionalized
form. We consider a plate with reference domain Q := S x (—h/2,h/2), mid-surface S C R?,

thickness h, top layer O, := S x (0, h/2), bottom layer &, := S x (=h/2,0), and the energy

functional
E(y,n) = / W (z5, Vy)dz + / w (@g, L(ﬂ)’%y) dz + f@/ IVn(Vy) 12 det(Vy) dz,
Yy y o Yy Y y

Qpot 2Ztop QtOP

(24)
where y : © — R3 denotes the deformation of the plate and n : Qtop — S? the LC orientation in
the top layer. The first two integrals are the elastic energy stored in the deformed body with a
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material law described by the stored energy function W. The third integral is the one-constant
approximation of the Oseen-Frank energy (cf. [22, 38, 60]), which penalizes spatial variations of
n. It invokes as a material parameter the Frank elasticity constant « and is originally formulated
as K fy(Qmp) |Vﬁ|2 dzx for the director field n :=n o g‘l defined on the deformed configuration

Y(240p). The third integral in (24) is then obtained by (formally) pulling back the director field
to the reference configuration. )

The second integral in (24) invokes the step-length tensor L(n) :=r"3(I + (r —1)n®n), which
has been introduced in [17, 60] to model the nematic-elastic coupling of LCEs. Here, r > 0 is
an order-parameter. The product L(@)_%Vg can be understood in view of the multiplicative
decomposition Vy = /L(n)Fuast of the deformation gradient into a “poststrain” y/L(n) and
an elastic part F;ast. The elastic stress tensor only depends on the latter. We note that for
r > 1, \/L(n) describes stretching by a factor r3 in directions parallel to n and a contraction
by a factor r~% in directions perpendicular to n. The case r = 1 refers to the isotropic case,
i.e., when the nematic-elastic coupling is absent.

In order to non-dimensionalize the energy, we introduce a reference length scale £ and denote
by p a pressure scale. We then introduce the non-dimensional and scaled quantities

S:=£71S, hi=0"1h, x:=012 hlzy),
yp(x) == Z_lg(fx',ﬁh:cg), np(z) := n(€ax’, Lhxs), W(xs, F) := p ‘W (Lhxs, F).

We observe that

1
W&Qv n) = En(Yn,nn),

where &, (as defined in (1)) invokes the non-dimensional and scaled parameters

and 7 := .

9. K r—1
" plZh2 h

For homogeneous and isotropic materials, a typical choice for p is the shear modulus g of
W. For this choice, the quadratic term @ in the expansion of W at Isxs (cf. (W3)) satisfies
A

(15) with parameters p = 1 and A = o where g and A are the physical Lamé-parameters.

Furthermore, € is precisely the ratio between the length scale \/% and the thickness of the plate

h = hl. With the choice p := u, the length scale \/% is typically in the range 107°-10""m

(e.g., see [57, 60]), and thus & is typically rather small — yet values, of the order 1073101
might be realistic, e.g., see [29] for composites with nano-sized nematic LCE grains, and see [50]
for elastomers with g being in the range of 103-105Pa. Let us anticipate that in some of the
numerical simulations in Section 3 we set £ =1 (or even larger) to pronounce the effect of the
coupling with the surface Oseen-Frank energy. In particular, with # =5, £ =1, S = (—1,1)?,
\/g ~ 107"m, and the choice £ = 10~*m, we obtain h = 10™* and r = 1 + A7 = 1.0005. In

comparison, if we consider a plate with physical thickness h ~ 107°m (as in [53]) and diameter
£~ 107*m, we arrive at £=10"2, h=10"! and r = 1.5.

3 Simulation and two-dimensional model exploration

To simplify notation, we drop in this section the convention of denoting coordinates and opera-
tors in the two-dimensional setting with a prime and simply write x and V instead of 2’ and V'.
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We present in the following a numerical scheme for approximating stationary points of the di-
mensionally reduced energy functional in the case of a homogeneous and isotropic material. In
this case the elastic and local residual energy contributions are given as in Lemma 2.4 and the
resulting energy functional is

1 3r

vy
1 3r (1 2
o B} ]I el 7]_ T T
+12 S)\tr< y + 1 <3 Vy n® Vy n>> dz

2
dx

<3I Vy'n® Vy n)

2

1
2 gl — VyTn ® VyTn

—i—g/ \Vn|? dz,
2 Js

where A = puA(2p + \) !

_ 1 2
+ AP tr <3I —~Vy'n® VyTn> dz

3.1 Finite element discretization

We reformulate the energy functional before discretizing as follows. For any s € R? it holds
that |s ® s|?> = tr(s ® s)®. Furthermore, for isometries y € HZ (S;R?) we have that I, =
—(O1y A O2y) TV Vy as well as || = |trI,| = [VVy|. After expanding the quadratic terms and
reordering, the energy can be written as

1

1
(n+A) /|VVy| dz + - /u]Iy‘ (3I—VyTn®VyTn> dx

+ g / A (Ay - (01y A Oay)) tr (;I —Vy'n® VyTn> dx
s

72 . 2 2u+4A
+L (M+)\) tr <VyTn®VyTn> _ et tr <VyTn®VyTn) dx
16
f2
2 -
72( A+ )\\SH /\Vn\ dz.

We assume in the following that the two-dimensional domain S is polygonal and divided into
triangulations 7y, h > 0, consisting of triangles with maximum diameter less than or equal to
b, such that the Dirichlet boundaries I'y = UkBC L; and T';, are matched exactly by a union of
element sides, cf. Assumption 2.8 and Lemma 2.13 with Upc as in (21). We denote with Sy
the set of all sides of elements and with N the set of all vertices in the triangulation 7y. For
k > 0 let P,(T) be the set of all polynomials of degree & or less on T € Ty, and

2> (024 5V0() - (o - 2))

PR = {p e T s o) = x }

the reduced set of cubic polynomials resulting from Ps(7T") after prescribing the function value
at the center of mass 7 = (1/3)> . NynT Z- Our approximation employs the finite element
spaces

SY(Ty) = {ny € C(S) : ny|r € P(T) for all T € Ty},
SPET(Ty) == {yh € C(S) : yylr € PiY(T) for all T € Ty, Vyp continuous in all z € /\/},} ,
S2(Ty) = {0y € C(S) : 6y € Po(T) for all T € Ty} .
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In the spatial discretization of the energy, we employ the space of piecewise linear finite el-
ements S'(Ty;R3) C HZ(S;R3) for the director field and nonconforming discrete Kirchhoff
triangular (DKT) elements SPXT(7y; R?) for the deformation. The space S2(7y) serves as an
H?-conforming approximation space for gradients of discrete deformations from SDKT(ﬁ,; R3)
via the construction of a discrete gradient operator

Oy : SPET(Ty) — S*(Ty; R?)

as follows. First, we note that the degrees of freedom in SPXT are the function values and
gradients at the nodes of the triangulation whereas the degrees of freedom in S?(7y) are the
function values at the nodes and midpoints of element sides. Denoting with Z}E, ng € N, the
endpoints and with zg = (1/2)(2}; + 2%) the midpoint of a given side E € Sy, and choosing
normal and tangent vectors 7g and v for every side £ € Sy such that |7g| = |vg| = 1, we define
the unique discrete gradient field Oy € S%(Ty; R?) of a function y, € SPXT(Ty) via conditions

(Gpyp)(2) = Vyy(2),
(©yyy)(2E) - T = Vyy(2E) - TE,
(Onyy)(2E) - vE = % (Vyy(25) + Vi (23)) - vE,

for all z € My and all E € Sy. The definition of the discrete gradient is extended to vector fields
Yy € SDKT(E;]RS) by applying Oy to each component of yy. Approximation properties of Oy
show that the discrete gradient defines an interpolation operator on the space of derivatives of
functions in H3(S), see Chapter 8.2 of [9]. In the continuous setting the director field n takes
values in the sphere S? and the deformation y is an isometry in lbO(S R3). In the discrete
setting we impose the unit-length constraint as well as the isometry constraint up to a tolerance
Cp > 0 in the nodes of the triangulation, i.e. we consider the discrete admissible sets

A = {ny € SH(Ty; R?) s ny(2) = npe(z) for all z € Ny N Ty, |ny(2) — 1] < ¢ for all 2 € My}

and, assuming that ®pc = Vypc € C(I'y; R3*2) with ygc as in Assumption 2.8,
Ayp = {yh IS SDKT(E;RS) 1yp(2) = yc(2), Vyu(z) = Ppe(z) for all z € Ny N Ty,

(Vi (2))T Vi (2) — I| < ¢ for all z € M,}.

We use the shorthand notations Ay := div ©y for the divergence of the discrete gradient and
by(2) := 019y (2) A O2yy(2) for the nodal (almost-)unit normal and denote with Zy the interpolant
operator into element-wise linear functions. For (yy,ny) € Ayp x A,y the energy is now
discretized via

1 - &2
() 1= 5+ ) [ VOl de + Nop(opors) + 5 [ [TmoPda, (29

where N7y is a quadrature operator for the non-convex terms given by

7 1
Ni (yp, ) 2=8/th [uﬂyh : <31— Vyy ny ®Vy,,Tn,,>] dz

+ ;/If) |:)‘(Af)yh - by) tr (3[ Vyh ny ® Vyb nh):|
S

s 3 T T\ _2pt4

+ 6 SI;] [(,u + )\) tr (Vyh ny @ Vyy ”h) — T (Vyb ny @ Vy, nh)} dx
72 <
— 2)0)|S].

+ 28]

Derivatives of Ny p at (yy,ny) will be denoted with 0y Ny 4 (yp, ng) and 9, Ny (yp, ng)-
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3.2 Numerical minimization via discrete gradient flow

We employ a semi-implicit discrete gradient flow scheme for the approximation of stationary
points of the discretized energy. During the iteration each (pseudo-)time step is restricted to the
corresponding tangent space of the discrete admissible set at the current iterate. The tangent
spaces are obtained from linearizing the unit-length and isometry constraints and are defined
at ny € Ay p, yp € Ay via

Fup(ng) == {sy € S'(Ty; R?) : s5(2) = 0 for all z € Ny N Ty, sp(z) np(z) =0 for all z € Ny}
and
Fyp(yy) i= {wb € SPET(TR3) s wy(2) = 0, Vay(2) = 0 for all z € Ny NTy,

(Vwy(2))" Vi (2) + (Vi (2) T Vawy(2) = 0 for all z € N,,}.

We now define the discrete gradient flow via semi-implicitly approximating the variation of the
energy with respect to the deformation and the director field, relying on an implicit treatment
of the convex quadratic terms while making use of an explicit treatment of nonlinear parts. We
write

HE(S;R?) := {ve HY(S;R3) :v|p = 0}

for the set of functions in H'(S;RR?) that vanish on a closed, non-zero measured subset I' C 90
in the sense of traces. The scalar products on S%n (Ty; R3) == SY(Ty; R?) N H%n (S;R3?) and
SIDyKT(n;R?’) = SPRT (T R3) N Hlly (S;R3) are denoted with (-, ). and (-, )., respectively.

Algorithm 3.1. INPUT: initial values y° € Ay, nd e A, step size T > 0, stopping criterion
Estop > 0.

(1) Initialize k := 1.

(2) Compute y{; = y’h“*l + Tdty{;” with dtylg € ]:y,h(y,];*l) such that

_pEA

5 (V@by{f, V@bwb>

(deyh, w) e = — OyNryp (yg_l,nﬁ_l) [we)

L2(8)

Jor all wy € ]-"yh(yé“*l).
(8) Compute n’g = nlg_l + Tdtnlg with dtnlg € fnyh(nlg_l) such that

(dtn’g, Sp)x = —g? (an;, ng) — OnNr (ylg,ng_1> (]

L2(S)

for all sy € fn,h(nﬁfl).

1/2
(4) If ((dty{)“,dtyé‘)** + (dm’é,dmﬁ)*) < Estop; Stop the iteration at the approrimate equilib-

rium (yp°, ng®) = (y{f,nﬁ) Else, increase k via k — k + 1 and continue with (2).

3.3 Numerical experiments

The experiments presented here serve to illustrate the practical properties of the proposed
scheme as well as characteristic features of the LCE model and its energy landscape. Its sta-
bility as well as the convergence of the discretization are currently a work in progress and will
be presented in a follow-up paper. In the following we denote with (yﬁo,ngo) the numerical
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equilibrium state obtained from the discrete gradient flow. Since in general, we do not know
analytical minimizers nor their minimal energies we use the experimental order of convergence,

|Ean (Y25 n35) — E20(y5, 15y
|2 (Y55 m5%) — Ep(ye® )| )7

EOC‘; = log, <

as an approximate measure of the convergence rate for the discrete energies. Furthermore, we
let
Erri(ng) := max ||ng| — 1
1(np) max ||7p] — 1

and
Err; = max |Zy[Vy, Vyp| — I
rrlso(yh) ze%’ b[ Yy Z/h] ‘

measure violations of the unit-length constraint and isometry constraint that occur in the dis-
crete gradient flow scheme. Finally, we denote with

22
&y oF = 5 |Vng°|2dx
S
the Oseen-Frank energy of the numerical equilibrium configurations and, occasionally, use the
shorthand notation &, := & (y,c;o, ngo) for the corresponding total energy. The surface coloring
in the following plots always corresponds to the potential of the Oseen-Frank energy.
Note that the relaxation of the constraints that results from the linearization in the discrete
gradient flow effectively enlarges the admissible sets. This may lead to discrete minimizers with
lower energies compared to minimizers that one would obtain if ¢, = 0, i.e. if the nodal con-
straints were satisfied exactly. The experimental data supports the hypothesis that constraint
violation is controlled by the time step size which we usually choose proportional to the mesh
size. As a consequence in practice, the admissible sets A,, /2, A, /2 that correspond to a trian-
gulation 7y /; after one red-refinement of a mesh are, in general, no subsets of the admissible sets
Ay, Ay that correspond to the unrefined triangulation 7. This contributes to the reasons
why the observed experimental convergence orders that we observe in the following are not
always consistent. Another reason lies in the fact that asymptotic ranges might not be reached
due to our limited computational resources: all computations were performed on a standard
Intel® Core™ i3-3240 CPU @3.40GHz x 4 desktop computer.
As a final remark before presenting the experiments, we note that in the examples the choice
of required parameters is motivated by realistic materials, but adjusted to emphasize the inter-
action mechanisms of our model, cf. Section 2.5. An extensive research on what materials are
technically possible lies beyond the scope of this work.

Example 3.1 (Horizontally clamped plate). In this first example we let = 1, A = 1000 and
consider model parameters 7,& € {1,5}. These choices pronounce characteristic model traits.
Taking into account the considerations in Section 2.5, we also perform the calculations for 7 = 1,
€ =0.01.

We consider the two-dimensional reference configuration S = (—1,1) x (—1,1) with Dirichlet
boundary I' =T'y =T',, = {—1} x [—1,1]. We prescribe clamped, affine boundary conditions,

yec(z) = (2,0) ", ®pc = (1,0)",
for the deformation y and one of two different strong Dirichlet anchorings,

npc = (1,0,0)T, or n%c = (0, 1,O)T,
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for the director n. For triangulations 7y = Ti, k = 3,4,5,6, of S into halved squares with
side lengths 6 = 27% we compute approximations of stationary points of the energy (25) using
the alternating discrete gradient flow Algorithm 3.1 with stopping criterion egop = 2 x 1073,
Initial values are chosen as the flat deformation yg(x) = (z1,22,0) and, depending on the
anchoring, ng = n{o or ng = n%c. The finest triangulation 7g consists of 32’768 triangles and
corresponding discrete deformations and director fields are determined by 149’769 and 49’923
degrees of freedom, respectively. For each triangulation we choose the (pseudo-) time step size
T = 6/10. An exception to this choice of step size are the settings 7 = 1, € = 0.01, where
lower energies and constraint violations justify large step sizes 7 = 46 to avoid unnecessary high
iteration numbers. The resulting deformations for £ = 6 are depicted in Figure 3. Iteration
numbers, final energies, constraint violations and experimental convergence rates are listed in
Tables 1a and 1b for strong anchorings nj and nj,, respectively. Notably, with the anchoring
nfq, the experimental order of convergence of the discrete energies is negative in many cases.
This might be a consequence of relaxing of the node-wise unit-length and isometry constraints,
as well as it might indicate that the asymptotic range has not been reached in terms of grid
size. Violations of the point-wise unit-length and isometry constraints appear to decay linearly
with respect to 7 ~ b.

Example 3.2 (Compressive boundary conditions and strong tangential anchoring). We let
u =1, A =1000 and 7 = 4. This example investigates stationary configurations of a rectangular
strip with reference configuration S = (—5,5) x (—1,1) subject to compressive clamped, affine
boundary conditions

ypo(z) = (axy,22,0) ", ®pc = (1,0)7,

with compression factor 0 < o < 1 and € € {1,4} on I'y, = {-5,5} x [-1,1]. Throughout
the domain we restrict the director to tangential directions via imposing the additional (node-
wise) strong tangential anchoring constraint (01y A doy) - n = 0, cf. Remark 2.18(a). The
compression forces the plate to buckle up or buckle down, leading to stationary configurations
with different local energy minima. We consider a triangulation of .S into 10’240 halved squares
of side-length 6 = 2% and use the step size T = 6/4 in the discrete gradient flow, leading
to approximate stationary configurations with deformations and director fields determined by
47817 and 15’939 degrees of freedom, respectively. The stopping criterion egop = 2 X 1073 was
reached after a few thousand iterations in all cases and the largest observed constraint violations
were Errq(ng®) = 0.0565892 and Erris(yp°) = 0.0185882, both of which were observed in the
most “extreme” setting corresponding to £ = 4 and a ~ 0.637. In most considered cases the
constraint violations were smaller by at least one order of magnitude. We use corresponding
initial values yg in the discrete gradient flow to steer the evolution towards one of the stationary
configurations and observe that strong Dirichlet anchoring on I',, = I'y, namely

nSc = (1,0,0)" (“perpendicular”), or mnhy = (0,1,0)" (“tangential”),

can be used to render either deformation — “up” or “down” — more preferable energy wise.
Experimental results are collected in Table 2. Figure 4 shows the stationary configurations
approximating local minima of the energy for a = 37! sin(n/3) ~ 0.827 and both choices of
strong Dirichlet anchorings.

Strong Dirichlet anchorings may or may not influence energy response to varying compression
factors «, see Figure 5 where we compare the total energies of the equilibrium states for three
different compression factors. With certain combinations of coupling and order parameters 7
and & Dirichlet anchorings can be used to select between a notable energy response or almost
no response to compression. This is illustrated in Figure 5b for ¥ = 4, = 4, where a director
anchored perpendicularly to the clamped boundary corresponds to a significant energy response
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r=1¢=1 r=1,&=5 r=5¢=1 r=5,=95
&y = 5.863e—2 &y = 5.895¢—2 &y = 9.74Te—1 &y = 1.008
5h70F = 3.119e—4 gh,OF = 1.272e—-5 gh,OF = 3.107e—2 &)70}? = 1.548e—3

— ” =

r=1,=5 r=1¢e=1 Fr=5¢=1 F=5 =5
& = 1.128e—1 & = 1.131e—1 & = 1.739 Ey = 2.433
gh,OF = 2.475e—4 8!),OF = 9.953e—6 55701: = 5.204e—1 &)70}? = 7.251e—3

= R
r=1,&=0.01 r=1,£=0.01

&y = 2.153e—2 &y = 2.785e—2
g[%OF = 3.184e—4 5(]701:‘ = 1.818e—3

Figure 3: Deformations and director fields of a horizontally clamped LCE plate for different
strong Dirichlet anchorings on the clamped boundary with varying model parameters in Exam-
ple 3.1; top row: perpendicular anchoring, middle row: parallel anchoring (with respect to the
clamped boundary), bottom row: perpendicular (left) and parallel (right) anchoring.
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=3
M

#iter &y Erry(ng®)  Erriso(y5°) EOC%
1 1 1103 5.759e—2 6.259e—4  1.232e—3 —
2159 5.799e—2 3.129e—4  6.159e—4 —
4241 5.833e—2 1.564e—4  3.078e—4  2.026e—1
8333 5.863e—2 7.816e—5 1.538e—4  2.156e—1
1 ) 1114 5.800e—2 6.295e—4  1.259e¢—3 —
2188 5.837e—2 3.147e—4  6.295e—4 —
4310 5.868e—2 1.573e—4  3.146e—4  2.200e—1
8494 5.895e—2 7.858e—5 1.572e—4 2.165e—1
1487 9.141e—1 1.274e—2 1.815e—2 —
2845 9.412e—1 6.256e—3 8.911le—3 —
5871 9.597e—1 3.100e—3 4.414e—3 5.491le—1
12858 9.747e—1 1.543e—3 2.196e—3 3.013e—1
5 ) 1446 9.463e—1 1.310e—2  2.529e—2 —
2690 9.736e—1 6.457e—3 1.242e-2 —
5266 9.923e—1 3.206e—3 6.152e—3 5.467e—1
10621 1.008 1.596e—3  3.061le—3 2.300e—1
1 le—2 2996 1.678e—2 1.430e—2 2.374e—2 —
5278 1.992e—2 7.033e—3 1.190e—2 1.672
10058 2.153e—2 3.469e—3  5.946e—3  9.639e—1

* *

*

S U x| O UL i WO T WO O i WO Ui W &
ot
—

(a) Strong Dirichlet anchoring nj (perpendicular to the clamped boundary).

=3I

g H#iter & Err(ng®)  Erriso(y5°) EOC‘E
1 1 1045  1.109e—1 9.705e—5 1.939e—4 —
2085  1.11le—1 4.80le—5 9.60le—5 —
4164 1.117e—1 2.356e—5  4.726e—5 —1.865
8332  1.128e—1 1.141le—5 2.307e—5 —8.106e—1
1 ) 1051 1.112e—1 9.641e—5 1.929e—4 —
2079  1.114e—1 4.770e—5 9.554e—5 —
4152 1.120e—1 2.340e—5 4.704e—5 —1.926
8310 1.13le—1 1.133e—5 2.296e—5 —8.189%e—1
24726 1.649 2.504e—3 5.768e—3 —
45836 1.683 1.218e—3  3.024e—-3 —
81777 1.714 6.07le—4  1.453e—3 1.168e—1
140265 1.739 2.950e—4  6.570e—4 2.963e—1
5) ) 1686 2.187 2.534e—3  5.083e—3 —
3384 2.255 1.236e—3  2.461le—3 —
6971 2.330 5.955e—4  1.187e—3 —1.27le—1
14434 2.433 2.795e—4  5.67le—4 —4.622e—1
1 le—2 6417 1.666e—2 3.210e—3 3.922e—3 —
11790 2.310e—2 1.489%e—3  1.949e—3 4.352e—1
21862  2.785e—2 6.939e—4  9.557e—4 4.426e—1

X

*

S UL RO O i WO UL WO Ui WO O i W &
ot
—

*

(b) Strong Dirichlet anchoring n}, (tangential to the clamped boundary).

Table 1: Experimental results for the clamped plate in Example 3.1 with refinement level k
for two different strong Dirichlet anchorings and varying choices of 7 and &. Lines in which
the refinement level is marked with an asterisk were obtained using larger step sizes. For the
settings € = 0.01 we omitted lines for refinement levels k = 3 due to space restrictions.
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& =15.23
Epor = 1.424

&y = 13.73
&y or = 1.732

(a) “up” with perpendicular anchoring nj. (b) “down” with perpendicular anchoring njq.
&y =12.74 & =12.74
Ey,or = 0.7502 Ey,or = 0.7506

(c) “up” with tangential anchoring nj. (d) “down” with tangential anchoring nj.

Figure 4: Discrete total energies and Oseen-Frank-Energies of the depicted configurations in
the case ¥ = 4, € = 1 of Example 3.2 with strong tangential anchoring with compression
factor a =~ 0.827. The strong Dirichlet anchoring of n on the clamped sides influences which
deformation of a compressed strip is preferable energy wise.
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(a) F=4,=1. (b)7=4,=4.

Figure 5: Plots of final energies versus three different compression factors in Example 3.2. In
the case ¥ = 4, &€ = 4 strong Dirichlet anchorings may be used to select between almost no
energy response (for n}éc) and significant energy response (for nj) with respect to varying
compression factors.

whereas the energy for all three compression factors stays almost the same in the case of a
tangentially anchored director. Higher Oseen-Frank energies play an important role in increasing
the energy response when using perpendicular anchoring, see Table 2. In this experiment
initial configurations in the discrete gradient flow were chosen as interpolants of a continuous
deformation consisting of four circular arcs, each of arc length 2.5, glued together. The three
considered compression factors of approximately 0.637, 0.827 and 0.900 correspond to circular
arcs with central angles 7/2, 7/3 and 7 /4.

Example 3.3 (Strong circular director anchoring). We let = 1, A = 1000 and use parameters
7 =4, € = 0.5. For cut-out regions

K =0, Ky:=[1,4?% Ks:=[2,3%, K;:=[2,3]x[1,4],

we consider the two-dimensional reference configurations S; := (0,5)?\ K; with Dirichlet bound-
ary I'y =0, ', = {0,5} x [0,5] U [0, 5] x {0,5}. There are no clamped boundary conditions in
this example. Instead, we fix a reference frame by prescribing values for y and Vy at only one
vertex, thereby guaranteeing well-definition of the descent steps for ¢ in the discrete gradient
flow. With the center of the domain mgq = (2.5,2.5)T, we use strong Dirichlet anchoring

npc(r) = |z — mq| (—xo + 2.5, 21 — 2.5, 0)

for the director n = RJ n in local coordinates.

For triangulations 79 =T s k=1,2,3,4, of S; into halved squares with side lengths 6 =27% we
compute approximations of stationary points of the energy (25) using the alternating discrete
gradient flow Algorithm 3.1 with stopping criterion estop = 2 x 1073, As initial values we use
yg (z) = (x,0)T for the deformation and a smooth extension of fipc to O\ B;(0) for the director,

and set ng(O) = (0,0,1)7 for the domain S;. The finest triangulations 7:{ consist of at most
12’800 triangles and corresponding discrete deformations and director fields are determined
by 59’049 and 19’683 degrees of freedom, respectively. For each triangulation we choose the
(pseudo-) time step size T = b /2. Resulting deformations and director field configurations
together with their final energies are illustrated in Figure 6. The resulting iteration numbers,
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o ¢ anchoring buckling &y &y oF Erri(ng®)  Erriso(y5°)

0.637 1 nHe “up” 1.677el 2.251 6.444e—4  1.086e—3
nHe “down”  1.454el 2.434 1.10le—2  1.035e—3

n%c “up” 1.350el 6.116e—1 6.928e—7  6.063e—4

n%c “down” 1.350el 6.113e—1 5.778e—7  6.070e—4

4 nHo “up” 3.639¢l  1.541el 4.588e—2  1.877e—2

nHe “down”  3.55bel  1.577el 5.659e—2  1.859e—2

n%c “up” 1.428e1 9.078e—2  3.646e—8  2.456e—4

n%c “down”  1.428el 9.071le—2 3.653e—8  2.458e—4

0.827 1 nHe “up” 1.523el 1.424 2.556e—11 3.813e—4
nHe “down”  1.373el 1.732 6.856e—3  5.299¢—4

n%c “up” 1.274e1  7.502e—1 1.018e—6  5.703e—4

g “down” 1.274el 7.506e—1 6.492e—7  5.732e—4

4 nHe “up” 2.693el 9.175 1.231e—2  7.837e¢—3

nHo “down”  2.605el 9.429 1.888¢—2  7.639e—3

n}éc “up” 1.369el1 1.057e—1 4.254e—8  1.083e—4

n%c “down” 1.369el 1.056e—1 4.275e—8  1.083e—4

0.900 1 nHe “up” 1.440el 8.031e—1 1.609e—11 2.087e—4
nHe “down”  1.344el 1.465 4.422¢—3  3.85le—4

n%c “up” 1.242el1  8.292e—1 1.303e—6  6.253e—4

Y “down” 1.242el 8.292e—1 5.780e—7  6.307e—4

4 nHe “up” 2.289%¢1 6.657 1.737e—3  3.359e¢—3

nHo “down”  2.211el 6.833 4.731e—3  3.782e—3

e “up” 1.347el 1.147e—1 4.282¢e—8  7.232e—5

nhe “down” 1.347el 1.146e—1 4.335e—8  7.222e—5

Table 2: Experimental results for the compressed plate in Example 3.2 with 7 = 1 and strong
tangential anchoring with different compression factors . Varying proportions &, /& or are
clearly recognizable.
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& =9.153
EyoF = 3.157

(a) Tangential circular director anchoring on
square domain.

& = 8.221

& = 6.726
&y or = 2.012

(b) Tangential circular director anchoring on
square domain with square cutout.

&y = 7.437

EyoF = 2.788 &y or = 2.506

(d) Tangential circular director anchoring on
square domain with rectangular cutout.

(¢) Tangential circular director anchoring on
square domain with small square cutout.

Figure 6: Deformations and corresponding final energies for strong circular tangential director
anchoring with different cutout regions in Example 3.3.

final energies, constraint violations and experimental convergence rates are listed in Table 3. The
largest deformation is developed for the largest cut-out region K. In this setting a significantly
higher number of iterations was needed in the discrete gradient flow to reach the approximate
equilibrium state than in the other settings. As in Example 3.1 we observe that the violations
of both the nodal unit-length and isometry constraint seem to be bounded linearly in terms of
the step size.

3.4 Conclusion

In the simulations the delicate interplay of competing energy contributions in the LCE bilayer
model results in rich, non-trivial deformations. Our experiments confirm that the bending and
buckling behavior of an LCE plate can be influenced, or even controlled, in a multitude of
ways. Depending on model parameters, anchorings and boundary conditions, either the Oseen-
Frank term that corresponds to crystalline order, or the elastic and residual stress terms that
correspond to coupling effects, play a dominant role in the energy minimization. Interesting
effects can occur when transitioning from dominant crystalline order to dominant coupling in
the energy landscape or vice versa, cf. the case 7 = 5, € = 1 in Figure 3. Bearing in mind
possible engineering applications, values of £ ~ 1 correspond to plates with a physical thickness
in the range of Inm — 100nm, cf. Section 2.5. In theory one could compensate for a greater
plate thickness by employing soft materials with very low shear modulus values. High Oseen-
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Cutout k #’7? #iter & Eor Err (ngo) Erriso(ygo) EOC‘;
K 1 200 2516 7.350 4.278 3.121e—2 1.163e—1 —
2 800 1645 8.580 3.240 1.494e—2 4.314e—2 —
3 3200 2205 8.989 3.179 7.676e—3 1.478e—2 1.587
4 12800 3648 9.153 3.157 3.836e—3  5.276e—3 1.320
K5 1 128 2850 4.728 3.847 9.354e—3  3.234e—1 —
2 512 8983 6.419 2.104 5.464e—3 1.117e—1 —
3 2048 20227 6.766 2.089 3.411e—3  3.556e—2 2.284
4 8192 24782 6.723 2.012 1.523e—3 1.204e—2 3.029
K3 1 192 2621 6.472 4.325 2.984e—2 1.439¢—1 —
2 768 1767 7.682 2.884 1.513e—2 5.033e—2 —
3 3072 2470 8.042 2.810 7.865e—3 1.655e—2 1.753
4 12288 4122 8.221 2.788 3.945e—3 5.712e—3  9.985e—1
Ky 1 176 2766 5.451 4.313 2.868e—2  2.125e—1 —
2 704 1562 6.973 2.523 1.502¢—2  7.736e—2 —
3 2816 2382 7.284 2.501 8.247e—3 2.700e—2 2.289
4 11264 4072 7437 2.506 4.035e—3 1.459e—2 1.025

Table 3: Experimental results for strong circular tangential director anchoring for different
refinement levels k£ and different cutout regions in Example 3.3.

Frank energies can, of course, also result from certain anchoring conditions. The softening
and hardening of a strip with respect to compression in Example 3.2 is closely related to such
effects. In that example the buckling behavior after compression is influenced by the respective
anchorings, that either allow for almost perfect director alignment, i.e., practically negligible
Oseen-Frank energies, or yield Oseen-Frank energies that are equal to approximately half of
the total energy. In the latter case, the effect that comes into play is an incompatibility of
the strong anchoring conditions on the Dirichlet boundary and mid-surface with the enforced
buckling deformation that results from compressive boundary conditions.

4 Proofs

In Section 4.1 we prove Theorem 2.3 (a) and Theorem 2.9 (a), which are concerned about
compactness. In Section 4.2 we prove Lemmas 2.4, 2.6 and 4.3. These results establish properties
of Qe1, Fres and B. Specifically, Lemma 4.3 yields a relaxation formula, which is used in the
proofs of the lower- and upper-bound parts of Theorems 2.3 and 2.9. These proofs are presented
in Sections 4.3 and 4.4, respectively. The proof of Lemma 2.7 is presented in Section 4.5. In
Section 4.6, we present the proofs for Lemmas 2.13 — 2.17 about anchorings for the director
field.

In the proofs of the upper bound parts of Theorems 2.3 and 2.9 (cf. Section 4.4) we appeal
to two auxiliary results of independent interest: the density result, cf. Proposition 2.11, and a
general construction for 3d-deformations, cf. Proposition 4.4. The proofs of these results are
presented in Section 4.8 and Section 4.7, respectively.

4.1 Compactness: proof of Theorem 2.3 (a) and Theorem 2.9 (a)

For the proof of the compactness and lower bound parts of Theorems 2.3 and 2.9, we require
the following a priori estimates:
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Lemma 4.1 (A priori estimates). Let Assumption 2.1 be satisfied and let S be bounded and
open. Consider a sequence (yp,ny) with finite energy in the sense of (7). Let 1 < p < 2 be
defined by the identity qw = 452-. Then,

2—p

) 1 .9

lim sup 72 dist*(Vayn, SO(3)) < oo, (26)
h—0 Q

timsup [ [Shn™ + |det(Tan)| ¥ < o (27)
h—0 Q

limsup/ \thh(vhyh)_l\Qldet(Vhyh)] < 00, (28)
h—0 Qtop

limsup/ |Ving|P < oo. (29)
h—0 Qtop

Furthermore, there exists h > 0 (depending on the sequence (yn,ny)) such that
det(Vpyn) > 0 a.e. in for all 0 < h < h. (30)

Proof. For convenience we introduce the shorthand notation

and note that there exists a constant C = C(7) > 0 such that for all 0 < h < &,
|By| <C  and  |det(I + hBy) — 1|+ |(I + hBy)~" — I| < min{}, Ch}. (32)

In view of (7) we have &,(yn,np) < oo for all 0 < b < h and some h > 0. In the rest of the
proof we assume that Ch|F| <1 and 0 < h < h.

Step 1 — Proof of (26).
From (7), (4), and (W2), we conclude that

. 1 :
lim sup h2/ dist?((I + hByp,)Viyn, SO(3)) < oo,
h—0 Q

and thus, (26) follows with help of (32) and triangle’s inequality.

Step 2 — Proof of (27) — (30).

We start with the argument for (30) by noting that det(Vys) = det((I + hBy) 1) det ((I +
hBh)Vhyh). The first factor on the right-hand side is positive by (32), while the second factor
is positive thanks to &,(yn,nn) < oo and the growth condition (W4). Hence, (30) follows.
In view of the latter, (28) directly follows from (7). To see (27), we note that (32) yields
|Vayn| < 3|(I+ hBp)Viyn| and | det(Vi,yp)| ™! < 2| det ((I—i—hBh)Vhyh)rl, which together with
(W4) implies

aw

| ISl -+ |det(Shan)l % < Claw, ) [ (Wian, (24 5By Shan) + 1),
top

Qtop

where C'(qw,Cw) > 0 only depends on gy and Cyy. Hence, (27) follows, since the right-hand
side is controlled by 1 + h2E(yp, np,).
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Finally, from |Vinp| < det(Vhyh)%\thh(Vhyh)_l\ |Vhyn| det(Vhyh)f%, and a triple Holder’s
inequality, we get

1
P
(/ |thh|p> < (/ |thh(Vhyh)_1|2\det(%%)\)
Qtop Qtop
1
<\
Qto

SIS

P

_1 _1
aw q aw
|Vhyh|qw> (/Q \det(Vhyh)\_gV> .
top

Hence, (29) follow from (27) and (28). O

Next, we recall the celebrated compactness result for sequences with finite bending energies:

Lemma 4.2 ([26, Theorem 4.1]). Let S C R? be a bounded Lipschitz domain. Let (yp) be a
sequence in H'(;R3) with finite bending energy in the sense of (26). Then there exist y €
HZ (S;R3), M € L?(S;R2%2), and d € L*(Q;R?), such that for a subsequence (not relabeled)

we have o
Viyn — Ry strongly in L*(Q;R3*3), (33)
En(yn) = t(xslly + M) + sym(d ® e3) weakly in L* (Y Rg’;n?;), (34)
where we recall the definition Ep(yp,) := (Vhyh)}jvhyrl of the monlinear strain.

We note that (34) is not explicitly stated in [26]; yet, it can be established along the lines of
the proof of [26, Theorem 7.1]. Statement (34) is also a direct consequence of the two-scale
compactness result for the nonlinear strain [30, Proposition 3.2].

Proof of Theorem 2.3 (a). Step 1 — Argument for (8), (9), (10) and y € H2_(S;R3).
Statement (8) and y € HZ (S;R?) directly follow from Lemma 4.2, which we may apply
thanks to (26). Moreover, thanks to (29) and the unit-length constraint, (ny) is bounded in
WLP(Qtop;R?’). Thus, there exists n € Wl’p(Qtop;R?’) such that np — n weakly in leP(Qtop)
for a subsequence. By compact embedding WP (Qop; R3) C LY(Qtop; R?) we have nj, — n
a.e. (for a subsequence), and thus n € S? a.e. in Qop. Dominated convergence yields (9). By
(29) we obtain (10) (after possibly passing to a further subsequence). Moreover, from +d3n; — d
weakly in LP(op), we deduce that d3np — 0 strongly in LP(op). Hence, 03n = 0 and we can
identify n with a function n € W1P(S;R3).

Step 2 — Proof of (V'n,d) € L*(Qtop; R3*3).

The claimed integrability is a consequence of the following observation: Consider sequences

(Gh), (Fp,) such that Gj, = G weakly in LP(Q¢op; R3*3), and F}, — R strongly in LQ(QtOp; R3*3),
Suppose that a.e. in  we have det F}, > 0 and R € SO(3). Then,

/ ]G|2§Iiminf/ |GRFy ! ? det(Fy) da. (35)
Qtop h—0 Qtop

Before we present the argument, we note that an application of (35) with Gy, := Vynp, G =
(V'n,d), Fy, := Viyp, R = R,,, combined with (28) (to bound the right-hand side of (35)) yields
(V'n,d) € L*(Qop; R3*3). For the proof of (35) consider the map

P - R3><3 N RSXB

B(F) = {F—l\/W if dist(F,SO(3)) < L,

0 else,
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and note that ® is measurable and bounded, i.e., Cp := suppcgsxs |®(F)| < co. We may pass
to a subsequence such that Fj, — R a.e. in {}iop. Since @ is continuous in an open neighborhood
of SO(3), and since R € SO(3) a.e., we conclude that ®(F},) — ®(R) = R' a.e. Together with
the bound |®(F})| < Cp, we conclude that G, ®(F,) — GR" weakly in LP(Qyp), and thus, by
the weak lower semicontinuity of convex integral functionals, we have

/ IGRT|? < liminf/ |GL®(F)) %

Qtop h—0 top

Now, (35) follows, by combining this with the pointwise identity |GR"| = |G| and the pointwise
upper bound |G ®(Fy)|?> < |Gh(F,)~Y?| det(F},)| (which is a consequence of the definition of
D). O

Proof of Theorem 2.9 (a). Theorem 2.3 (a) already yields (9), (10) for some n € H'(S,S?).

Step 1 — Strong convergence of (yp,) in L2.
By (8) there exists y € H2 (S;R?) such that

Vhyn — Ry strongly in L%(12), (36)

up to a subsequence. With help of the boundary condition (16) and Poincare’s inequality, we
conclude that (yp,) is bounded in H'(£2). Hence, the compact embedding H' C L? yields in
addition to (36) that y; — y + ¢ strongly in L?(Q) for some constant vector ¢ € R3. Since the
right-hand side in (36) is invariant w.r.t. addition of constants, we may assume w.l.o.g. that
c=0.

Step 2 — Argument for y € Apc.

We consider the line segment £; and show that y and V'y satisfy the required boundary condition
on L;. Let z{, € L£;. Since L; is relatively open, we can choose rg > 0 such that the ball
B(zf;70) C R? satisfies

B(xg;m0) N IS C L; and B(x(;m9) NS is connected.

Next, we extend yj, affinely to the 3d-domain B := B(x(;ro) X (—%,%
cedure: Since ypc is affine on L£;, there exist Ry € SO(3) and yp € R
Yo + Ro(x' — x},0)T on L£;. Consider the extension

) by the following pro-
3 such that ypo(2') =

in: B — R3, (2!, x3) 1= (1= hé)(yo + Ro(2’ — z(,,0) ") + hzgRoes if 2’ € B(z{;mo) \ S,
yn (2, z3) else.

By construction, we have §|p € H'(D;R3) for D = B\ Q and D = BN §), respectively.

Furthermore, the traces of these two restrictions are equal thanks to (16) and the assumed

linearity of ygc on £;. We conclude that g, € H'(B;R3). Moreover, from

Ro — hé(R, R 0 B\
thh:{ 0 ( 0€1, 062,) on \ ) (37)

Vayn on BN,

we conclude that (fj;,) has finite bending energy in the sense that lim sup A2 [, dist®(V, 5, SO(3)) <
h—0

oo. Hence, by Lemma 4.2 and the argument of Step 1 there exists § € H2_(B(zf;70); R?) such

1S0
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that (Jn, Viin) — (4, Ry) strongly in L?(B). By passing to the limit in (37) with help of (36)
and y, — y in L?(Q), we obtain the identity

o1y (00 B = x0) o) in Blrgir)\ S
b (y, Ry) in B(zg;ro) N S.
Since (7, Ry) € HY(B(z{;r0)) and (y, Ry) € HY(B(z{;10) N S), we deduce
(y, Ry) = (o + Ro(- — 74,0) ", Ro) = (ypos Ryse)  om Li N Bxp; ro)
in the sense of traces. Since x, € L; is arbitrary, we conclude that y satisfies the required
boundary condition on £;. Since i € {1,...,kpc} is arbitrary, y € Apc follows. O
4.2 Representation: a relaxation formula and proof of Lemmas 2.4 and 2.6

We first state and prove the following relaxation result. It motivates Definition 2.5 and it is
used in the proofs of Theorem 2.3 (b) and (c).

Lemma 4.3 (Relaxation formula). For all A € R2X2 and U € R3X3 we have

Sym Sym

inf { /;1 Q(.CU;J,, UxzA) + L(xz > 0)5U + o(M) + sym(d(x3) @ 63)> dzs :

M

sym>

= Qu(A+FB(U")) + P Eres(U'),

M e R22, d e L*((~-1,1);R?) }

where U’ denotes the upper-left 2x2-submatriz of U and the minimum is attained.

Proof. We first note that

1

it [ Q) + 10 > 05U+ (M) +symd(as) @ es)) da
€ sym -

deL?((— fyf)RS)

X 2
= min
MR J—

where ()2 is defined as in Definition 2.5. We next rewrite (x) based on a projection scheme that

is inspired by [15]. To that end, we denote by H the Hilbert space L?( (—%, 5) ngxlﬁ) with norm

1
IG|)? = ff% Q2(w3,G(23))dzs. By Hag := {234 + M : A, M € R2%2} we denote the closed

N

Q2 <$3,$3A + M +1(x3 > 0)%U’> dzsg =: (),

N

Sym
subspace of affine, ]RQXQ—VaIued functions in H, and by Hyg the orthogonal complement in H, g
of ]ngxf1 We write Pgd H — Hy, (resp. Pag : H — H,g) for the orthogonal projection onto

Hy, (resp. H.g). By the Pythagorean Theorem and Phy 0 Pyg = Pay, for all F' € H we have,
min [|F + M|} = min |[PagF + M|+ [|(1 = Pag) FII? = [|P2aF[[? + (1 = Pag) F1?
MeRZ2 MeR2)2
= || PoaF||? + ]&mn |x3A 4+ M + F|2.
Applied with F : (=3, 1) — R2X2) F(x3) := 234+ 1(23 > 0)5U’, we obtain the identity

sym?

1 1
(*) = 21 QQ (acg, PQdF) dxg + min /21 QQ (:L‘g, ZEgA/ + M/ + 1(:63 > 0)%U’> d$3. (38)

2x2
-1 Al M €Ryy J 1
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Note that the second summand on the right-hand side equals 72 Eyes(U’). Thus, it remains to
show that the first summand can be rewritten in the claimed form. To this end, we consider
the map

®:RYZ = Hyy,  O(A) = PaglasA),

where x3A stands short for the map (—%, %) 5 x3 — x3A. We note that @ is an isomorphism.

Indeed, ® is linear and bounded and satisfies ||®(A)||2 > 54— |A|? as a consequence of (5).

12 Cw
Since the dimensions of ]ngxn% and Hyg are the same, & must be an isomorphism. We claim that
FBU) = (@1 o PQd)(l(xg > o)gU’) for all G’ € R2¥2, (39)

Before we present the proof of the claim, we note that with help of (39), the first integral on
the right-hand side in (38) can be written in the form

/j Q2 (5637 P2d($3A + ngIB%(U’))) = Qu(A+7B(U")),

which completes the proof of Lemma 4.3. It remains to show (39). For the argument, we
recall the notation Gi,...,G3 for the standard basis of ngxnzl and the definition of A;, M;,
cf. Definition 2.5. We claim that

B(A;) = PQd(1(£U3 > 0)%01), i—=1,2,3. (40)

Indeed, in view of the definition of A;, M;, we have Pyg (1(&03 > O)%Gi) = x3A; + M;. Hence, in

view of Pgd = Pgd o Paﬁ, we have Pgd(l(SUg > 0)%671) = Pgd(l‘gAi + MZ) = Pgd(ngi) = (I)(Ai),
and thus (40). By applying the isomorphism ® to both sides of (39) and by appealing to the
definition of B, we see that (39) is in fact equivalent to (40). O

Proof of Lemma 2.4. In this proof, we write Q(-) := Q(x3,-) and Q2(-) = Q2(z3, ), emphasizing
the independence from x3.
By definition of Q¢ and by orthogonality, we indeed have

Qu(A) = min ( j Qs(234) +Q2(M)> - %QQ(A). (41)

2X2
MeRZ)2 1

Next, we note that for each A, M, T € R2X2 we have

ym

[ @a(1(as > 0T = (224 -+ 1)) day
3 (42)

=

=Q2(AT — M) + —Q2(37 - A) + %QQ (7).

1

\V]

which can be seen by using the L?((—3, 3))-orthogonal decomposition 1(z3 > 0) = 5 + 3z3 +

(1(z3 > 0)— 3 —3x3). Using (42) with 7' := U and (41), we obtain the claimed form of Eyes(U).
Using (42) with T := £G; and G; from Definition 2.5, we obtain that A; from Definition 2.5
takes the form A; = 2G;. Now,(14) directly follows from the definition of B.

For the second part of the proof, we assume the material to be isotropic. Then, the minimizer
d in (12) is given by

A
d=— tr(A
20+ A r(A)es,
which leads to the claimed form of ()¢;. The remaining representation for FE. follows immedi-
ately with (13). O
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Proof of Lemma 2.6. Step 1 — Proof of (a) and (b). Note that by (5) we have ﬁQ(G) <
Q2(73,G) < CwQ(G), where Q(G) := |sym G|2. Hence, the claims of (a) and (b) follow with
help of (42) applied to Q2 := Q.

Step 2 — Proof of (c).

The linearity of B is obvious. For the boundedness, let A; and M; be defined as in Definition 2.5
and note that

120 | G; — A; |2 C / sym :Eg > 0)%Gl — (stz + Ml))|2

1
2

< /1 Qg(l’g, (IE3 > 0)%G (CL':),A +M)) = Eres(G’i)

where the first estimate holds by (42) applied to Q2 := |sym(-)|, the second estimate holds
thanks to (5), and the last estimate holds by (b). Hence, we conclude that |A4;| < %(CW +
V3). O

4.3 Lower bound: proof of Theorem 2.3 (b)

Proof of Theorem 2.3 (b). 1t suffices to consider the case liminfy, g &, (yp, nn) < co. By ap-
pealing to Lemma 4.2 and Theorem 2.3 (a), we may pass to a subsequence (that we do not
relabel) such that

Vihyn —Ry strongly in L?(1), (43)
En(ypn) —E = 1(x31, + M) + sym(d ® e3) weakly in L*(Q), (44)
Viny —(V'n, dy,) weakly in LP(Qop ), (45)
ny —n a.e. in Qyop, (46)

for some M € L*(S;RZX%), d € L*(;R?) and dy, € L*(Qop; R3). We recall the shorthand

sym

notation of By, see (31), and note that (46) yields
By, — 1(z3 > 0)B a.e. in 2, where B:=L(3] —n®n). (47)

Furthermore, in view of (30) and the polar factorization, for all sufficiently small A > 0 there
exists a measurable Ry, : Q — SO(3) such that V,y, = Rp(I + hERr(yr)). Hence,

Ry, (I+ hBp)Viyn = I+ h (En(yn) + Ry BuRy + hRy, ByRyEy(yn)) -

=:Gp,

Since (43) implies R, — R, a.e. in 2, and since (Rp,), (Bp) are bounded in L>(2), we conclude
from (44), (47), and the convergence of Ry, that

Gp — v(x3lly + M) + sym(d ® e3) + 1(x3 > O)R;B R, weakly in L%().
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Hence, arguing as in [26, Theorem 6.1 (i)] we conclude that

1 1
lim inth/QW(xg, (I + hBp)Vihyn) = ligl_}iglfm/QW(xg,I—f— hGp,)

h—0

2/ Q(z3, v(z3lly + M) + sym(d ® e3) + 1(z3 > O)R;B Ry)
Q

1

2 - -

2/ ( inf / Q(z3, (z3ly + M) + sym(d(z3) ® e3) + 1(z3 > O)RJB R,) dxg) da'.
Jeﬂ((—%y,%);m% :

Note that the upper-left 2x2-submatrix of R;—B R, is given by %(%I—ﬁ’@ﬁ') where 7/ := V'y " n.

Hence, combined with Lemma 4.3 we conclude that

.. 1 _ N _ Al o a
hzn_gélf 72 / W (xs, (I + hBp)Vryn) > / Qe (IL, + T’B(%IQXQ - @a)) + r2EreS(%I2><2 — A @)
Q S

= el(y7n)'

It remains to show that liin iglf th ) IV (Vayn) 2 det(Viyn) > Eor(n). By the claim of
— O
Step 2 in the proof of Theorem 2.3 (a), cf. (35), we conclude that

liminf/ \thh(vhyh)_leet(Vhyh) > / ](V'n,dn)\z.
h—0 Qtop Qtop

Since |(V'n,d,)|? = |[V'n|? + |d,|> and because n is independent of 3, the right-hand side is
bounded from below by 1 [¢ |V'n|*dz’ = Eop(n), and the claimed lower bound follows. O

4.4 Recovery sequence: proof of Theorem 2.3 (c) and Theorem 2.9 (b)

In this section, we present the construction of recovery sequences. We only discuss the case with
prescribed boundary conditions, i.e., Theorem 2.9 (b), since it requires an additional argument
compared to the case without boundary conditions. In contrast to earlier works in the field, in
our situation, constructing the recovery sequences invokes two tasks: the construction of the
deformation yp and of the director field nj. Note that the energy invokes a nonlinear coupling
between Viy, and np ® np, which is the reason why the recovery sequences for y, and ny
cannot be constructed independently. However, by exploiting the good compactness properties
of the lower-order term nj ® ny, for the recovery sequence, we can first construct a sequence
of 3d-directors (np) that recovers a limiting director field n, and in a second step, we can then
construct an adapted sequence of 3d-deformations (y;) (that recovers an n-dependent limiting
strain).

We first discuss the construction of recovery sequences for deformations. This amounts to finding
a sequence of 3d-deformations (yj) such that the associated sequence of nonlinear strains

\/ Vays Vi — I

h

En(yn) =

strongly converges in L?(2) to a limiting strain of the form obtained in the compactness state-
ment Lemma 4.2, cf. (34), i.e.,

E = 1(x3ll, + M) + sym(d ® e3),
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for a prescribed isometry y € H2 (S;R?), some M € LQ(S;ngxnf) and d € L2(;R3). As in
previous works on the derivation of bending theories, we use that smooth isometries are dense in
H?so(S :R3), see Proposition 2.11 for a statement respecting boundary conditions. The following

proposition summarizes the construction for smooth 3d-deformations:

Proposition 4.4. Let S satisfy (3). Let y € HZ (S;R3) N C>®(S;R3), M € L?(S;R2X2),

sym
d € L*(;R3) and assume that there exists § > 0 such that
M + 6Irx2 > 0 a.e. in {I, = 0}. (48)
Let 0 < B < % Then there exists a sequence (yp) C C(Q;R3) such that
limsup [|yn — yll () =0,
h—0
liI;Ll sgp 1En(yn) — (e(z3lly + M) 4 sym(d ® e3)) || 12() = 0, (49)
%

lim sup h_BHVhyh - Ry||L°°(Q) =0.
h—0

Furthermore, if Assumption 2.8 is satisfied and y € ApcNC>®(S;R3), then we may additionally
enforce the clamped, affine boundary condition y, € Apcsp (cf (17)).

(See Section 4.7 for the proof.)

Results similar to Proposition 4.4 have been obtained in the context of dimension reduction ear-
lier: The special case M = 0 in (49) is already contained in the seminal paper [26]. Schmidt [55]
contains a similar result in the case without boundary conditions and under the additional
assumption that M = 0 in an open neighborhood of the flat region {I, = 0}. Finally, the
fourth author introduced in [45] a wrinkling construction (which is inspired by [37]) to con-
struct deformations in the case when M may not vanish on flat regions, yet without respecting
boundary conditions. Based on this, to treat boundary conditions, in Section 4.7 we present
an argument that for each connected component V' of {Il, # 0} and int{ll, = 0} constructs a
recovery sequence with prescribed clamped, affine boundary conditions on dV N S.

With Propositions 2.11 and 4.4 at hand, we are in a position to prove Theorem 2.9 (b). In fact,
we shall establish a stronger statement:

Lemma 4.5. Let Assumption 2.1 and (3) be satisfied. Let (y,n) € Ag and let (np) C
Hl(Qtop;SQ) denote an arbitrary sequence satisfying

(ng, Veng) — (n, V/'n, 0) strongly in LQ(Qtop),

(e.g., np :=n). Then there exists (yn) C H*(Q;R?) such that (yn, Vihyn) — (y, Ry) strongly in
{/2((2) and En(yn,nn) — E(y,n). Furthermore, let Assumption 2.8 be satisfied, let y € Apc and
6 satisfy (18), then we may additionally enforce yn € Apc s -

Proof of Lemma 4.5 and Theorem 2.9 (b). It suffices to prove Lemma 4.5 and for brevity we
only consider the case with prescribed boundary conditions. The construction of y; invokes an
approximation argument: By Proposition 2.11, for all £ € N we find y* € Agc N C>(S;R3)
with [|y* — Yl m2(sir3) < . As an abbreviation, we write RF := R,x and n* = I
In view of Lemma 4.3 there exist M* € L%(S; ngxrﬁ), d* € L?(Q;R?) such that
/ Qa(* +7B(3I2x2 — (*) @ (2"))) + 7 Bres(3 Laxa — (")’ ® (%)) da’
? (50)
= / Q(xg, t(x3TF) + B + o(M*) + sym(d* ® 63)) dz,
Q
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where
= (R*™n and B = 1(23 > 0)%(%[3X3 —-F® ﬁk)

In particular, Lemma 4.3 yields for a.e. ' with I¥(2/) = 0,

/_2 Q(l‘g, Bk(l’,,l‘g) + L(Mk(l‘/)) + sym(dk(:nl,:ng) ® 63)) dxs

=

= min /_; Q(xg, B¥(2/, z3) + (M) + sym(d(z3) ® 63)> dx.

MerZX2

deL2((~3,5)R3)

[N

We claim that MP” satisfies (48) (up to a null-set) for 6 := §. Indeed, (5) and a calculation yield

1
[RHS of (51)] < min C’W/ (z3 > 0)T*(2') + M|? das = Cw = |T* (") %,
MeRE2 4

mh—‘

where T*(z ) = L (3122 — (%) (2) ® (A*)(2’)) and where (72¥)’ contains the first two com-
ponents of 7*. Also, (5) yields

[LHS of (51)] > Ci : 11(x3 > 0)T*(z") + M*(2")|? das

1
WJ—3

- Clw(réTk@’) + MR@ + LT R).

We conclude that

1 o 1+42
|MF ()] < ECWIT’“@')I <rCw 1

Thus, (48) is satisfied for M := M* and 6 := §. Finally, we may apply Proposition 4.4 and
obtain for each k a sequence (y) € Apc s, such that

lim <||l/’1§ — 0¥l z2() + 1ER(y5) — ((zsl* + M*) + sym(d* @ e3)) [l 120
=:EF (52)
+h 7| Viyy, — RkHLoo(Q)) =0,

where 0 < 6 < % denotes an arbitrary exponent, that is fixed from now on. Next, we claim that

lim &, (yy, np) = E(YF,n). (53)
h—0

This can be seen as follows: Thanks to the convergence of Vhy,’f with rate h® and the elementary
inequality |Ey(yr)| < h~!dist(Vi,yr, SO(3)), we have HhEh(yﬁ)HLw(Q) — 0. Furthermore, by
polar factorization, we find Rf : Q — SO(3) such that V,yF = RF(I + hE,(yF)). Let By, be
defined by (31) and note that B, — 1(z3 > 0)5(3I3x3 —n®@n) a.e. in Q (c.f. (47)). We obtain

(I+hBy)Viyy = RE(I+hGE),  where G := (R}) " Bi(Viys) + En(yf)-
Thanks to (52) and ”hEh(ylli)HLoo(Q) — 0 we have Rf — R strongly in L*°(£2) and
GF - GF =B+ E¥  for h— 0in L?(Q),

hGE — 0 for h — 0 in L°(),
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and we conclude with help of (W1), (W3) and (50) that

Since Vjn, — (V'n,0) strongly in L? by assumption, we have thOp IVann? = 5 [o|V/n? =
Eor(n) and thus (53) follows.
Finally, we obtain the sought for recovery sequence (yp,, ny) by extraction of a diagonal sequence:
For h > 0 and k£ € N consider

ek = 1 — Yllz2i) + IVayk — Ryllrzo) + 1En (Wl nn) — E(y,n)].

Then, limsup cg p, < [|y¥ —yllz2 + | R* — Ryl 12 + [E(W*, n) — E(y,n)|. In view of y* — y strongly
h—0

in H?(S), and in view of Lemma 2.7 (d) we conclude that limsuplimsup cx;, = 0. Hence, we
k—ro0 h—0

find a diagonal sequence kj;, — oo as h — 0 such that ¢, ;, — 0 and we conclude that yj, := yzh
is the sought for recovery sequence. O

4.5 Properties of the limit: proof of Lemma 2.7

Proof of Lemma 2.7. Step 1 — Proof of (a).

In view of Lemma 2.6 we have |11y]2 < C’(Qel (]Iy +FIBE(%I2X2 —V'y'n® V’yTn)) + 1) a.e. in S,
where C can be chosen only depending on Cy and 7. Combined with the well-known identity

I,|* = |[V'V'y|* a.e. in S, (54)

which in fact holds for all y € H2_(S;R?), the estimate of (a) follows.

iso
Step 2 — Compactness properties of As.
We claim that

(i) HZ,(S;R3) and H'(S;S?) are closed w.r.t. weak convergence in H?(S) and H'(S), re-
spectively.

(ii) If (y*) C H2 (S;R?) converges toy € H

2, (S;R3) weakly in H?(S), then I, — II, weakly
in L%(S).

iso

(iii) From any sequence (y*,n*) € Ay with lign inf (E(y*, nk) + HkaL2(5 ) < 0o we can extract
— 00

a subsequence that converges weakly in H2(S) x H'(S) to a limit (y,n) € As.

To see (i), let (y*) C HZ (S;R?) denote a sequence that weakly converges to some y € H?(S).
Then V'y* — V'y strongly in L?(S) (by compact embedding) and thus (V'y*)TV'y* —
V'yTV'y strongly in L'(S). Hence, since (V'y*)TV'y¥ = I ae., we get V'y'V'y = I a.e.,
and thus y € H2_(S;R3). The argument for the weak closedness of H'(S;S?) is similar and left
to the reader. For the argument of (ii), note that we have V'y* — V'y strongly in L%(S) by
compact embedding. Since |01y*| = |0sy*| = 1 a.e., we have |b,, | < 2 and |V'b,, | < 2|V/V'yx|
a.e. Hence, we conclude that b,x — b, weakly in H 1(S). Combined with the boundedness of

(L) in L2(S) (c.f. (54)), we obtain Ix = V'y[ Vb — V'y"V'b, = I, weakly in L*(S). We
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finally prove (iii). To that end, note that from lign inf (E(y*, n*) + [|y* || 12(s)) < o0, we conclude
— 00

with help of (a) that [|[V'V'y*|12(s) + 14"l 12(s) + [IV'nF]l12(s) < C for a subsequence (not
relabeled) and a constant C. Hence, by Poincaré’s inequality, we infer that the sequences (yk)
and (n*) are bounded in H2(S) and H'(S), respectively. Thus, we can extract a subsequence
that weakly converges in H2(S) x H(S) to a limit (y,n). By (i), (y,n) € Az follows.

Step 3 — Proof of (c).

Assume w.lo.g. that liminfy o Eor(n¥) = limsup,_,., Eor(n*) < co. Then (n*) converges
weakly in H1(Qtop), and the liminf-inequality for Eop is an immediate consequence of the weak
lower semicontinuity of the L?-norm. For the liminf-inequality of &, we assume w.l.o.g. that
liminfg oo Ea(y*,n*) < oco. Then, by the assumption limsup,_,., Eor(n*) < oo and by
Step 2 (iii), we have (y*,n*) — (y,n) weakly in H?(S) x H'(S). We conclude that V'y* — V'y
strongly in L?(S), and since |V'y*| = /2, we have V'y¥ — V'y strongly in LP(S) for every
1 < p < oco. Similarly, we have that n* — n strongly in LP(S) for every 1 < p < oo. This
implies B(312x2 — (V'yF)TnF @ (V'yF)TnF) — B(3I2x2 — V'y'n ® V'y ' n) strongly in L%(S).
By Step 2 (ii) we further have I» — Il weakly in L?(S). Thus, the weak lower semicontinuity
of convex integral functionals w.r.t. weak convergence in L? yields

lim inf Eel(yk, nk) > &y, n).
k—o0

Step 4 — Proof of (b).

Consider the sublevel C := {(y,n) € A2 : &(y,n) < C and [ly|12(sy < C}, and a sequence
(y*,n¥) C C. Then by Step 2 (iii) we can pass to a subsequence (not relabeled) such that
(y*,n*) — (y,n) weakly in H?(S) x H'(S) with (y,n) € As. By (c) we have E(y,n) <
lilfr_l)g}fg(yk,nk) < O, and by the lower semicontinuity of the L%mnorm, [yllr2(s) < C. Thus,
(y,n) € C. We conclude that C is compact w.r.t. the weak topology of H?(S) x H'(S). The

relative compactness of C w.r.t. the strong topology of L?(S) x L?(S) follows with help of the
compact embedding of H'(S) C L?(S).

Step 5 — Proof of (d).

Note that if y* — y strongly in H?(S) and n¥ — n weakly in H'(S) then, proceeding as in Step 3,
V'y* — V'y strongly in LP(S) for every 1 < p < oo, and B(%1—2x2 — (V¥ Tnk @ (V/y*)Tnk) —
B(3I2x2—V'y ' n®@V'y n) strongly in L?(S). Furthermore, by Step 2 (ii) we have that I, — I,
weakly in L*(S). Since in addition limy o [[I,x|[2 = |[I,[|z2 (because of (54)), we have that
I, — I, strongly in L?(S). Then the continuity of quadratic integral functionals w.r.t. strong
convergence in L? implies that (y*, n*) — Ea(y,n). The convergence of Eor(n*) is immediate

from the definition of strong convergence.
O

4.6 Anchorings
4.6.1 Proof of Lemmas 2.13 and 2.14

Proof of Lemma 2.15. Part (a) follows from Theorem 2.3 (a), which in particular yields n;, — n
weakly in W1HP(Qiop) for some p € (1,2), and thus ¥pe(2/,np(2') — Ype(2',n(z’)) weakly
in WHP(Qtop) thanks to the boundedness of the trace operator T : WP (Qgop; R?) — LP(T, X
(0,1); R3) and thanks to ¥pc being affine. Part (b) follows from Lemma 4.5 with nj, :=n. O

Proof of Lemma 2.14. We note that the compactness statements of part (a) and part (b) di-
rectly follow from Theorem 2.3 (a), since we have G, > 0 and H;, > 0.
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Step 1 — Convergence of the weak anchoring terms.
We claim that for any sequence (yp,ns) € HYH(Q;R3) x H (Qop; S?) with

det(Vpyp) > 0 a.e. in €2, and

55
(Vayn,nn) — (Ry,n) in L? for some (y,n) € As, (55)
we have
lim Gy, (Yn, 7h) =Gweak (Y, 1), lim Hp (Y, nhn) =Hweak (Y, 7). (56)
h—0 h—0
We only prove the statement for G, since the argument for 7 is similar. By passing to a
T
subsequence (not relabeled), we have (V,yp, np) — (Ry,n) a.e. in Qx Qyop, and thus, | ;ZZ’%ZZL‘ —
h h

fol?p — |R;/r n—mpl?p a.e. By dominated convergence the latter holds strongly in L!(Q4,p), and
thus (56) follows.

Step 2 — Proof of part (a).

We only present the proof for G, since the argument for Hjy is the same. We start with an

argument for the lower bound of part (a): Let (yn,ns) € H(;R3) x H (Qtop; S?) be a sequence
converging to (y,n) € A strongly in L?. We need to show

E(y,n) + Gweak(y,n) < lim inf (En(yn,mn) + Gr(yn,mn))- (57)

By passing to a subsequence, we may assume w.l.o.g. that %in}) (Sh(yh,nh) + gh(yh,nh)) =
%

lir}‘in i(]glf (En(yn,mn) + Gn(yn, ni)) < o0 and (in view of Theorem 2.3 (a) and (30)) that
%

det Vi, > 0 a.e. and (yn, Vayn, nrn) — (y, Ry, n) strongly in L.

Combined with (56) and Theorem 2.3 (b), (57) follows.

Next, we prove the existence of a recovery sequence for (y,n) € Ay. To that end let nj, :=n
and let y;, denote the recovery sequence of Lemma 4.5. In view of (30), also (55) holds. We
conclude with help of (56) that & (yn, nn) + Gn(Yn, nn) = E(Y,n) + Gyweak (Y, n).

Step 3 — Proof of part (b).

We only present the proof for Hj, since the argument for Gy is the same. We start with the

lower bound. Let (yp,np) € HY(Q;R3) x HY(Q4op; S?) be a sequence converging to (y,n) € As

strongly in L? and assume w.l.o.g. that lizn i(r)lf (Sh(yh, ny) +h=PH, (yn, nh)) = }llir% (Eh(yh, ny)+
— —

h=PHp(yn,np)) < oo. Since &, + hPH;, > &, Theorem 2.3 (a) and (30) yield (55) and thus
(56), which in combination with the bound H;, < hP?(&), +h™PH,;,) implies that Hyeax (y,n) = 0.
Hence, (y,n) satisfies the strong anchoring (R;/rn -v)p = 0 a.e. in S. On the other hand,
Theorem 2.3 (b) yields

lim inf (En(yn, ) + h™ Hn(yn, nn)) = E(y,n).

Since (y,n) satisfies the strong anchoring condition, the right-hand side is equal to £(y,n) +
Hstmng(y, n). This completes the argument for the lower bound.

Next, we construct a recovery sequence for (y,n) € Ajp satisfying Hsirong(y,n) = 0. We start
with approximating (y,n) by a configuration including a smooth isometry: Via [47, 31] (or via
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Proposition 2.11 in the case of clamped, affine boundary conditions), we choose for each k € N
some y* € H2 (S;R3) N C>(S;R?) with

1y* = yllegs) < 7 (58)

E

and consider n* := RykR;n. Then n* € H'(S;S?) and (R;—knk D)p = (RJn -v)p =0, and thus
Hstmng(yk,nk) = 0. Furthermore, from (58) we conclude that ny — n strongly in H 1(Qtop),

and thus Lemma 2.7 yields
klim E(yF, n*) = E(y,n)| = 0. (59)
— 00

Next, we construct the recovery sequence for (y*,n*): As in the proof of Lemma 4.5, we find a
sequence (yr), C H*(€;R3) such that with nf := n* we have

lim &, (yf, k) = E(y*,n"), (60)

h—0

(y’,j,nﬁ) — (yk,nk) in LZ(Q) X LZ(Qtop), (61)

lim sup h~%/2|| Wyl — Rkl oo () = 0. (62)
h—0

From (62), and since 'Hstrong(yka n*) =0, we infer

T,k 9
h_ﬁ/ ‘Wﬁ p—0 (as h — 0).
Qtop ’(Vhyh) nh|

Thus, combined with (58) to (61), we conclude that
crn = 1En i) + B il k) — (E(y,n) + Hswong (4, 0))| + lyh — yllz2 + lInf; — nll

satisfies lim sup lim sup ¢, 5, = 0. Hence, the sought for recovery sequence is obtained by extract-
k—00 h—0
ing a suitable diagonal sequence. O

4.6.2 Proofs of Lemmas 2.15 & 2.17
The proof of Lemma 2.15 directly follows from (a) of the following statement:

Lemma 4.6 (Estimates for the canonical extension). Let S C R? be a bounded Lipschitz domain
with outer unit normal vs. Assume (23). Then there exists C > 0 and ¢ > 0 (only depending
on Ty, and S) such that the following properties hold:

(a) The map ¥ : T, x(0,5) — 9, (2/,s) — 2’ —svg(2') is a diffeomorphism and the canonical
extension BEg of g € L*(I',;S?) defined in Lemma 2.15 is well-defined.

(b) For all g € L*(T,;S?) and 0 < 0 < &, we have

1
‘ / |Eg|?da’ —/ lg|* dH! ‘ < Co.
0 Jsnre Iy
(c) Forall0 <o <&, fe HY(SNTY;S?) and g € L*(T',;S?), we have
1
[ ir-mPar— [ - gPaw| < (VRIS + o)
0 Jsnrg 'y
where T : HY(T'?) — L?(T',) denotes the trace operator.
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Proof. We first note that (a) is a direct consequence of the Tubular Neighborhood Theorem
(see e.g., [44]) and compactness of T, in the C?-manifold of (23). In the following, we assume
w.l.o.g. that I';, admits a global parametrization, i.e., there exists an arc-length parametrized
curve v € C?([a, b]; R?) that homoeomorphically maps (a,b) onto I',. The general case can be
reduced to this situation by the usual localization argument with help of a partition of unity
and a finite atlas. In the following, C' > 0 denotes a constant that may change from line to line,
but that can be chosen depending only on I';, and S.

Step 1 — Proof of (b).

Using (23) and the uniform inner cone condition of the Lipschitz domain S, it is possible to
obtain |[T'7 \ S| < Co? for all 0 < o < & (for this we possibly have to decrease the constant & of
part (a) depending on the Lipschitz constant of the domain). In view of this and since |Eg| = 1
a.e., for (b) we only need to prove

1
]g/ yEgde’—/ o2’ | < o (63)
F% n

We start our argument by setting U := (a,b) x (0,1) and for 0 < ¢ < 7,
Dy :U—T9, Oyt s) :=~(t) —osRY(t),

where R+ € SO(2) denotes the unique rotation satisfying vg(y(t)) = R+/(t) for all t € (a, b).
Note that ®,(t,s) = ¥(v(t),0s) for all (¢,s) € U. Hence, by using the definition of the extension
Eg we conclude that

(Eg)(®s(t,5)) = (90 Po)(£,0) = (g0 7)(t). (64)

Also note that ®, : U — I'7 is a homeomorphism because of (a). Furthermore, v € C?
yields ®, € C'(U) and the Jacobian of ®, satisfies |det(Js, (t,5))| = o|l — sok(t)| where
k(t) := R+~"(t) - 7/(t). Now, by a change of variables,

1 2, 1 2
— |[Eg|*da’ = = | |(Eg) o ®,|*|det Jg, | dsdt
g re o Ju

= [e) 2 — OSK S = 2 1 [e] 2 — OSK — S .
—/Ur<g VORI - osn(t)] dsdt / g2 dH +/U\g A1~ sn(t)] — 1) dsd

I
Since ||glpo(r,) < 1 and ||&| geo(r,) < C, (63) holds and thus (b) follows.

Step 2 — Proof of (c).

First, we extend f to a function f € H(I'7:R3) such that f=fae on SNry, ||V’f\|L2(p%) <
ClIV' flle2rensy and || fllpee(rey < Cllfl|o(snrg)- This is possible since S N Ty is a Lipschitz
domain. In view of this, and since [I'7 \ S| < Co?, we see that for (c), it suffices to show

1 A A .
o [ Ni-BgPar = [ 0f-gPan!| < o(ValV e to) (@)

To prove the latter, we note that

1 A .
[ 17— EgPas’ = [ 17~ Bg) 0Pt = rsw(v)] dsct,
0 Jre U

[ i —gpart = [ 1(0F - )0 @)t 0) st

n
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Since |(f — Eg) o (I)U|2“1 —osk(t)] — 1! < Co a.e. in U, we conclude that
LHS of (65)] < Ca+ [ [I(F —Eg) o @0 = (7] — g) 0 @) (1, 0) 2| asat.
U
We set A(t,s) := (f — Eg)(®4(t,s)) and B(t,s) := (T'f — g)(®,(t,0)). Therefore, using the

general estimate [[A* — B?|[1 < ([Allz2 + [|B]l£2)[[A = Bllzz and [|A]|zeouy + [ Bllze ) < €
(which holds thanks to the uniform boundedness of f and g), we obtain

l\)\»—l

LHS of (6] = Co+ C( [ [(Fo@,)(t.5) = (TF o @) (1.0) 2 dsar) -

where we also used (64) in form of the identity (Eg o ®4)(t,s) — (g o ®5)(¢,0) = 0. Moreover,
since (f o ®,)(t,s) — (T'f o ®,) =5 0s (f o ®g)(t,s')ds" and |y (f 0 By)| < Co|V'f o By,
we get

[LHS of (65)] < Co + CU(/ ‘(V’f o ®,)(t, s’)‘2 ds'dt)%.
U

The claim (65) then follows from (1 — Co)||V'f o <I>(,H%2( < *IHV’fHLQ ro) O

Proof of Lemma 2.17. We only present the argument for G?, since H can be treated similarly.
Throughout the proof, C denotes a positive constant that might change from line to line, but
that can be chosen independently of o.

Step 1 — Proof of (a), lower bound.

Let 3 = 0 and consider a sequence (y,,n,) that converges to some (y,n) strongly in L2(S).
W.lo.g. we may assume that lim iglf(é’(ya, ne) +G% (Yo, no)) = imsup(€ (Yo, o) + G (Yo, o)) <
o—

o—0

oo. Thus, Lemma 2.7 implies that (y,, 1y ), (y,n) € Az, y» — y weakly in H2(S), n, — n weakly
in H(S), and liminf, 0 & (Yo, 1) > E(y,n). It thus remains to prove

1
1irninf/ IR, no — Eipcl>da’ > | |T(R,n) —apcl® dH!, (67)
5Mrg

o—0 O Ty

where T : H(S;R3) — L?(T',; R?) denotes the trace operator. For convenience set f, = R
We note that (f,) is a bounded sequence in H'(S;S?). Furthermore, from Lemma 4.6 (c ) we
get

1 R .
2] e BanoP s’ — [ [Ts el dH!] £ Co+ OV fulliasorg (69
SNrg '
We infer that

1

liminf/ IR, no — Eipcl?da’ = liminf/ ITf, — npcl* dH .
c—0 O sSnrg 7 =0 Jr,

Now, statement (67) follows from the fact that f, — R; n weakly in H'(S;R?), and thus

Tfy — pc — T(Rl—jrn) — fipc weakly in L?(T',;R3), and the weak lower semicontinuity of

I lz2r,)-

Step 2 — Proof of (b), lower bound.

Let 0 < 8 < % and consider a sequence (y,,n,) that converges to some (y,n) strongly

in L?(S). As in Step 1 we may assume w.l.o.g. that limi(r)lf(é'(yg,ng) + 076G (yy,n0)) =
o—
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lim sup(€ (Yo, no) + 0 7G7 (yo,n0)) < 00, as well as (Yo, 70), (y,n) € Az, yo — y weakly in

o—0
H?(S), ny — n weakly in H'(S), and liminf, ,0&(yo,ns) > E(y,n). Thanks to (67) and
%fSﬂFg \R;na — Enpc|? = 0%07%G%(ys,ns) — 0, we conclude that the strong anchoring
R;n = npc on I, is satisfied, and thus £(y, n)+Gstrong, 1, (¥, n) = E(y,n) < liminf, 0 & (Yo, o) <
liminf, (& (Yo, 1o ) + 072G (Yg, 10 ).

Step 8 — Proof of (a), upper bound.

It suffices to construct a recovery sequence for (y,n) with £(y,n) + Gweak , (¥, ) < 0o, which
implies that (y,n) € As. We claim that the constant sequence is a recovery sequence, i.e., we
need to show that < [ |R;n — Enpcl?da’ — fl“n \T(R;jn) — fpc|?dHL. The latter follows

from Lemma 4.6 (c).

Step 4 — Proof of (b), upper bound.

Let (y,n) with £(y,n) + Gstrong,r, (¥, 1) < 0o. The latter implies that (y,n) € Az and R;—n =
npc on 'y, We claim that the constant sequence is a recovery sequence. Indeed, from Lemma
4.6 (c) applied with f := R;n and thanks to T'f = figc on I, we learn that

o [ R0~ Bane i’ < 0 ( / \Tf—ﬁBcPdHl+c<¢av’fum<smpg>+a>).
Snrg T,

Since % — 8> 0, we conclude that ¢~ (115 meFg ]R;n — BEnpgel?da’ — 0 and

lim (E(y,n) + 077G (y,n)) = E(y,n) = E(y,n) + Gstrong,rn (U5 1)

o—0

4.7 Approximation of the nonlinear strain: proof of Proposition 4.4

The structure of the proof of Proposition 4.4 is as follows.

(i) For each smooth isometry y : S — R?, the domain S can be decomposed into a flat part
{Il, = 0} and a non-flat part {II, # 0}, and, as we shall see, connected components V' of
{Il, # 0} and int{Il, = 0} have a special geometry: The relative boundary 0V NS is a
disjoint union of line segments whose endpoints are contained in 95, and y is affine on
0V N S. Furthermore, in the non-flat case, OV N S consists of (at most) two such line
segments. Furthermore, we see that 0{Il, # 0} NS is a null set, see Lemma 4.7. This
allows us to construct the recovery sequence on each connected component independently.

(ii) For each connected component V C {II, # 0}, we construct the recovery sequence based
on ideas in [55, 42]. The construction invokes a solution to the system Vg +all, = M.
The existence of such a solution has already been shown in [55]. In order to recover the
prescribed boundary conditions, we shall slightly upgrade that existence result by showing
that solutions exist that vanish on the relative boundary 9V NS and the line segments £;

that appear in our boundary condition.

(iii) The construction on a connected component V' C int{ll, = 0} is similar to [45] and relies on
an approximation result for the Monge-Ampére equation introduced in [37]. Nevertheless,
we shall give a self-contained presentation of the construction, since we need to take care
of the additional boundary conditions.

The above discussion is made precise in the following two lemmas.
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Lemma 4.7. Let S satisfy (3). Let y € H2 (S;R3) N C®°(S;R3). Then 0{Il, = 0} NS =
O{I, # 0} NS is a null set in R2.

(See Section 4.7.2 for the proof.)

Lemma 4.8 (Recovery sequence on curved and flat connected components). Let S satisfy (3).
Lety € H2 (S;R3) NC®(S;R?), M € LQ(S;ngXHQI), de L*(3R3), 8 >0, and V C S. Suppose
that one of the following cases holds:

o (curved case). V is a connected component of {IL, # 0}.

e (flat case). V is a connected component of int{ll, = 0} and M + 0I>x2 is positive semi-
definite a.e. in'V.

Let 0 < 3 < &. Then there exists a sequence (yp) € C®(V x [—1,1];R3) that satisfies
Yn — Y uniformly in V x (—%, %),
En(yn) — v(zslly+ M) +sym(d®e3) strongly in L*(V x (=3, 3)), (69)

; -B _ _
hfél_%lph IVhyn = Ryl oo (v (1, 1y) = 0-

Furthermore, we have
yn = (1 — hd)y + hasby, in a uniform neighborhood of (OV N S) x (—%, %) (70)
Additionally, if Assumption 2.8 is satisfied and y € Apc, then
yn = (1 — hd)y + haxsb,

in a uniform neighborhood of (OV N (SUL;U---U Ech)) X (—5, 5)

(See Sections 4.7.3 and 4.7.4 for the proof.)
With these results at hand we are in position to prove Proposition 4.4:

Proof of Proposition 4.4. Let (V;);cr denote an enumeration of the connected components of the
two sets {I, # 0} and int{Il, = 0}, and denote by (yi ), € C>®(V; x [—3, 3]; R?) the sequences
constructed in Lemma 4.8, respectively. Furthermore, we set

gjh(x’, xg) = (1 - hé)y(a:’) + hxgby($/).

Thanks to Lemma 4.7 we have |S \ |J,.; Vi| = 0 and thus for any n € N there exists N,, € N

iel
such that
1 N
/ |L(M) +sym(d ® e3)|*da’ < = where Q,, 1= U Vix (-1,3). (72)
N\ n i=1
We define

yi(z) if z € V; x (—3,3) for some i < N,
Ynp(T) ="
gn(x) else.

Thanks to (70), ynn € C®(Q;R3). Furthermore, if y € Apc, then y, 5 € Apcsy thanks to

(71). Also set

I,+ M d Oy,
Bo(x) i {L(l‘g y+M)+sym(d®es) x€

t(xslly) else.
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Then, direct calculations show
lim [| B4 (yn,n) — Enllr2() + h PNy — Ryl o) + ynn — yll (o) = 0.

In view of (72), we have ||E, — («(z3lly + M) + sym(d ® e3)) z2(0) — 0 as n — oo, and thus,
the error term
Co = | En(yn,p) — (e(@sly+M)+sym(d@es)) || 2y + 0 N Vitnn — Byl Lo (0) + [ 9nn —ll 2o ()

satisfies lim sup,, . limsupy,_,oCy 5 = 0. This allows us to pass to a diagonal sequence h — ny,
such that %ill’(l) Chp,.» = 0 and we conclude that y;, := y,,, n defines the sought for sequence. [
_>

4.7.1 Auxiliary results for isometries

For the proof of Lemma 4.7 and the recovery sequence construction in the curved case, we
appeal to standard properties of isometric immersions, which we recall in the following. We
refer to [47, 31, 32, 39] for details. Since H2-regular isometric immersions are continuously
differentiable (see [39, Proposition 5]) the following definition is meaningful:

Definition 4.9. Let S C R? be open. Fory € H2_(S;R3) we denote by
Cyry = {x/ € S : V'y is constant in some neighborhood of :c'}

the flat part of y. Furthermore, we denote by év/y the union of all connected components
U C Cyry with OU NS consisting of more than two connected components.

An important observation is that at each point 2’ in the non-flat part S\ Cy,, the isometry
y is affine on a unique line segment that contains 2’ and whose endpoints are contained in
0S. In fact, this property extends to the larger set S\ év/y as the following lemma shows.
For arbitrary 2’ € S and N € S', we use the notion of [z; N] as the connected component of
SN{z’+sN : s € R} that contains a’ itself.

Lemma 4.10 ([47],[31]). Let S be a bounded Lipschitz domain. Lety € H2 (S;R3). Then, there
is a locally Lipschitz continuous vector field N : S\ Cyry — St such that for all 2, 2%, € S\ Cyry,

V'y is constant on [z; N (z})], (73)
[ N(@)] O oy N(ao)] #0 = [a; N(ah)] = [25; N ()] (74)

Moreover, if o} € S\ Cyry, then property (73) defines the value N(x}) uniquely up to a sign.
We call N a field of asymptotic directions of y.

Based on N one can introduce natural parametrizations of y:

Definition 4.11 (Patch). Let S be a bounded Lipschitz domain. Lety € HZ (S;R?) and N as
in Lemma 4.10. A curve

I e W2°([0,7]; S\ Cyry), T >0,

is called a ruling curve of y, if for all t,t' € [0,T],

U'(t) = REN(D(),  0<T'(t) - T'(t), R*:= (g’ ‘01> . (75)

A set PC S\ év/y is called a patch (with respect to y and N ), if there exists a ruling curve T’
such that

P= |J L@®);(NoD) ). (76)

te(0,T)

48



Remark 4.12 (Line of curvature parametrization in the smooth case). On patches the line of cur-
vature parametrization yields a simple representation of the surface and its second fundamental
form, e.g., see [47, 55|, and in particular [31, Proposition 1]. In the case of a smooth isometry
(which is the situation that we consider in this section) the following additional properties hold:
Let y € H2,(S;R3)NC>(S;R?) with N as in Lemma 4.10. Then we have Cyr,, = int({Il, = 0})
and S\ Cyry = SN {Il, # 0} by continuity of II,. Moreover, we note that N is smooth on
{IL, # 0}, as follows from I, N = 0 (cf. 73) and the smoothness of II,,.

Now, let P be a patch for y with ruling curve I' such that I'([0,7]) C {Il, # 0}. Then I' is
smooth on the closed interval [0,7] as a consequence of (75) and the smoothness of N. If S
is convex, then the set St := {(¢,s) € (0,7) x R : I'(t) + sN(I'(t)) € S} is open and convex
(see [47, Lemma 3.6]), and St — P, (t,s) — I'(t) + sN(I'(t)) defines a smooth diffeomorphism.
Furthermore, for all (¢,s) € [0, 7] x R with I'(t) + sN(I'(¢)) € S we have 1 — sx(t) > 0, and

IL(T(8) + sN (T (1)) = 20

= mr’(z&) @ T'(t), (77)

where k :=T" - (N oT') and k, : [0,7] — R denotes a smooth function related to the curvature
of yol.

4.7.2 Proof of Lemma 4.7

By continuity of II,, the set {Il, # 0} is open; thus, it is the union of at most countably many
connected components {V;};cr of {Il, # 0}. In view of O{IL, # 0} NS C | J;c;(0V;N.S), it suffices
to show that 0V; NS is a null-set. To conclude the latter, we show that 0V; NS consists of at
most two line segments. (Note that this is only true since S is convex.) The latter follows from
the following two properties:

(i) The connected components of 9V; N S are line segments of the form [2/; N(z')].
(ii) There are at most two disjoint line segments of the form [2'; N(z')] contained in dV; N S.

Property (ii) is true, since otherwise V; contains a small triangle on which y is affine — in
contradiction to I, # 0 on V;. To prove (i), let ' € 0V;N.S. We show that [2'; N(2")] C 0V;NS.
We first note that I, (z') = 0 and thus I, = 0 on [2/; N(2')] (by (77) and a contradiction
argument). Hence, [z/; N(2')]N'V; = 0. To conclude [2/; N(2)] C 9V; NS, it suffices to show
that any z’ € [2/; N(2)] is the limit of a sequence in V;. To that end, choose s € R with
7' =2’ + sN(2') and consider the sequence Z, := z!, + sN(x]) where (z],) C V; with =/, — 2/
By continuity of N, we have , — Z’. Furthermore, since S is open and ¥’ € S, we have Z, € S
for all n large enough, and thus z;, € [z),; N(x},)]. With (77), we conclude that I, (z],) # 0 and
hence 7, € V;. O

4.7.3 Proof of Lemma 4.8 - curved case

We start with a lemma showing that connected components of {II, # 0} can be conveniently
covered (up to a small set) by a finite number of patches whose boundaries do not intersect the
boundary segments L1, ..., Liy,:

Lemma 4.13 (Approximate covering by patches). Let S satisfy (3). Let y € H2 (S;R?) N
C>™(S;R3), let N denote the field of asymptotic directions from Lemma 4.10, let V be a con-
nected component of {Il, # 0}, and let € > 0. Then there exist finitely many, pair-wise disjoint
patches Py, ..., P, CV associated with ruling curves T'; such that |V \ (PLU...UP)| < e, and
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[ [0,T;] =V foralli=1,...,k. If additionally Assumption 2.8 is satisfied and y € Apc,
then
LiNopr, =10 forallj=1,...,kpc andi=1,... k.

(We postpone the proof to the end of this section.)

For the construction of the recovery sequence on a single patch P C {II, # 0}, we need to solve
the equation
Viymg +all, =M  in P, (78)

such that a and g vanish close to 9P N .S provided that M is compactly supported in P. This
can be achieved by modifying [55, Lemma 3.3]:

Lemma 4.14 (Modification of [55, Lemma 3.3]). Let S satisfy (3). Lety € HZ (S;R3) N
C>®(S;R3) and M € CSO(P;RE;H%). Suppose that P C {Il, # 0} is a patch with its ruling curve

T satisfying T : [0,T] — {1, # 0}. Then there exist a € C*°(P;R) and g € C*(P;R?) solving
(78) such that g = o =0 in a uniform neighborhood of 9P N S.

(We postpone the proof to the end of this section.)

We are now in a position to present the construction of the recovery sequence.

Proof of Lemma 4.8 — curved case. Step 1 — Construction of a displacement field on a single
patch.

Let P C V be a patch such that the endpoints of the associated ruling curve are contained in
V. Let Mp € C(P;R?*%). We claim that there exists a sequence wy, € C®°(P x [—1,1];R?)
that vanishes in a uniform neighborhood of (9P N S) N (-3, 3) such that

lim sup || Vywp || Lo < o0, limsup A ™! | sym (R;Vhwh) —(Mp)||pe < 0. (79)
h—0

h—0

For the argument let g,ac € C°°(P) be a solution of (78) (with M replaced by Mp) such that
g,a = 0 in a uniform neighborhood of 9P N S. The existence of g, a follows from Lemma 4.14.
As in [42] we consider

wp, =V + hxsu, V=R, <g> , = (I3x3 — by @ by) (L V A Doy + 01y A 02V),

We note that

0 v/ T
sym <(V'y)T(V’V)) = Mp, sym <bT2VX’2V ( %) M) =0.
y

Indeed, the first identity follows from (78) by a direct calculation and the second identity is a
consequence of the definition of . Now, (79) follows from the smoothness of R,,b,, g and o.

Step 2 — Construction of the recovery sequence.
It suffices to provide a construction in the case d € C(V;R3) and M € C(V;R2%2), since

Sym
then the general case follows by a diagonal sequence argument. Furthermore, we only p?esent the
argument in the case of prescribed boundary conditions y € Apc (since this adds an additional
layer of difficulty).
Let n € N. By Lemma 4.13 there exists k, € N, and pair-wise disjoint patches Py,..., P, CV,
whose ruling curves have endpoints in V, such that |[V'\ (P U...UP;,)| < 1. Furthermore, there
exists M, € C*(Py U ---U Py, ) such that ||M — (M, — 5I2><2)”%2(V) < 2||M + 5I2><2H%OO(V).

- n
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By Step 1 (applied to each patch P; with Mp := My,|p,), there exists a sequence (wyp)n, C
C®(V x [—1,1];R3) such that (79) is satisfied on each P; x (—%,1) and such that w,; = 0
in a uniform neighborhood of (V \ (PyU...U Py,)) x (—%,1). Thus, w, also vanishes in a
uniform neighborhood of (8V N (SULyU---U Ech)) x (—%,3); for the latter we used that

L;NOP; =0, cf. Lemma 4.13. We consider the sequence
T3
Yn,h = (1 —ho)y + hx3b, + hQRy / d(-,t)dt + hw, .
0

It is a standard Kirchhoff-Love ansatz modified by the displacement wy,, j, constructed via Step 1.
By construction y,, j, satisfies the required boundary conditions, i.e., we have y, , = (1 —hd)y +
hasby in a uniform neighborhood of (VN (SUL U-- -UEkBC)> x (—%,3). A direct calculation
shows that

. _ _ﬂ _
hr;?_s;élp (Hyn,h ?JHLoo(vX(f%,%)) +h ||Vhyn,h Ry||Loo(VX(,%7%))
+ || Bn(yn.n) — (23l + My, — 0Iax2) + sym(d @ e3)) ||L2(VX(7%7%))) = 0.

Since M,, — 6Izxo — M in L?(V), we obtain the sought for sequence by passing to a suitable
diagonal sequence y = yp, - O

Proof of Lemma 4.13. Step 1 — Construction of Py, ..., Pg.

Since V is open and f(z') := (—Na(2'), N1(2')) is bounded and locally Lipschitz continuous in
V, for each 2’ € V, we can find T,» > 0 and a ruling curve I'ys such that 'y, : [0,T] — V and
I'(T,/2) = '; indeed, we only need to solve the differential equation I'!,(t) = f(I'y(t)) with
initial value given by /. We denote by P,» C V the associated patch.

Since V is open and bounded, we can choose § > 0 such that |V \ V5| < e, where Vs := {2’ €
V : B(a2';6) C V}. Then Vs C Uarev, P Since Vs is compact, we can find 2},...,2) € Vs
such that with P; := P, we have V; C PyU...UP; and thus [V \ (PLU...UP)| < |V \V;| <e.
So far, the patches are ot disjoint. However, it is easy to check that intersections P; N P; or
differences P; \?J of two patches are either empty or patches as well. Therefore, w.l.o.g., we
may assume that the patches Pi,..., P, are disjoint. This proves the first part of the lemma.

Step 2 — The case y € Apc.

Fix 7, j. To shorten the notation, we simply write £, P, I" and T instead of £;, P;, I'; and T;.
For the following argument it is useful to note that

oPnosS= ) [T();N(T(t)]nas. (80)
t€[0,T]

Indeed, this follow from (76) and convexity of S.

We show that £ NP = ) by contraposition and thus assume that £ NP # (). Then, by (80),
there is 2, € V C {I, # 0} such that [z; N(x})]NL # 0. But S is convex, N is continuous, and
V and L are (relatively) open. So we even find #} € V' C {1, # 0} such that [2]; N(z})]NL # 0.
For the same reasons, there is ¢ > 0 such that

Vah € B(zh;e) 1 [ab; N(ah)]n L # 0.

By y € ApcnNC™>(S;R3) and (73), we conclude that V'y is constant on B(x;¢) — a contradiction
to z} € {I, # 0}. O
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Proof of Lemma 4.14.

Step 1 — Preliminaries.

For convenience set N(t) := N(I'(¢)). Let &, kn, ST be defined as in Remark 4.12 and note that
by convexity of S (c.f. [47, 31])

OP = {T(t) + sN(t) : (t,s) €8Sr},  OPNS = [(0); N(0)] U [D(T); N(T)].

By Remark 4.12, T, k and &, are smooth on [0,7]. Furthermore, since |I,| is bounded on S
and ming 77 [kn| > 0, it follows by (77), that inf( geg. (1 — sk(t)) > 0.

Step 2 — Construction of a solution to (78).

Following [55, Lemma 3.3] we consider the orthonormal basis of ngxn% given by

Fi(t) =N@®)@N(t), BE):=V2symN@t)@I'(t), F)=I1el'{),

and represent M with help of the coefficient functions mq,mo,m3 : St — R defined by the
identity M (®r(t,s)) = Z?Zl m;(t, s)F;(t), where ®p(t,s) := I'(t) + sN(t) denotes the diffeo-
morphism of Remark 4.12. Since M is smooth and compactly supported in P, we conclude via
Step 1 that m; € C2°(Sr). Next, we consider the system

0sg2 =My,
kn(t)  _ 1 (81)

1-— s;@(t)gl 11— sk(t)

We shall see below, that it admits a solution g = (g1, g2) in X, where

0o = V2ims.

*8&61 -

X :={u € C>®(Sr) : I > 0 such that u(t,-) =0 for all t € [0,e) U(T —¢,T] }.

Furthermore, for ' := I'(t)+sN(t) € P, we set g(2') := g1(t, 8)I"(t)+g2(t, s)N(t) and G(t, s) :=
Veymg(z). We let & be defined by

_ _ kn(t)

G . Fg(t) =+ am = ms.

Since fni(t) is smooth and non-negative, & € X is uniquely defined. A direct calculation (which
1—sk(t)

is detailed in the proof of [55, Lemma 3.3]) then shows that the functions g and o := & o &'
solve (78). Furthermore, from g1, g2, @ € X we infer that o and g are smooth on P and vanish
in a uniform neighborhood of 0P N S.
To solve the system (81), we note that by Step 1 the coefficients and the right-hand side of the
system are smooth and bounded. Since m; € X we can easily find go € X solving the first
equation. Likewise, since v/2ms + ﬁn(t)&ggg € X, integration of the second equation yields a
solution g; € X.

O

4.7.4 Proof of Lemma 4.8 — flat case

A key ingredient in the construction is the following approximation result for the Monge-Ampére
equation, which we recall from [37]:
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Lemma 4.15 ([37, Proposition 3.2]). Let V C R? be open and bounded, A € C>°(V;R2%2), and

e Sym
d > 0. Suppose that A(x') — 01ax2 is positive definite for all 2’ € V. Then for all n € N there
exists g, € C°(V;R?) and o, € C*®°(V;R) such that

. 1
lim (||A— (symV’gn + -V, ® V'an)HLm(v) +llanllzoe vy + lgnll e vy ) =0, (82)
2

n—oo

and
IV gnll Lo vy + IV anll oo (vy < CllAllco, (83)

for some constant C > 0 independent of n and A.

Proof of Lemma 4.8 — flat case. For convenience, we set y 1=V x (—%, %) W.l.o.g. we may
assume that d € C°(Qy;R3), M € C°(V;R2%2), and M + 0l2x2 is uniformly positive definite

. Sym
on V. The general case then follows by an approximation argument and the extraction of a
diagonal sequence.

Step 1 — Modification of Lemma 4.15.
We claim that there exist sequences (g,) € C°(V;R3), (o) € C°(V) satisfying
IV gnll oo vy + IV @l oo vy < O M || + 10])

(with C > 0 independent of M and n) and

. 1
lim (||(M+5I2X2) - (sym V' gn + Qvlan(@V'an) ||L2(V) + ||an||Loo(V) + HFMHLO@(V)) =0. (84)

n—o0

This can be seen as follows: Let (g, d,) denote the sequence of Lemma 4.15 applied with
A = M + 6542 (since M + 61555 is uniformly positive definite, we can find ¢’ > 0 such that
A — §'I555 is positive definite on V). Since V is open and bounded, there exist cut-off functions
() € C2(V;R) satisfying 0 < ng, < 1 and limg_so0 [|1 = nill gy = 0. Set gy = Nign and
Qk.p = N0y, and note that

IV gl < 1911l + V'l V'l < V4l G + V.
Then,
Crn = gn — grnllLee(vy + llan — arpllLeeqvy + 11V (Gn = gr)llLaqy + 1V (@n — arn)llnar)
< (1 19" mklsv) (1l vy + il ) )
1= mellzay (V' nll e vy + V' Gnllzoeqrr ).
Consider

1 if max{||V'genllec vy, [V'aknllLo vy} > 2CI|M + 01ox2|| Lo (v,

0 else,

C”C,'I’L = Ck’n + {

where C' is from (83) (applied for A := M+41I). By (82) and (83), we have lim supy,_, o, limsup,,_,o, C} ,, =
0, and thus C} . — 0 for a diagonal sequence (k). We conclude that (gk,, n, Qk,.n)n satisfies
the claimed properties.

Step 2 — Construction of a sequence of von-Kdrmdn-displacements.
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Let (gn, ) be as in Step 1 and consider the (von-Karmén-type) displacement

1 roNT
W, p, = ( I, hazs(V' o) ) :

h 20, — K% |V a,|?
By construction we have w,, ; € C* (m, R3) with
wy,p, = 0 in a uniform neighbourhood of IV x (—1,1). (85)

Furthermore, a direct computation and the estimates of Step 1 show that there exists a constant
C > 0 such that for all n € N we have

. 1
timsup 2 ([l (@) + 1 Vhwnali=ca)) < €
_)

lim sup h_lH(ngg, + thwn,h)T(Igw + hVhwn 1) — Isx3 ‘ < 00,
h—0 Lee(Qv)
limsup b2 | (Isxs + hVhwn ) T (Isxs + BVhw, )
h—0
1
(s T €

Hence, we may pass to a diagonal sequence wy, := wy,, p, with limj,_,gnj, = oo such that

) 1

timsup b ([[wn | <0, + [Vhwnll (o) ) < oo, (86)
h—0

lim sup hilH(Iz’,x?, + hVhwn) " (Isxs + hVhwy) — I3xs ‘ < 00, (87)
h—0 L= (Qv)

limsup h™2 || (Isxs + hVhwn) T (Isxs + hViwy) — (I3><3 +2h(M + 5I2x2)) H < oo, (88)
h—0 L2(Qy)

where the last estimate is a consequence of (84).

Step 8 — Construction of the recovery sequence.

Let (wy) € C*°(Qy) be the sequence constructed in Step 2. We consider the sequence
yp = (1 — hé)y + hasb, + h*R, /Om d(-,t) dt + hRyw,.
By d € C2°(Qy) and (85), we have y;, € C®(Qy; R?) and
yn = (1 — hé)y + hxsb, in a uniform neighborhood of 9V x (—%, %)

Thanks to (86) we have
lyn — Yl (y) — O

Since y is affine in V' by assumption, R, and b, are constant, and thus,
3
Yy = R, (13X3 — hu(Iaxa) + hVhwp + hd ® e3 + h2/ V'd(-, 1) dt).
0

With help of (86), we obtain the claimed convergence of (Vyp) in (69). To prove convergence
of En(yn), we consider

1
Gy, = E((Vhyh)—rvhyh — I3x3).
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A direct calculation that uses (87), (88) yields

lim sup HGhHLoo(QV) < 00, lim |G}, — 2(L(M) + sym(d ® 63)) HLQ(QV) =0.
h—0 h—0

Hence, by a Taylor expansion of the matrix square root around I3x3 in \/(Viyn)' Vayn =

v/ Isx3 + hGp, we conclude

lim sup | En (yn) - (e(M) +sym(d @ e3))ll12(0,) = 0.
%

4.8 Density of smooth isometries: proof of Proposition 2.11

In this section, we prove Proposition 2.11. In fact, we prove a slightly stronger statement, where
instead of (3), we only assume the following condition introduced in [31]:

S C R? is a bounded Lipschitz domain,
and there is a closed subset ¥ C 95 with H(Z) = 0, (89)

such that the unit outer normal exists on 95 \ ¥ and is continuous on that set.

Our proof is a consequence of the theory developed in [33, 47, 31, 32] and builds on ideas of
[41]. In particular, we shall appeal to the following result, which follows from the proof of [31,
Theorem 1]:

Proposition 4.16 (cf. [31, Theorem 1]). Let S C R? satisfy (89) and let y € H2 (S;R3) be
finitely developable in the sense that Cyr,, consists of finitely many connected components. Then
for all 6 > 0 there ezists ys € C°°(S;R3) N H2_(S;R3) such that

iso
ly — ysll 2 (sirs) <6 and y = ys on each connected component U C év/y.

We shall deduce Proposition 2.11 from Proposition 4.16 by first extending y € Apc to an
isometry ¢ defined on a larger domain S such that each line segment L; is contained in the
closure of a connected component U; C C*W, see Lemma 4.17 below. Then, in a second step,
we check that § can be approximated by an isometry that is finitely developable and that is
equal to g on the components U;. An application of Proposition 4.16 then yields a smooth
isometry §° that approximates ¢ and satisfies §° = § on the components U;. We conclude that
gé}s € -ABC'

Lemma 4.17. Let S C R? satisfy (89) and suppose Assumption 2.8. Then there exists S C R?
such that:

(a) S satisfies (89), S C s, and @\gﬁs the union of mutually disjoint, open, connected sets
Dy, ..., Dyy. such that L; = D; NS fori=1,... kpc.

; P om ) 2 (G 3 no—
(b) For all non-affine y € Apc there exists an extension y € H (S,R®) such that g =y

on S, and for all i =1,... kpc there exists exactly one connected component U; C Cyry
with D; NU; # 0. Furthermore, L; C U; and OU; N D; consists of exactly two connected
components.

95



P
3z

+al ! 43,
Tt v

,/A/;:/\/:A:i}’ - :*\\AIZX:A} .
= A1 N Ay S

/ £1 /

S

Figure 7: In the constructions of Lemma 4.17, the domain S is extended by the triangles Aq
and Ag. On the dashed regions, the corresponding extended deformation is curved (with the
dashed lines indicating the field of asymptotic directions). On Aj N Ay, the extended isometric
deformation is flat.

Proof. 1t suffices to consider the case kpc = 1 since the argument below can be iterated finitely
many times. The idea of the proof is sketched in Figure 7.

Step 1 - Proof of (a).

Since £1 C IS is a relatively open line segment, there exists z,z), € 9S such that £; =
conv{z},z4}. Let v € S! denote the outer unit normal on £;. Since 95 is Lipschitz, there exists
p > 0 such that the triangles A; := conv{z], x5, xlltf’x/? +pv} and Ay := conv{z], b, 3x/1;rx,2 +pv}
have empty intersections with S. Set D := A1UAs. We conclude that S = int (m) satisfies
the claimed properties.

Step 2 - Proof of (b).

Let S as in (a) and let y € Apc be non-affine. Since V'y is constant on L1, there exists
y € Hio(g, R3) such that § = y in S, and I; =0in Ay N Ay, and Il is constant and non-zero
on each of the two sets A; \ Ay and Ay \ A;. Let Uy denote the connected component of Cyry

that contains A1 N As. Since y is assumed to be non-affine, 9U; N S must consist of at least
three connected components. We conclude that g satisfies the sought for properties. 0

We are now in the position to prove Proposition 2.11.

Proof of Proposition 2.11. Let y € Agc and assume w.l.o.g. that y is non-affine. Let S and i
be as in Lemma 4.17. For ¢ = 1,...,kpc let D; and U; be as in Lemma 4.17. We apply [31,
Proposition 5] and obtain a sequence (u®) of finitely developable isometries in H2_(S;R?) such
that:

* Hu6 - QHH2(§;R3) — 0,

e for all § > 0 (sufficiently small) we have u’ = ¢ on each connected component U C év/g
satisfying R R
Un{z' €8 : dist(a’,05) > 6} # 0. (90)

Since the line segments £; are contained in the open set S , for all 6 > 0 (sufficiently small), the
components U;, i = 1,...,kpc, satisfy (90). Thus, we conclude that

wW=ginUforali=1,... kg (91)
(

Note that this implies (u’, V'u®) = (¢, V'§)) on L;, since we have £; C U; by construction (and
H2 (S;R3) C C(S;R3)). In particular, we have u’|g € Apc. If u’|s is affine, then it is smooth
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and thus the desired approximation. If u9|g is not affine, we proceed as follows. From (91) we
obtain that (u, V/u®) = (, V') on dU; N D;, and thus,

) = {@@:') r € UiZf (Di\ ),
’ 6

u’(x’)  else.

iso(§ ;R?). Since § is curved in D; \ U;, we conclude that ¢° is finitely
developable. Furthermore, since OU; N D; consists of at least two connected components, and
since u‘sls is non-affine, there exist connected components Uf C Cyrye with U; C Ui‘;. An
application of Proposition 4.16 to §° thus yields an isometry y? € H2 (S;R3)N C°°(§; R3) with
lly — §6||H2(§.R3) < dsuch that 4 = ¢° = gon U; for i = 1,...,kpc. Combined with the
property £; C U; we conclude that °|s € Agc N C®(S;R?) and ¢y° — y in H?(S;R?). O

defines an isometry in H?2
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