QUASI-OPTIMAL ERROR ESTIMATES FOR THE APPROXIMATION OF
STABLE STATIONARY STATES OF THE ELASTIC ENERGY OF
INEXTENSIBLE CURVES

SOREN BARTELS, BALAZS KOVACS, AND DOMINIK SCHNEIDER

ABSTRACT. We establish local existence and a quasi-optimal error estimate for piecewise cubic
minimizers to the bending energy under a discretized inextensibility constraint. In previous
research a discretization is used where the inextensibility constraint is only enforced at the nodes
of the discretization. We show why this discretization leads to suboptimal convergence rates and
we improve on it by also enforcing the constraint in the midpoints of each subinterval. We then
use the inverse function theorem to prove existence and an error estimate for stationary states
of the bending energy that yields quasi-optimal convergence. We use numerical simulations to
verify the theoretical results experimentally.

1. INTRODUCTION

We consider an arc-length parameterized curve u : I — R? with I = (a,b) C R. Since the
curvature k : I — R of u is given by & = |u”|, the bending energy F(u) is given by

1
E(u) = = [ |[u"|? d.
2

Our goal is to find minimizing functions to this bending energy functional under the inextensibility
constraint |[u/|?> = 1 and given boundary conditions u(a) = up(a), v' = u}, on dI. We note
that other boundary conditions either yield trivial solutions, i.e. straight lines, or lead to certain
consistency terms that we aim to avoid in the error analysis. From the first variation of the energy
functional we obtain the Euler-Lagrange equation

Oz/u”-v”dac
I

for all tangential fields v satisfying homogeneous boundary conditions and the linearized inexten-
sibility constraint u’ - v’ = 0. This problem can be discretized using piecewise cubic C* splines for
the approximation of the curve, enforcing the inextensibility constraint only at the nodes of the
decomposition of I. Using the nodal P;-interpolant 7 ;, we can write the discretized constraint
as Ip1|uj|*> = 1. In [Barl3| this discretization has been used to define a numerical scheme that
approximates these discrete solutions using a discretization of the L? gradient flow of the bend-
ing energy E. Numerical simulations show that the discrete solutions obtained with this scheme
converge linearly towards the continuous solution in H2(I)?, which is suboptimal since the interpo-
lation error is of quadratic order. By using the stronger constraint Zj o|uj, |* = 1 instead, we will be
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able to prove quasi-optimal quadratic approximation of regular energy stable solutions, which quan-
titatively complements general convergence theory. We will also perform numerical experiments to
experimentally verify the improvement in convergence rate.

Similar problems have been studied by several authors. [DD09] deals with the approximation of
the elastic flow of parameterized curves. [BGN10| addresses the case of closed curves and in [DKS02;
BGNO08; BGN12; DLP14; DLP17; [DN24] the numerical approximation of the L? gradient flow of
the bending energy for curves with fixed length has been studied. Further solutions to the above
minimization problem are closely related to harmonic maps into the unit sphere, i.e. minimizers of
the Dirichlet energy. Noteworthy papers regarding error estimates of harmonic maps are [HTW09)
following the ideas of [BRR&2|, where the minimization problem is reformulated as a saddle point
problem using Lagrange multipliers and a preconditioned iterative scheme to solve the problem is
proposed, as well as [BPW23], where this saddle point approach and the inverse function theorem
are used to derive a quasi optimal error estimate for the finite element approximation of harmonic
maps. Finally we also want to refer to [BDS25], where we derived a quasi-optimal error estimate
for the elastic flow of inextensible curves and a numerical scheme which will also be used for the
numerical experiments in Section

A notable difference between this paper and [BDS25| is that by reformulating the minimization
problem as a saddle point problem and using the inverse function theorem, we not only obtain an
error estimate for the minimizing function u; but for the discrete Lagrange multiplier A;, as well.

This paper has the following structure. In Section [I.I] we introduce some basic notation and
assumptions that we use throughout this paper. In Section [2] we investigate the suboptimal con-
vergence rate of the P; discretized constraint. In Section [3| we reformulate the problem as a saddle
point problem and use the inverse function theorem stated in Appendix [B] to prove local existence
of discrete solutions as well as an error estimate for approximating energy stable regular solutions.
In Section [f] we introduce a discrete scheme to numerically compute those discrete solutions and
verify the error estimate experimentally.

1.1. Notation. The following notation will be used throughout this paper. Let I = Uf\il[xi,l, ;)
a decomposition of an interval I = (a,b) C R with a = 2y < 21 < ... < zpy = b. We set
I :=[zi-1,24), hi = ;i — x4-1, h =max; h; and T, = {I; | i = 1, ..., M}. We will further assume
that there exists ¢ > 0 independent of h such that h < ch; for all ¢ = 1,..., M. We then define the
finite element spaces
SN TL) == {vn € CYI) :vy|y € Py, for all J € T} € HTY(I).
To deal with boundary values, we also define the Sobolev spaces with vanishing boundary values
H(I) := {ve H*(I) : v(a) = 0, v'|ar = 0},
Hp(I) :={v e H'(I) : v(a) = 0}, Hy(I) :={ve H(I) : v|gr = 0}.
We further set H=*(I) := HE(I)' the dual space of H}(I). Analogously, for I € {0,1} we define
finite element spaces with vanishing boundary values as

Sp!(Ta) = S*UT) NHFH D), 85°(Ta) = S™(Ta) 0 HG (D).
We write (-, ) and ||-|| for the L?(I)-product and -norm and Dju for the elementwise weak derivative
of a function u. Also for i = 1,..., M we set m; := (z;—1 + x;)/2 the midpoint of the interval I;,

M(Tp) :=={m; :i=1,..,m} and define the sets of associated nodes for S19(7;,) and S%°(7},) as
M(Tp) :={z;:i=0,... M}, No(Th) == Ni(Tw) U M(Th).



ERROR ESTIMATES FOR THE APPROXIMATION OF ELASTIC CURVES 3

We then define the cubic C' interpolant Zj, 3 Cl( ) - &% 1(771)‘1 and the continuous quadratic

and linear interpolants Zp, 5 : C°(I)¢ — 82 0(’771) y I s CO(1T — SYO(T,)? via the identities
T 3v(z) = v(z), (Ih’g’l))/(z) =v'(z) VzeN(Th)
Tnov(z) =v(z) Vz € No(Th), Tnhav(z) =v(z) Vz € Ni(Th).

Additionally we define the linear and quadratic interpolants with vanishing boundary conditions
Ih,k,O : CO(I)d — ngo(ﬁ)d via

Thkov(z) =0Vz €01, TIpiov(z) =v(z) Vz € Ni(Th) \ O
for k € {1,2}. Further we introduce another interpolant 7, 3 : C*(1)? — S*1(73,)? defined via
TIn,3v(z) = v(a) —I—/ T o0 do.

We note that, according to Lemma [AT] Jj 3 satisfies mostly the same interpolation estimate as
Zh 3, but preserves derivatives at the subinterval midpoints m,. Based on these interpolants we also
define two lumped L2-products on C°(1)? as

(u,V)p1 = /Ih,l(u -v) dx, (U, v)p2 = /Ihﬁg(u -v) dx
I I

as well as the corresponding lumped norms

lullny =/ (u, W1,

2. DISCRETE ENERGY MINIMIZATION

(u, u)p,2.

In this section we take a closer look at the solutions to the discrete minimization problem to find
out why the approximation error converges only with linear rate. We first recall the continuous
minimization problem:

(1)  Find u € up + H3(I)? that minimizes: F(u /|u”|2 dr  subject to |u/|? =

It is easy to see that this minimization problem is closely related to the minimization of the Dirichlet
energy:

~ 1
2 Find @ € p + HL (1) that minimizes: E(v) = = v'|?2 dx  subject to |ul? =
0 5 J
I

A function u € up+H% ()% is a solution to the minimization problem (1)) if and only if u(a) = up(a)
and @ = v’ is a solution to the minimization problem with boundary conditions up = u/,. An
analogous result holds for the discrete case. The following proposition shows that piecewise affine
functions minimize the Dirichlet energy.

Proposition 2.1. For all u € H'(I)* we have

/\Ihlu |2dx</|u|2dx

with equality, if and only if u € SYO(T;,)?. Especially if u € S*°(Ty)¢ is a minimizer of the Dirichlet
energy under the discrete constraint Ip1(|u|?> — 1) = 0, then u € SH0(Ty)4.
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Proof. For all u € H'(I)? we have
/WP dz = /|(Ih71u)/|2 d + / [~ Ty )| da + 2/(zh,1u)/ (= Ty yu)’ de
I I I I

Integrating by parts yields that the last term is zero, which proves the estimate with equality if
and only if ||(u — Ih’lu)’”%z(l)d =0, ie u=7pu. O

As we have explained above, a function u minimizes the bending energy if and only if it satis-
fies the required boundary conditions and «’ minimizes the Dirichlet energy. Therefore, applying
Proposition to u’ yields the following result:

Corollary 2.2. For all u € H?(I)¢, with

x

Tn,2u = u(a) —|—/ Ty de € S*O(Tp,)?

a

and Proposition [2.1] we obtain
/Kj"”w)”'2 dr :/|(Ih,1ul)/|2 da §/|u”\2 da.
I I I

Therefore minimizers in H*(I)? to the bending energy subject to the discrete inextensibility con-
straint Tp, 1 (|u'|? — 1) = 0 belong to S%°(T;,).

This result also yields an explanation, why solutions to the discrete bending problem in general
only converge linearly and not quadratically, as for quadratic splines linear convergence in H?(I)¢
is already optimal.

3. LOCAL ERROR ANALYSIS

To obtain optimal convergence we use a technique based on a version of the inverse function
theorem as in [BPW23] to derive quasi-optimal error estimates for the approximation of harmonic
maps. For this a suitable reformulation is needed: Find u € up + H%(I)? =: A; that satisfies the
inextensibility constraint |u/|? = 1 and the Euler-Lagrange equation

(3) 0= /u" " dw
I

for all v € G(u) := {v € HH(I)?: v -v' = 0}. Now let v € H2(I)? be arbitrary. We then have that
wi=v— [T(u V) do € G(u) is a suitable test function for (3) and testing with w yields

OZ/UN-IUN dﬂc:/u”-v”—|u”|2u’~v/ dxz/u”-v”—&—)m’m' dr
1 1 1

with A = —[u”|?. Set X := H3(I) x H~(I) and A := (up,0) + X. Then u is stationary for the
bending energy under the inextensibility constraint if and only if (u, —|u”|?) is stationary for the
Lagrange functional L : A — R,

1 1
L(u,\) == = / W12 de+ - (A WP = 1)
2/, 2
We now define F : X — X' as
- B B 1 B
F(u, N[, p] = /(U +up)” 0" de+ (\, (@ +up) V) + 3 (p, |[u +up|* —1)
I

= 0L(u, )\)[1}, lu']
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with u = u + up € A;. Thus we get that a function u € A; is a stationary point of E if and only
if F(u,—[u"|?) =0, where F(u, ) := F(u—up, ).

A similar approach can be chosen to deal with the discrete problem. We set upp = Zps3up
and search for up, € Ap1 = upp + S%l(ﬁl)d satisfying the discrete inextensibility constraint
Th2(|u},|* — 1) = 0 and the Euler-Lagrange equation

/uh vy dx =0
I

for all vy, € Gp(up) = {vn, € 8%1(7@) : Ih o(u, - vy,) = 0}
We now set X, == (Sg' (Th). | - la2ye) x (S5°(Th) | - lr—1(ry) € X and Ay = (up p,0) + Xp.
We define the discrete Lagrange functional L : A, — R,

Lin(ums M) - /|u 24 Ty — 1)) de

and ﬁh Xy — X;L,

1
Fuun = wp e Moo i= [ i+ Tnahnth - oh) + 32 — 1) d
I

= 0L (un, An)[vn, pn]-

Analogously to the continuous case, we have that uj, € Ay 1 :=up + S%l(ﬁ)d is stationary for
the bending energy E under the discrete constraint Zp, o(|u},|* — 1) = 0 if and only if for some
An € 83’0(771) we have Fj,(up, Ap) = ﬁh(uh — up.h,An) = 0. Hereby Ap, is the unknown discrete
Lagrange multiplier corresponding to the discrete inextensibility constraint. We want to obtain the
existence of a solution (up, A\p) as well as an error estimate by applying the following quantitative
version of the inverse function theorem to F}, and the interpolants of the continuous solution (u, N).

Lemma 3.1 (Inverse function theorem). Let F': X — X’ for a Banach space X and assume there
erist T € X, cp, Ciny,0,€ > 0 such that

(D) [F@)[x <9,

(2) F is Fréchet differentiable in B.(Z),

(3) IDF(&) | Lxr,x) < Cinos

(4) For all x1,x5 € Bo(%) : ||DF(x1) — DF(22)||r(x,x1) < collz1 — z2|x,

(5) CLCinv€ S %7 2Cinv6 S g.
Then there exists a unique © € B.(Z) with F(x) = 0.

Proof. See Appendix [B] O

Assume u € H*(I) is stationary for the bending energy under the constraint |u/|> = 1 and let
A € H?%(I) be the corresponding Lagrange multiplier, i.e. (u,\) is stationary for the continuous
saddle-point functional L. Set

up = ZIp,3(u), A = TIh2,0(N).

We will show that for A small enough, Fj, and @ = (ah,Xh) satisfy the conditions of Lemma
with € = ch?, thus yielding the existence of a solution to Fy,(un, A\r,) = 0 and a quasi-optimal error
estimate |lup — ul|gr2(ya < ch?. Since the definition of Fj, involves the term (-,-)p 2, we first need
an estimate for this lumped L2-product.
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Lemma 3.2 (Quadrature control). Let ¢y, € S*°(Ty) and ® € C°(I) with ®
i=1,....M. Then we have

|(Wn, @) = (n, @)zl < kP ([l DR + 104 IID7 @] + [ Duedi, 112

Proof. Since 1y, is elementwise Py and ® is elementwise H3, 1, ® is elementwise H> as well.
Since ¥, ® is also continuous, Zp, 2(¥,®) is well defined and applying the interpolation estimate
of Lemma elementwise yields

(6, @) — (ton, ®)pa] < /I D — Tns ()| dr

1, € H3(I;) for all

<an® [ 1D} do
I
< e (ln | |DS®] + | Dun [ D3@ + | D26 1Dl

In the last step we have used the product rule, Holder’s inequality as well as the fact that wah =0
for k > 2. O

Now we can show that Fh(ﬂh,xh) is controlled in terms of the mesh size such that (1) of
Lemma [3.1] holds with § = ch?.

Lemma 3.3 (Boundedness). The functional Fh(ﬂh,xh) satisfies
1B (T, A )| x; < ch®.

Proof. Let (vp, urn) € Xp. Since (u, A) satisfies F(u, \) = 0 we get
| @y M) [ons pn]| = | Fn@ns n) [0, 1] = F(u, A)[on, ]

@, vi) = (@ o)+ s @ - o)z = = 0h)| |y [ = Dz
=: I+ 1T+ IIL.

IN

For I an interpolation estimate shows
(4) L= |(Zns(w)" = u", )| < [T s (@) — " [op | < ch®ullsaqrysllonll sy
For 11 we first note that v, € Sy'(75)?, therefore we have @), - v}, = 0 on dI. Since Zj, 2 0v(2) =

T, 2v(z) for all nodes z € Na(Ty)\ 01, we obtain (Xh, W,V )2 = (TnoA, U, -0}, )n,2. With = IhoA
we therefore get

I < (N, - v )2 — O\ T, - o)+ [, - vh) — O’ vp)| + (- o) = (A - o)
— T0; + Tl + IT5.
To estimate II; we use Lemma and the fact that Div, = 0 for v, € S*1(T5,). We get
Iy < ch® (N[ D3 @, - op) |+ IV 1D (@, - op) I+ 11Dw X ]| D @, - v3)])
< ch® | AN(IDniy || oo (rye 07| + ] Lo (rye | Davp )
+ P [N N (1D 105 oo (rye + 15z crya 103 |+ 1750 2o (e | Davi 1)
+ ek [|DR X ([ 105 oo (ye + 15, | o (ryal 07 1)

Combining the interpolation estimate of Lemma with the inverse estimate of Lemma
yvields [[Mgz(ry < cl[Mlazy and |Dfs|| < cllul|gagrya for all k& < 4. A Sobolev embedding
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theorem implies || D}aip p 7,y < ¢l Dyiin| gri(r,e. From the inverse estimate of Lemma we
have || Dyvjl|| < ch™!||vp|lg2(rya. Combining these estimates yields

I < eh® || Mlaz o l[ull s cryal[on | ez ya-
Next we simply use Holder’s inequality and an interpolation estimate to obtain a bound on II5:
Iy = (A, (@, — ') - )| < @, — @ vkl rya < A [Nz llull sy llonll 2 nye-
Finally using an interpolation estimate on II3 yields
I = |(A = Ao vp)] < A= Al will < el Mgz oy lall s yallonll 2y
Combining these three estimates yields
(5) I < h®|| M g2 llull sy llvnll 2 e

It remains to estimate III. We therefore write

1= | [ Zoalon (33~ o) do
I

< / (un (T2 — []2)) dr

+/|Ih,2(uh(|%\2 = ') = (en (@, * = [ [*)] do
I

= / un ity — ') - (i, + ) da
I

=: II1; + ch’11l,.

e / D3 (un (&, — ) - (T + u))| dx

ITI; can easily be controlled using an interpolation estimate:
L < [l oy 1@, — ) - (@, + )y < eh?|ullfrapyall il -

To bound IIl; we use an inverse estimate to obtain ||[DFup| < Ch_(k+1)|‘/,(,h||Hl(1)/. With this
estimate we get

Ly < |un|I1DR((@, — o) - (@, +u")| + elluh 1 D7 (@, — ) - (@, + o))l
+ || Dy | Dr (@, —u') - (@, + )|

< cllnllllulFrs e + chllulllullzs e + ch? | DR pnllul s 1ya

< ch™ Ml oy lull gy
In combination, these two estimates yield
(6) T = 10Ty + ch® Iy < ch?|[ul 3 pyallinllz iy -
Finally , and @ lead to

| B (T, An) [on, ]| < eh®l[ull gacoye (I 2ol + Nl s ya) Ul ey + ol rya)
< x| (s vn) | x,

which finishes the proof. O

Remark 3.4. In case we replace the discrete inextensibility constraint Iy o|u},|* = 1 with the
weaker constraint Ip, 1|uy|*> = 1 we only have the reduced estimate

1B @i, An) L, < ch
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This is because from an interpolation estimate and an inverse estimate we only get
IO, - v )ngy = @, - op)| < ch?(|DR (NG, - i) || < eh®|[ Mz lull s nyallvnll s e
S Ch||UhHH2(])d.

So in case all the other assumptions from Lemma[3.1] hold, this would imply linear convergence of
the approximation error.

The differentiability of Fj, is clearly not a problem, so next we focus on the invertibility of
DFy (g, A\). For this we use Brezzi’s theorem,

Lemma 3.5 (Brezzi). Let V,Q be Hilbert spaces, X :=V x Q. Further assume a : V xV — R
and b: X — R are bounded and bilinear. We define B :V — @', B(v)[q] := b(v,q) and L : X —
X', (v,q) = (a(v,:) + b(-,q),b(v,-)) Then L is an isomorphism if and only if

(1) 3a>0:Vv € ker B : a(v,v) > o|jv|%,

(2) 38> 0:Yg € Qs subyevr oy Tt > Bllalle-
Proof. The statement follows from the Lax—Milgram Lemma and [Bre74, Theorem 1.1]. O

To apply this result we first rewrite DF : A — L(X, X') as
DF(u, N)[(v, ), (w,n)] = ax(v,w) + bu(w, p) + bu(v,7)
with
a)(v,w) := (" w") + M\ v -w'), by (v, @) == (p,u’ - v").
Analogously we rewrite DF}, : Aj, = L(Xp, X}) as
DEy (uny Ap)[(vns n), (whsnn)] = ax,, (vns wh) + bu,, (wh, pin) + bu,, (Vn,710)
with
ax, (vn, wn) = (U, wy) + (An, V), - Wh)n2, bu, (Vs 1n) = (M = V) )2

We also define By, (vp)[un] := ba, (n, pr) and By (v)[p] = by (v, 1). So to show that DFy, (i, An)
is an isomorphism, according to Lemma we have to show that ay is coercive on ker By, and
that by, satisfies an inf-sup-condition. We start showing coercivity.

Lemma 3.6 (Coercivity). Assume there exists o > 0 such that ay satisfies the coercivity condition

ax(v,v) > aHvaqz([)d for all v € ker B,,. Then for h small enough we have

a
axh(vhavh) > §||’Uh||?_[2(1)d,
for all vy, € ker By, .

Proof. Let vy, € ker By, . We define v" € ker B,, by

o (z) = / vy, — (v, - u')u' dz + vp(a) = vy — / (vy, - u')u' de.
Thus we get
as, (’Uh,’l)h) = a)\(’l)hv’l)h) + (axh (vh, ”Uh) - a)\(vh’ vh))

> Cl“vhH%{,z(I)d — ‘axh(vh,’l}h) — a)\(vh’vhﬂ'
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For the first term we have
allv 32 ye = ellonllFr e — alon — o™, vn + ") g2 (g)a
> allon|? = allon = v" || g2(ryallvn + 0" || g2(rya-

We note that [[vs, + 0" || g2(rya < [onllgz(rya + 0| g2y < ellonll gz (1 + HUH?‘I“(I)d)' Also, since
vy, € ker By, , we have that Zj, (v}, - 4)) = 0. As v"(a) = vj(a), we can use a Poincaré inequality
on vy, — v and obtain

lon = 0" 2(rya < ell(Wh - w)u' [l rya = el (W - ') = Tn,2(vp, - @)W |2 7y
< ell((vp, - u') = (Wh - @) [ rya + ell (0 - ) = Zn,2(v), - )0 | 11 1y
(7) < h2 2 2 h2 D3 !~
< ch?lJull g pyallvnllzrz e + ch®llwll s ryall Dy (og, - )|
< Ch”“”%ﬂ(z)d||Uh||H2(1)d-
This yields a bound on the first term:
allo 3z rys > oL = euh)l|on [rarya-

For the second term we estimate

Jaz, (vn,vn) = ax (", 0" < (07, o7) = ()", (")) + [ w07, - oh)nz = O, (0 - ("))

=IV+V.
Term IV can easily be bound using the above estimates:
IV = |(vh = ("), v + (")) < chllulFpsgyallvnllre e (L + l[ullFs rya)-

For V, since v, € ker Bz, C Sj'(7x)?, we use again that (Xh,vﬁI SV )h2 = (A, vy, - Uy )h,2 for
A =TIy 2. Therefore we have

V< |0 v)ne = v - o)+ 1o - o) = (O, (@) - ("))

L @) (")) = (A @) - (")) =1 Vi + Va + Vs
Lemma [3.2] and an inverse estimate imply

Vi < eh [ DR 03| do < iAo o e e

I
For V5, we can use with the H! norm to obtain
Va < [Mllon = 0"l yallon + 0" L2 1ye < b M 2 llul Fragyallonll Fz rya (U4 el crya)-

For V3 we use an interpolation estimate to obtain

Vs < A= A" ") < eh® M ez ) lon 1 22 1y

Combined these estimates yield V < cuyAthhH%z(I)d and therefore

o
a5, (vn, vn) = a1 = cul)l|vnll2 rya = cunbllvnlliz e > 5 lonllge e

for h small enough. O
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Remark 3.7. The coercivity of as, on ker By, is another point where the Py discretization of the
inextensibility constraint can fail. If instead of Ip 2 (), - v;,) = 0 we only require Ip, 1 (u}, - vy,) =0 in

. we get
lon = 0"l 2 nye < ell (W - (0" = @) | rya + ell((Wh - @) = Zna (vh - @)W ||y
< ch®[lullFpapyallvnll 2 e + chllulFacpyal Dionll < ellullFacryallonll gz
where in the last estimate we have used an inverse estimate. This ultimately yields
as, (v, vn) > (1 = c)llvallFz(rya — cunllonllz
which does not imply coercivity for h small enough.

In the proof of Lemma we have shown coercivity of aj, on ker By, by assuming that the
continuous bilinear form a) is already coercive on ker B,,. We now discuss some settings where this
assumption holds.

The coercivity assumption obviously holds for straight curves, since in this case we have A =

—|u]? = 0. Another important class of curves for which the coercivity assumption holds are planar
curves, i.e. curves u: I — R2, as the following proposition shows.

Proposition 3.8. Let I = [a,b] C R an interval and u € VV2 *(I)? a curve satisfying |u|* = 1.
Further set X := —|u"|? and define G, := {v € H*(I)¢ : = 0,v(a) = v'(a) = 0} D ker B,,.
Then ay is coercive on G, i.e. there emsts a > 0 such that 0,)\( v) > O‘””H[p(])d-

Proof. Let v € G,, arbitrary. Since v’ € S and v/ - v’ = 0, we can rewrite v’ = yu/, where v/, is a
rotation of u’ by 7/2 and v € H*(I) with y(a) = 0. This yields

W12 = (v ) P = Pl + PP = 1P+ P e

From Hélder’s inequality and a Poincaré inequality we thus obtain

//|2.

lo"||* = / V1 Pl dae < 1P e ) [P < (4 EBllu [ () 1112

Together with [v/|? = |y|? this implies

ax(v,v) = / "2 — a2 ? d = / 72 do > (1 + 12 e rya) 10

Using another Poincaré inequality twice on HUH%{Q( pya therefore yields
0[5z (rya < (1 + B+ p) 0" |72 1ya-
Thus the asserted inequality holds with v = (1 + ¢ ||u”||% I)d) 14 ch+cp) O

Next we have to show that by, satisfies an inf-sup-condition. We do this by constructing a
function v, € S%0(T,) that satisfies the second estimate from Lemma To construct this
function we first need some projections onto the finite-element-space. Let T, : L2(I) — S5°(Th)

via

o (U,QO ,2)L2 I)d

HhU = Z ‘;7()302,27 62,2 = /‘pz,Q dz.
2ENL\TY, 22 1

Here ¢, o is the nodal basis of $?9(7;). Then we have that (ﬁhv,wh)h,g = (v,wy) for all wy, €
S3(Tn) and v € L2(I). Let M, : L*(I) — Sg°(75) be the standard L? projection satisfying
(T, wp) = (v, wn) Yw, € Sg°(Th),v € L2(I).
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Lemma 3.9. For all v € HE(I) the modified projection Il satisfies
0]l 11y < ellvllzn -
Proof. Define 6§, := ﬁhv — II;v. Lemma therefore implies
cllonl < 10nll3 2 = (n, T — Mpo)n2 = (8, pv) — (6, I0)p o
Lemma [3.2] then yields
16n11% < ch® (|6 11 DF (TTh0) | + || Drdn ||| D7 (Tn0) || 4 | D70k D (Mpv)]])
< chl|on ||| D (ITx0) |-

We therefore obtain ||| < ch||(IIxv)'||. An inverse estimate yields |87, || < ¢||(II,v)’||. The asserted
inequality then follows from the H!-stability of the standard projection ITj, on quasi-uniform meshes.
O

Now we show that the second condition of Lemma 3.5 holds.
Lemma 3.10 (Inf-Sup-Condition). There exists 8 > 0 such that for all un € Sg°(Tr) there exists
on € SN (TR)?\ {0} such that
bay, (b, vr) 2> Bllpn ||z oy lonll 2 (ya-
Proof. Let pu, € Sg°(Th) be arbitrary. Since S3°(T) < H{ (I)', the Hahn-Banach theorem implies
g€ Hy(1): ¢l =1, (b, ¢) = [ een | 3 1y

We now define vy, € 831(771) via

op(z) == / T2 (1, ¢)10h,) de.
Testing with vy, and pp, yields

by (Ons i) = (s Wy - V)2 = > () (2)i, (2) - 1y (2) B 2
Z€N2

M
= lnllmyy — Zuh(mi)ﬁhqs(mi)ﬁmiz(l — [uh, (ma) ).
i=1

For the second term, using 1 = |u/|? we get

M
Zuh(mi)ﬁhcﬁ(mi)ﬁmﬂ(l — [ug, (m4)]?)

M
< Z Hﬂh”Lx(I)\\Hh¢||L°°(I)|5m,;,2|||U/ - %HLw(I)dHu/ + 77;L||L°°(I)d~
i=1
With |Bm, 2| < by || ey < ch ™2 |l gacry on Sy°(Tn) and ||« | (rya < ¢]l - g2 (1)« we obtain
M ~ M _
D () T (m) B 2 (1 = [, (ma)[?) < b2 > Nl pnll sy (2 Tl oyl 5y

=1 =1

< ch1/2||:uh||H(}(I)’HUH%H(I)G"
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Therefore we have

1
(8) ba, (kn,vn) = (1 — Chl/z”““?ﬂ([)d)HMh”Hé(z)/ 2 §H,U'h||H01(I)’
for h small enough. On the other side for v;, the estimate
||UhHH2(I)d < C||Ih,2<(ﬁh¢)a;z)”H1(I)d < C||U||H4(1)d

holds. This yields ¢ !||vn || g2 (1) ||u||;Ii(I)d < 1 and inserting this estimate into implies

1 _ _
¢ Hlonll ez ryallull g pyallenl g oy < b, (s on),
which is the asserted estimate. O

It remains to show that DFj, is Lipschitz continuous in a neighbourhood of (ﬂh,xh). This is
established trough the following lemma.

Lemma 3.11 (Lipschitz estimate). For all (up1, An,1), (Un,2, An2) € Xi we have
| DFy(un,1, An1) — DEp(un,2 An2)llnx, x;) < cll(un1 — un2, Ana — An2) |l x, -
Proof. Let (vp, pn), (wp, np) € X}, arbitrary. We then have
[(DFx(un,1, Ana) — DFy(un,2, An2)) [(0n, fin ), (whs na)]|
< H(An1 = Ang2s v, - wi)ng2l + [(ns (uny — wng2) - wi)n2| + 100, (Ui — un2) - on)n2l.

With Lemma [3.2] and inverse norm estimates we get for the first term

[(An1 = An2, 0 - w))n2
< J(An1 = A2, Vi wh)| + [(Ant = A2, V) - wh)nz — (A — An2, v) - wh)|
< Ana = Anzllmz oy lonll mzcna llwall g2 (e + b Ana = A2l DF (v, - wh) |
+ ch®(| D (A1 = M 2)1D7 (v - wi) | + eh® | DR (Ana = An2) || Da (v, - wh) |
< clAna = Anellmz oy vl a2 yallwnll g2 e
Analogously we get for the second and third term
|(ths (un,1 = un2) - w2l < cllpnllgzy luna — wn2llgznallwn |l g2,
|(Mns (un,a — un2) - vn)n2l < ellnnllaa oy lluna — wnellg2nallonll mz e,
which implies the asserted estimate. O

We are now in a position to apply the inverse function theorem.

Theorem 3.12 (Error estimate). Let (u,\) € (H*(I)% x H?(I)) N X be a solution to F(u,\) =0
such that ay is coercive on ker B,, . Then for h > 0 sufficiently small there exists (up, Ap) € X
with Fp(up, A\p) =0 and a constant ¢ > 0 such that

|lw — UhHH2(I)d < ch?.

Proof. Set uy, := I 3u and Xh = Zp2,0A. We show that the conditions of the inverse function
theorem of Lemma are satisfied. Lemmaimplies the boundedness of F},(up, Xh) with k < ch?.
Lemma implies an inf-sup condition on bz, and Lemma yields the coercivity of as, on the
kernel of Bj. In addition an interpolation estimate for the nodal Ps-interpolant and an inverse
estimate imply the boundedness of ax, and by, . Thus Brezzi’s theorem implies the inverse estimate



ERROR ESTIMATES FOR THE APPROXIMATION OF ELASTIC CURVES 13

of Lemma [3.1] Finally the Lipschitz condition follows from Lemma Now the inverse function
theorem implies the existence of (up, Ap) € Xp with Fj(up, Ap) = 0 and

(@ — wns An — M)l x, <& =ck=ch?
With || - ||x, = || - ||x and the interpolation estimate
[@n — ull (s < ch®||ull gragya

we obtain the asserted estimate. O

4. NUMERICAL APPROXIMATION

4.1. Time stepping scheme. In this section we verify the error estimate from Theorem [3.12
through numerical experiments. For this we use the time stepping schemes proposed in [Barl3]
and [BDS25], which are obtained through time discretization of the L? gradient flow of the bending
energy E.

We thus first choose a time interval [0,7] = Uf?;l[tn_l, t,], with t,, = n7T and time step size 7. Let
Z" € 8*1(Ty)? the calculated approximation of zj(t,), where 2, is a solution to the L? gradient
flow of E in 8*!(7,) with respect to the discrete constraint Zp, »(|2},|*> — 1) = 0, given boundary
conditions and initial value Z° = J}, 329. Note that the discrete constraint Zj o(|2;|*> — 1) = 0 for
the semi-discrete scheme can be equivalently written as

1d
0=Toa(HOP = 1), 0= 32 Taa(P 1) = Taa(@ish - 2).

We now linearize this constraint with respect to the previous time step and obtain the linearized
discrete constraint

0=Tna2(I(2°) - 1), 0=Tho((de ") - (Z2"))

for all n € {0,..., N — 1} where d; is the backward difference quotient. By also replacing the time
derivative in the semi-discrete scheme with the backward difference quotient we obtain the fully
discrete scheme:

Algorithm 4.1. Choose zy € H*(I)? with |2|> = 1, 20(a) = up(a) and 2, = u'y, on OI.
(1) Setn =20 and

x

AR Th370 = zo(a) +/ Th 22 do.

a

(2) Find d, 2" € Gi(Z2") = {Y € S5 (Th)? : Tna(Y'-(Z")) = 0} such that
(dth+1, Y) 4 T((dthJrl)”, Y//) _ _((Zn)//7 Y//)

for allY € Gn,(Z™) and set Z"t = Z™ + rd, Z" 1.
(3) Stop if n = N — 1, otherwise increase n — n + 1 and continue with (2).

Since the discretized, linearized constraint defines a closed subspace of S*1(7,)?, the existence
of discrete solutions follows immediately from the Lax-Milgram-Lemma. Also, as in [Barl3|, we
can incorporate boundary conditions into the scheme by enforcing

o ;7" =0onTp, (dZ")Y =0o0n T’  for fixed/clamped boundary conditions,
o d; 7" (a) = d; Z"L(b), (diZ"T) (a) = (d;Z™T1)'(b)  for periodic boundary conditions.
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Note that while we have Zj, 3v(b) = v(b) for all v € C(I)?, this is in general not true for the
interpolant J 3. Therefore, the approximations Z" will in general only satisfy the boundary
condition Z"(b) = Z°(b) and not Z"(b) = up(b). This however only leads to a small error, since
according to Lemmawe have | Z°(b) —up(b)| < ch*. With M the mass matrix and S the fourth
order stiffness matrix we therefore have to solve in every time step the linear system of equations

(9)

M+7S BT [dz"]  [-Szn
B 0 AT o |7

where B is a matrix, that encodes the linearized discrete constraint Zj, o ((d; 2" 1) - (Z™)') = 0 as
well as the boundary conditions, and A is the unknown discrete Lagrange multiplier.

Remark 4.2. The mass matrizx M in @ can be replaced with the matrix S, yielding the new
linear system of equations

SikiisuEnl

For sufficient boundary conditions this provides a discretization of the H%, gradient flow of E which
in practice converges faster towards a minimizer than the L? gradient flow. If not enough boundary
conditions are provided however, the bilinear form given by S is no longer positive definite and the
matriz in becomes singular. The scheme @ can be used to approzimate the L? gradient flow
of E even in the absence of essential boundary conditions.

4.2. Numerical experiments. To experimentally verify the error estimate from Theorem (3.12
we choose starting values and boundary conditions for which the (locally) minimizing function is
known. Let u denote that local minimizer and Z™ the calculated numerical approximation from
scheme (4.1). We set e} :=u — Z™ and apply the binomial theorem and Lemma to obtain

Ry = e +12"Bragys =2 | @) (27"
1

We then set |ep| g2 := |efy | ir2(1ya. To also be able to estimate the weaker norms we additionally set
& = Tgep and [enlms = | | oy, [enllze = 0.

Example 4.3 (Semi-clamped circle). We choose I = [0, 27] and zo(z) := (cos(x),sin(x)). Addi-
tionally we choose T' = 50 and boundary conditions «(0) = (1,0), «'(0) = «/(27) = (0,1). Since zo
is a local minimum for the bending energy, it is also the solution u we want to approximate. We now
calculate solutions using both, the scheme with Py constraint as well as the scheme with P
constraint from [Bar13|. The results for the H? approximation error are displayed in Table Il We
observe linear convergence for the P; constraint and quadratic convergence for the Py constraint,
as predicted by Theorem [3.12
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FIGURE 1. Initial and stationary functions for Example (left), Ex-
ample (center) and Example (right).

‘ P1 constraint ‘ P constraint

T =1/10 T =1/20 r=1/10 T=1/20

len| g2 eoc len| g2 eoc len| g2 eoc len| g2 eoc
1.57080 | 1.290e+00 - 1.340e+-00 - 2.228e-01 - 2.228e-01 -
0.78540 | 5.628e-01 1.19662 | 5.629e-01 1.25179 | 5.714e-02 1.96322 | 5.714e-02 1.96322
0.39270 | 2.834e-01 0.98972 | 2.834e-01 0.98979 | 1.438e-02 1.99081 | 1.438e-02 1.99081
0.19635 | 1.420e-01 0.99724 | 1.420e-01 0.99726 | 3.600e-03 1.99770 | 3.600e-03 1.99770
0.09817 | 7.103e-02  0.99930 | 7.103e-02  0.99930 | 9.003e-04 1.99939 | 9.003e-04 1.99939

TABLE 1. H? approximation error for the schemes with P; and P

constraint and starting value Z° in Example The approximation
error converges linearly in case of the P; constraint and quadratically in
case of the Py constraint.

According to Corollary the suboptimal linear convergence of the solutions to the P; scheme
stems from these solutions being piecewise Py instead of P3. To verify this result experimentally
we set

Zo(x) = 20(0) + /91 Tha(zy) dz € S¥(Tp)?
0

and insert it as initial value into the discrete scheme using the P; constraint. By comparing the
stationary values with the starting values we observe that Z° is stationary for E under the P;
constraint, meaning the solution is piecewise quadratic, while Z° is stationary for E under the P
constraint, meaning the solution in this case is piecewise cubic.

Example 4.4 (Clamped helix). We next look at a curve in three-dimensional space. We choose
I=[0,2vVm2+ 1), \=7/Vr2+1, u=1/v/m2 + 1 and define z : I x [0,50] — R3,

zo(x) := (cos(Az), sin(Ax), px).
This curve describes a helix and for clamped boundary conditions, i.e. I'p = I'y = 91, z(t) is
minimal for the bending energy for all ¢t and thus a solution to the elastic flow. We again compute

ler| g2 and €}, in the weaker norms for the schemes with P; and Ps discretization of the constraint.
The results are displayed in Tables 2] and [3] The results nearly coincide with the results that we
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obtained from Example even though we now used clamped boundary conditions that are not
covered by Theorem suggesting that the error estimate can be extended to cover clamped
and fixed boundary conditions as well. In case of the P; constraint we observe linear convergence
in H? and quadratic convergence in the weaker norms. In case of the P, constraint the rate of
convergence is again the same as for the interpolation error and thus quasi-optimal.

‘ P1 constraint ‘ Ps constraint
h 7 =1/10 T =1/20 T=1/10 r=1/20
len| g2 eoc len| mr2 eoc len| g2 eoc len| g2 eoc
1.64845 | 1.070e+00 - 1.070e+00 - 2.081e-01 - 2.081e-01

0.82423 | 5.498e-01  0.96008 | 5.498e-01  0.96008 | 5.320e-02 1.96792 | 5.320e-02 1.96792
0.41211 | 2.768e-01  0.99030 | 2.768e-01  0.99031 | 1.338e-02 1.99194 | 1.338e-02 1.99194
0.20606 | 1.386e-01  0.99759 | 1.386e-01  0.99759 | 3.348e-03 1.99798 | 3.348e-03 1.99798
0.10303 | 6.934e-02  0.99940 | 6.934e-02  0.99940 | 8.374e-04 1.99943 | 8.375e-04 1.99941

TABLE 2. Approximation error in H?(I)¢ for the P; and P, constraint
and initial value Z° in Example We observe linear convergence for
the P; constraint and quadratic convergence for the Py constraint.

L ‘ Py constraint ‘ P> constraint
| lenllze eoc | [en|m eoc | |len]lLe eoc | [en|m eoc
1.64845 | 7.999e-01 - 5.644e-01 - 9.344e-03 - 8.179e-03

0.82423 | 2.029e-01 1.97861 | 1.491e-01 1.92025 | 5.620e-04 4.05530 | 5.095e-04 4.00467
0.41211 | 5.108e-02 1.99016 | 3.782e-02 1.97909 | 3.497e-05 4.00668 | 3.184e-05 4.00050
0.20606 | 1.280e-02 1.99659 | 9.497e-03 1.99376 | 2.183e-06 4.00131 | 1.990e-06 4.00011
0.10303 | 3.203e-03  1.99896 | 2.377e-03 1.99825 | 1.364e-07 4.00032 | 1.243e-07 4.00003

TABLE 3. Approximation error €, in the weaker L? norm and H!
semi-norm for the P; and P, constraint, initial value Z° and 7 = 1 /10
in Example {4 Quadratic convergence can be observed for the P;
constraint. For the quadratic constraint however we observe quartic
convergence, which together with the interpolation estimates yields
quartic and cubic convergence.

Example 4.5 (Semi-clamped oval). In this experiment we verify the results from Theorem

with a non-stationary starting value. For this we set I := [0, 47] and define 2q,2; : [ — R?,
(cosx smx) € [0, 7]
27T
) L), 271
(cos(w —m),sin(z —7) —7), x € 2,37
(1,2 —4m), 37, 4n]

1
z1(x) =2 (cosg — i,sin :;) .

We note that z; is a local minimizer of the bending energy under boundary conditions z(0) =
(1,0), 2/(0) = (0,1) = 2'(4m) and therefore a solution to the bending problem and with 2y as
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starting value for the continuous L? gradient flow z we get z(¢) RimiccN z1. We again compute the
H?, H' and L? approximation errors for the P; and P, constraint. The results are displayed in
Tables [4] and [5] Again the observed results are consistent with the previous two examples. The
convergence rate for the Py constraint is quasi-optimal while for the P; constraint we only observe
linear convergence in H? and quadratic convergence in H' and L2.

‘ P1 constraint ‘ Ps constraint
h T =1/2000 7 = 1/4000 7 =1/2000 7 = 1/4000
len| g2 eoc len| g2 eoc len| g2 eoc len| g2 eoc
3.14159 | 1.775e+4-00 - 1.774e+00 - 1.575e-01 - 1.575e-01 -

1.57080 | 3.978e-01  2.15749 | 3.978e-01 2.15746 | 4.040e-02 1.96333 | 4.040e-02 1.96333
0.78540 | 2.004e-01 0.98871 | 2.004e-01 0.98883 | 1.079e-02 1.90445 | 1.037e-02 1.96252

TABLE 4. Calculated H? approximation error for the discrete P;
and Py constraint and starting value Z° in Example For the P;
constraint linear convergence is observed. For the P, constraint we
observe quadratic convergence.

h ‘ Py constraint ‘ Py constraint
| llenllze coc | [en]m eoc | |lenllLe eoc | [en|m eoc
3.14159 | 2.944e+01 - 4.997e¢+00 - 2.142¢-02 - 7.977e-03 -

1.57080 | 5.108e-01  5.84885 | 1.965e-01 4.66809 | 1.355e-03 3.98187 | 5.176e-04 3.94615
0.78540 | 1.285e-01 1.99089 | 4.970e-02 1.98347 | 1.194e-04 3.50492 | 4.390e-05 3.55955

TABLE 5. Computed L? and H' approximation error for the discrete
Py and P, constraint, time step size 7 = 1/4000 and initial value Z° in

Example

The choice of T = 5000 and 7 € {1/2000,1/4000} results in high computational effort and thus
slow performance. It is however necessary due to the relatively slow convergence of the L? gradient
flow. As mentioned in Remark this can be improved using the H? gradient flow instead. To
demonstrate this we run the discrete scheme @ and the discrete scheme with T' = 50 and initial
value Z°. The results are displayed in Tables [6| For the H? gradient flow the H? approximation
error is about the same as above, but at 0.1% the computational cost. For the L? gradient flow we
do not get a good approximation at all.

‘ L? gradient flow ‘ H? gradient flow
h 7 =1/200 7 = 1/400 7 =1/200 7 = 1/400
len| 2 eoc len| 2 eoc len| g2 eoc len| 2 eoc
3.14159 | 9.239e-01 - 9.238e-01 - 1.575e-01 - 1.575e-01 -

1.57080 | 8.081e-01 0.19318 | 8.079e-01  0.19346 | 4.043e-02 1.96199 | 4.041e-02 1.96294
0.78540 | 8.037e-01  0.00791 | 8.035e-01 0.00792 | 1.032¢-02 1.96943 | 1.020e-02 1.98530

TABLE 6. Calculated H? approximation error for the discrete L?
and H? gradient flow with P, constraint and starting value Z° in

Example
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A. APPENDIX

Lemma A.1 (Interpolation estimate). Let I = Uij\il[xi_l,xi] a decomposition of an interval T
with |x; — xi—1| < h for all i. Further let I, ,, be the Lagrange interpolation operator of polynomial
degree m € {1,2,3}. Then Iy, ., satisfies

|u — Ih’mu‘wk,p([)d < Chr_k|u‘wr,p([)d

for all k € {0,...,7}, where r € {max(1,m — 1),....,m + 1} arbitrary. Further, for k > 1, the
interpolant J, 3 satisfies the same estimate. For k =0 the Simpson rule from Lemma implies
||u — jh,guHLoo(]) S Ch4|u‘W5,oo(]).

Proof. The estimate follows from using local estimates on each subinterval and summing up over
all intervals. The local estimate used is a special case of [BS08, Theorem 4.4.4] that is obtained by
using Pr—1 C P, O

Lemma A.2. There exists a constant ¢ > 0 that is independent of h such that for all vy, € S%°(Ty)?
we have

cHonl® < llvnllh 2 < 1Zn2(vnl) ) < ellvall®.

Proof. To show the first estimate we note that (-, )52 is a scalar product on S?°(T;)%. It is easy
to see that (-,-)p,2 is symmetric and bilinear. The positive definiteness follows immediately from
the Simpson rule:

2 M 2 M h, 2 2 2
[onll7,2 = N In,2(|on]”) dz = ‘_13(\%(%—1” + Ao (ma)|” + fon(2:)|7) > 0

for vy, € S*°(T;)¢ \ {0}. Therefore | - ||n2 defines a norm on S?°(7;)¢ and since S*°(7;,)¢ has
finite dimension, all norms on S%°(7;,)¢ are equivalent. Let now Zy : C°([0,1])¢ — P denote the
standard Py interpolant on [0,1]. We define ¢; : [0,1] — I;, ¢;(t) :== x;_1 + th,. Elementwise
transformation onto [0, 1] then yields

M M 1 M
|lon)? = Z/I’ lop)? da = Zhi/O on 0 ¢il* dz =" hillon 0 il 320 1pya-
1=1 i =1 =1

Since by construction we have vy, o ¢; € P$ we can now use the norm equivalence on P¢ to obtain
a constant ¢ > 0 that is independent of h such that

1
[lvp, © ¢i||%2([0,1])d < c/ (v o ¢i|?) da.
0

Another application of the transformation theorem then yields

M 1 M
lonl|* < chi / To(jvn 0 6?) de = ¢ / T o([onl?) do = cl[vn]2.0,
=1 =1 i

which proves the first estimate. The second estimate is trivial. For the third estimate we again use
the transformation theorem as well as the stability estimate from [BS08| Lemma 4.4.1] and basic
norm equivalences to obtain:

M 1 M
IZn (W)l iy = hi/o | Za(vn 0 ¢:)°| dz < €Y Pillvn © Gl (1o.17)0
i=1 i=1
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M
< CZ hillon o ¢z‘”%2([o,1])d = clon?,

i=1
which finishes the proof. O
Lemma A.3. Let u € C°(I),v € C°(I)? with |v(2)| = 1 for all z € No(Tr). Then we have
I1Zn.2(uo)llr(rye < el Zn2(w)llzr 1
Proof. We first set Iy = [0, 1] and for p € Pa(Ip) we set
[Pllmax := max{|p(0)[, [p(1/2)], [p(1)[}.

It is easy to see that || - |lmax and || - [|f1(;) define norms on Po(Ip), and since Pa(Ip) has finite
dimension, those two norms are equivalent. Now we define ®; : Iy — I; by ®;(¢t) := (1 —t)x;—1 +tx;.
The transformation theorem then yields for all p € Ps([;)

1Pl L2 (r) = hillp o ®ill (1) = hi max{|p(zi—1)|, [p(ma)l, [p(x:)]}-
We therefore obtain

M M
1Zn 2 (o)l rye = Y 1Zh,2(wo)l|rrye 2 Y max{|(wo) (wi-1)], | (wo) (mq)], | (wo) (2:)[}
=1 i=1

||M§

max{[u(@i—1)], [u(mi)l, [u(z:)[} = [ Zn2ull 2 1)

which finishes the proof. O

Lemma A.4 (Simpson rule). On each subinterval I; = [z;_1, z;] the nodal interpolant Ip, o satisfies

/ f dx—/ Ihof dx
I; I;
Further we have

‘/Ifdx—/llhygfdx

Proof. A proof can be found in [SB02| Section 3.1] O

< Ch} max | D} f(z)].

M
gZChi’r;leaZ;\D% (@) < ChH| Dy fl L1y
i=1

Lemma A.5. Let f € H*(I)?. Then we have
(15"t [ -t s
I I
for all vy, € S>1(T3,).

Proof. Let f € H*(I)? and v, € S*!(T},) arbitrary. We have

/v;l/ f" dw — /UZ (Thnsf)" dx = /UZ (f = TInsf)" dx
I I I

Elementwise integration by parts and the fundamental theorem of calculus yield

/ o (f = Tnaf)" de = (o - (f = Tna§) 15, = o (f = Tnaf)lii,

L;
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*/I o (f ~ Tnpf) da.

Now the first summand vanishes since (Zj, 3f)'(z;) = f(x;) Vi. Analogously the second summand
vanishes since (Z, 3 f)(x;) = f(z;) Vi. Lastly the integral term also vanishes, since vy, is elementwise
P3 and therefore Dﬁvh = 0. Now summation over all subintervals finishes the proof. O

Lemma A.6 (Inverse Estimates). Let I be an interval and v € P,,, m € N. We then have the
estimates

_1
vl oo ry < eIl 2|0l L2(r)s
ol (ry < el oll 2.

Further with the embedding Pz — H'(I)', v — (w — (v,w)r2()) we get
ol 22y < eI~ ol gy -

Proof. The first and second inequality follow directly from transformation onto the reference interval
[0,1] and using the equivalence of the two norms involved in finite dimensional vector spaces. For
the third inequality we estimate

loliZecry = @ 0) 22y = v[o] < ol oy lolla )

The asserted estimate then follows immediately from applying the second estimate. O

Lemma A.7 (Gagliardo-Nirenberg inequality). Let I = (a,b) C R and u € H?*(I). Then we have
1 1
[ llL2 1y < Cllwll fra gy lull 2 gy + Cllull L2y

Proof. A proof can be found in [LZ22, Theorem 1.1]. O

B. INVERSE FUNCTION THEOREM

Lemma B.1 (Inverse function theorem). Let F': X — X' for a Banach space X and assume there
erist T € X, cp, Ciny, 0, > 0 such that

(D) [F(@)[[x <9,

(2) F is Fréchet differentiable in B.(Z),

(3) IDF(@) " rxrx) < Cino,

(4) For all x1,x5 € Bo(%) : ||DF(x1) — DF(22)||p(x,x1) < crllzr — x2]|x,

(5) crCinve < %, 2Cind < €.

Then there exists a unique x € B.(Z) with F(z) = 0.
Proof. We set § := F(T). For ¢ € B:(0) C X we also define the remainder term
R(T,0) = F(T +0) = F(z) - DF(Z)o = F(z +¢) —y — DF()e
and the operator T : B.(0) — X,
T(o) :== ~DF (@)~ (y + R(Z, 0)).
This now implies that

FZ+0) =0 & R(T,0+y=-DF(X)o & o=—-DF(Z) " (R(Z,0)+7) =T(o).
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So to prove the Lemma it remains to show that T'(9) € B:(0) for all ¢ € B.(0) and that T is a
contraction on B.(0). We start with the contraction property. Let g, o' € B.(0) be chosen arbitrary.
We then have that

R(T,0) —R(F,0') = F(T+0) - F(T+¢) — DF(Z)(0 — o)
1
= / %F(% +(1—=t)o +to) dt — DF(Z)(0 — 0)
0

= [ (DFG+ 10+ (1= 00) ~ DF@)(e ) at

This implies

1
IR(Z, 0) = R(Z, )| x < / IDF(Z + to+ (1 -1)¢") = DF(@)||nx.xnlle = ¢'llx dt
0

<cpllto+ (1 —t)d|xlle— o'l x < crelle—o'llx.

From this therefore we obtain
IT(0) = T()llx < IDF(@)~Hxx) IR(E, 0) = R(F, &)llxs < cinverello— ¢llx-

By assumption we have that ¢;p,cpe < 1/2 and thus T is indeed a contraction. We further have
for all p € B.(0)

IT()llx = IT(e) = T(O)llx + TO)]x < %lelx +IIDF (@)™ F(@)|lx

€ ~ g
< 5 + CimzHF(z)HX’ < 5 + Cinvk < €,

therefore we have T(p) € B.(0). Now the Banach fixed-point theorem implies the existence of
0 € B:(0) with T'(¢) = ¢ and thus z = T + ¢ is the unique solution to F(x) = 0 in B.(Z). O
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