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Abstract

In the present paper, we study a Crouzeix–Raviart approximation of the obstacle problem,
which imposes the obstacle constraint in the midpoints (i.e., barycenters) of the elements of a
triangulation. We establish a priori error estimates imposing natural regularity assumptions,
which are optimal, and the reliability and efficiency of a primal-dual type a posteriori error
estimator for general obstacles and involving data oscillation terms stemming only from the
right-hand side. The theoretical findings are supported by numerical experiments.
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1. Introduction

The obstacle problem is a prototypical example of a non-smooth convex minimization problem
with an inequality constraint that leads to a variational inequality. It has countless applications, e.g.,
in the contexts of fluid filtration in porous media, constrained heating, elasto-plasticity, optimal
control, and financial mathematics, cf. [14, 29]. It is deeply related to models in free boundary
value problems, the study of minimal surfaces, and the capactity of a set in potential theory, cf. [14].
The problem is to find the equilibrium position of an elastic membrane whose boundary is held fixed
and which is constrained to lie above a given obstacle.

More precisely, given an external force f ∈L2(Ω) and an obstacleχ∈W 1,2(Ω) with trχ≤0 on ΓD,
where ΓD ⊆ ∂Ω denotes the Dirichlet part of the topological boundary ∂Ω, the obstacle problem
seeks for a minimizer u ∈ W 1,2

D (Ω) := {v ∈ W 1,2(Ω) | tr v = 0 in ΓD} of the energy functional

I : W 1,2
D (Ω) → R ∪ {+∞}, for every v ∈W 1,2

D (Ω) defined by

I(v) := 1
2∥∇v∥

2
Ω − (f, v)Ω + IK(v) , (1.1)

where

K :=
{

v ∈W 1,2
D (Ω) | v ≥ χ a.e. in Ω

}

,

and IK : W 1,2
D (Ω) → R ∪ {+∞} is defined by IK(v) := 0 if v ∈ K and IK(v) := +∞ else.
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1.1 Related contributions

The finite element approximation of (1.1) has been intensively analyzed by numerous authors:
First contributions addressing the a priori and a posteriori error analysis of approximations of (1.1)
using the conforming Lagrange finite element can be found in [26, 1, 32, 37, 38, 13, 43, 17, 42, 10, 11,
9, 48, 27], imposing the obstacle constraint in the nodes of a triangulation, and in [34, 28], enforcing
the obstacle constraint in the limit via a penalization approach. We refer to [17] for a short review.
Contributions addressing the a priori and a posteriori error analysis of an approximation of (1.1)
deploying Discontinuous Galerkin (DG) type methods can be found in [30, 18, 5], equally imposing
the obstacle constraint in the nodes of a triangulation. The first contribution addressing the a pri-
ori error analysis of an approximation of (1.1) in two dimensions deploying the Crouzeix–Raviart
element can be found in [47] and imposes the obstacle constraint in the midpoints (i.e., barycenters)
of elements of a triangulation. In [6], for homogeneous Dirichlet boundary data and zero obstacle,
this result was extended to arbitrary dimensions. In [15], an a priori and a posterior error analysis
of an approximation of (1.1) deploying the Crouzeix–Raviart element which imposes the obstacle
constraint in the integral mean values of element sides of a triangulation was carried out.

1.2 New contributions

Inspired by [47] as well as recent contributions [5, 6, 7], different from the contribution [15], we
treat an approximation of the obstacle problem (1.1) deploying the Crouzeix–Raviart element that
imposes the obstacle constraint in the midpoints (i.e., barycenters) of elements of a triangulation.
More precisely, given a family of regular triangulations Th, h > 0, setting fh := Πhf ∈ L0(Th) and
for χh ∈ L0(Th) approximating χ ∈W 1,2(Ω), our discrete obstacle problem seeks for a minimizer
ucrh ∈ S1,cr

D (Th) of the functional Icrh : S1,cr
D (Th) → R∪{+∞}, for every vh ∈ S1,cr

D (Th) defined by

Icrh (vh) :=
1
2∥∇hvh∥

2
Ω − (fh,Πhvh)Ω + IKcr

h
(vh) , (1.2)

where

Kcr
h :=

{

vh ∈ S1,cr
D (Th) | Πhvh ≥ χh a.e. in Ω

}

,

and IKcr
h
: S1,cr

D (Th) → R∪{+∞} is defined by IKcr
h
(vh) := 0 if vh ∈ Kcr

h and IKcr
h
(vh) := +∞ else.

Here, L0(Th) denotes the space of element-wise constant functions, S1,cr
D (Th) the Crouzeix–Raviart

finite element space, i.e., the space of element-wise affine functions that are continuous in the mid-
points (i.e., barycenters) of inner element sides and that vanish in the midpoints of element sides
that belong to ΓD, ∇h : S

1,cr
D (Th) → L0(Th) the element-wise gradient and Πh : L

2(Ω) → L0(Th)
the (local) L2-projection operator onto element-wise constant functions. Imposing the obstacle
constraint in the midpoints of elements follows a systematic approximation procedure for general
convex minimization problems deploying the Crouzeix–Raviart element introduced in [6, 7] and
has the advantage that the resulting discrete convex minimization problem generates discrete con-
vex duality relations that are analogous to those in the continuous setting –up to non-conforming
modifications– and that enable a systematic a priori error analysis and a posteriori error analysis:

• In [6], a systematic procedure for the derivation of a priori error estimates for convex minimi-
zation problems deploying the Crouzeix–Raviart element based on (discrete) convex duality
relations was proposed. Following this systematic procedure, with comparably little effort,
we derive a priori error estimates, which are optimal for natural regularity assumptions
and also apply in arbitrary dimensions. More precisely, our a priori error estimates exploit
that the discrete primal-dual gap controls the convexity measure of (1.2) and the concavity
measure of its dual functional, i.e., that for every vh ∈ Kcr

h and yh ∈ RT 0
N (Th), it holds

1
2∥∇hvh−∇hu

cr
h ∥2Ω+(−λcrh ,Πh(vh−u

cr
h ))Ω+ 1

2∥Πhyh−Πhz
rt
h ∥2Ω ≤ Icrh (vh)−D

rt
h (yh) , (1.3)

where RT 0
N (Th) denotes the Raviart–Thomas finite element space, i.e., the space of element-

wise affine vector fields that have continuous constant normal components on element sides
that vanish on ΓN , zrth ∈ RT 0

N (Th) the unique discrete dual solution, i.e., the maximizer of
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the discrete dual energy functional Dcr
h : RT 0

N (Th) → R ∪ {−∞}, and λcrh ∈ Πh(S
1,cr
D (Th))

the unique discrete Lagrange multiplier satisfying λcrh ≤ 0 a.e. in Ω and for all vh ∈ S1,cr
D (Th)

(λcrh ,Πhvh)Ω = (fh,Πhvh)Ω − (∇hu
cr
h ,∇hvh)Ω .

If χh := ΠhIcrχ ∈ L0(Th), where Icr : W
1,2(Ω) → S1,cr(Ω) denotes the Crouzeix–Raviart

quasi-interpolation operator, then Icru ∈ Kcr
h . Thus, under natural regularity assumptions,

i.e., u, χ ∈ W 2,2(Ω), the choices vh = Icru ∈ Kcr
h and yh = Irtz ∈ RT 0

N (Th), where z =
∇u ∈W 1,2(Ω;Rd) ∩W 2

N (div; Ω) denotes the dual solution, i.e., the maximizer of the dual
energy functionalD :L2(Ω;Rd)→R∪{−∞}, and Irt :W

1,2(Ω;Rd)∩W 2
N (div; Ω)→RT 0

N (Th)
the Raviart–Thomas quasi-interpolation operator, are admissible in (1.3) and lead to quasi-
optimal a priori error estimates.

• In [7], a systematic procedure for the derivation of reliable, quasi-constant-free a posteriori er-
ror estimates for convex minimization problems deploying the Crouzeix–Raviart element ba-
sed on (discrete) convex duality relations was proposed. Following this systematic procedure,
we derive a posteriori error estimates, which, by definition, are reliable and constant-free.
Apart from that, we establish the efficiency of these a posteriori error estimates for general
obstacles χ ∈ W 1,2(Ω). More precisely, our a posteriori error estimates exploit that the
primal-dual gap controls the convexity measure of (1.1) and the concavity measure of its
dual functional, i.e., that for every v ∈ K and y ∈ L2(Ω;Rd), it holds

1
2∥∇v −∇u∥2Ω + ⟨−Λ, v − u⟩Ω + 1

2∥y − z∥2Ω ≤ I(v)−D(y) , (1.4)

where Λ ∈ (W 1,2
D (Ω))∗ is the unique Lagrange multiplier satisfying Λ ≤ 0 in (W 1,2

D (Ω))∗

and for all v ∈W 1,2
D (Ω)

⟨Λ, v⟩Ω = (f, v)Ω − (∇u,∇v)Ω .

For the a posteriori error estimate (1.4) being practicable it is necessary to have a sufficiently
accurate and computationally cheap procedure to obtain an approximation y ∈ L2(Ω;Rd)
of the dual solution z = ∇u ∈ L2(Ω;Rd) at hand. In the case f = fh ∈ L0(Th), the discrete
dual solution zrth ∈ RT 0

N (Th) is admissible in (1.4) and leads to a constant-free reliable and

efficient a posteriori error estimator η2h := I −D(zrth ) : W 1,2
D (Ω) → R, which has similarities

to the residual type a posteriori estimator derived in [42] but is simper and avoids jump
terms of the obstacle that arise in the efficiency analysis in [42]. In particular, note that
the discrete dual solution can cheaply be computed via the generalized Marini formula

zrth = ∇hu
cr
h +

λcrh − fh
d

(idRd −ΠhidRd) in RT 0
N (Th) . (1.5)

A typical choice of v ∈ K is obtained via nodal averaging ucrh ∈ S1,cr
D (Th) and truncating

to enforce the continuous obstacle constraint. Moreover, any conforming approximation
uh ∈ K can be used such as a continuous Lagrange approximation uch ∈ Kc

h := K∩S1,cr
D (Th),

so that our analysis also implies the full reliability and efficiency error analysis for continuous
Lagrange approximations, even for general obstacles and oscillation terms only stemming
from the right-hand side since lumping is not needed in our analysis.

As a whole, our approach brings together and extends ideas and concepts from [13, 43, 42, 10, 11, 15],
and leads to a full error analysis.

1.3 Outline

This article is organized as follows: In Section 2, we introduce the employed notation and the
relevant finite element spaces. In Section 3, we give a brief review of the continuous and the
discrete obstacle problem. In Section 4, we derive a priori error estimates for the Crouzeix–Raviart
approximation (1.2) of (1.1), which are optimal for natural regularity assumptions. In Section 5,
we establish the reliability and efficiency of a so-called primal-dual a posteriori error estimator.
In Section 6, we confirm our theoretical findings via numerical experiments. In the Appendix A,
we derive local efficiency estimates for a Crouzeix–Raviart approximation of (1.1).
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2. Preliminaries

Throughout the entire article, if not otherwise specified, we always denote by Ω ⊆ R
d, d ∈ N,

a bounded polyhedral Lipschitz domain, whose topological boundary ∂Ω is disjointly divided into a
closed Dirichlet part ΓD, for which we always assume that |ΓD| > 01, and a Neumann part ΓN , i.e.,
∂Ω = ΓD ∪ ΓN and ∅ = ΓD ∩ ΓN . We use c, C > 0 to denote generic constants, that may change
from line to line, but are not depending on the crucial quantities. For (Lebesgue) measurable
functions u, v : Ω → R and a (Lebesgue) measurable set M ⊆ Ω, we employ the product

(u, v)M :=

ˆ

M

u v dx ,

whenever the right-hand side is well-defined. Analogously, for (Lebesgue) measurable vector fields
z, y : Ω→R

d and a (Lebesgue) measurable set M ⊆Ω, we write (z, y)M :=
´

M
z · y dx.

2.1 Standard function spaces

For l ∈ N, we employ the standard notations2

W 1,2
D (Ω;Rl) :=

{

v ∈ L2(Ω;Rl) | ∇v ∈ L2(Ω;Rl×d), tr v = 0 in L2(ΓD;Rl)
}

,

W 2
N (div; Ω) :=

{

y ∈ L2(Ω;Rd) | div y ∈ L2(Ω), tr y · n = 0 in W− 1
2
,2(ΓN )

}

,

W 1,2(Ω;Rl) :=W 1,2
D (Ω;Rl) if ΓD = ∅, andW 2(div; Ω) :=W 2

N (div; Ω) if ΓN = ∅, where we denote
by tr : W 1,2(Ω;Rl)→L2(∂Ω;Rl) and by tr(·)·n : W 2(div; Ω)→W− 1

2
,2(∂Ω), the trace and normal

trace operator, resp. In particular, we predominantly omit tr(·) in this context. In addition, we em-
ploy the abbreviations L2(Ω) := L2(Ω;R1),W 1,2(Ω) :=W 1,2(Ω;R1), andW 1,2

D (Ω) :=W 1,2
D (Ω;R1),

as well as ∥ · ∥Ω := ∥ · ∥L2(Ω;Rl), ∥ · ∥∗,Ω := ∥ · ∥(W 1,2

D
(Ω;Rl))∗ , and ⟨·, ·⟩Ω := ⟨·, ·⟩W 1,2

D
(Ω;Rl), l ∈ N.

2.2 Triangulations and standard finite element spaces

Throughout the entire paper, we denote by Th, h > 0, a family of regular, i.e., uniformly shape
regular and conforming, triangulations of Ω ⊆ R

d, d ∈ N, cf. [25]. Here, h > 0 refers to the average
mesh-size, i.e., if we set hT := diam(T ) for all T ∈ Th, then, we have that h := 1

card(Th)

∑

T∈Th
hT .

For every element T ∈ Th, we denote by ρT > 0, the supremum of diameters of inscribed balls. We
assume that there exists a constant ω0 > 0, independent of h > 0, such that maxT∈Th

hT ρ
−1
T ≤ ω0.

The smallest such constant is called the chunkiness of (Th)h>0. Also note that, in what follows, all
constants may depend on the chunkiness, but are independent of h > 0. For every T ∈ Th, let ωT

denote the patch of T , i.e., the union of all elements of Th touching T . We assume that int(ωT ) is
connected for all T ∈ Th. Under these assumptions, |T | ∼ |ωT | uniformly in T ∈ Th and h > 0, and
the number of elements in ωT and patches to which an element T belongs to are uniformly bounded
with respect to T ∈ Th and h > 0. We define the sides of Th in the following way: an interior side is
the closure of the non-empty relative interior of ∂T ∩∂T ′, where T, T ′ ∈ Th are adjacent elements.
For an interior side S := ∂T ∩∂T ′ ∈ Sh, where T, T

′ ∈ Th, we employ the notation ωS := T ∪T ′. A
boundary side is the closure of the non-empty relative interior of ∂T ∩∂Ω, where T ∈ Th denotes a
boundary element of Th. For a boundary side S := ∂T ∩∂Ω, we employ the notation ωS := T . By
Si
h and Sh, we denote the sets of all interior sides and the set of all sides, respectively. Finally, we

define the maximum mesh-size hmax :=maxT∈Th
hT and for every S ∈Sh, we define hS := diam(S).

For (Lebesgue) measurable functions u, v : Sh → R and Mh ⊆ Sh, we employ the product

(u, v)Mh
:=

∑

S∈Mh

(u, v)S , where (u, v)S :=

ˆ

S

uv ds ,

whenever all integrals are well-defined. Analogously, for (Lebesgue) measurable vector fields
z, y : Sh →R

d and Mh ⊆ Sh, we write (z, y)Mh
:=

∑

S∈Mh
(z, y)S , where (z, y)S :=

´

S
z · y ds.

1For a (Lebesgue) measurable set M ⊆ Rd, d ∈ N, we denote by |M | its d-dimensional Lebesgue measure. For
a (d− 1)-dimensional submanifold M ⊆ Rd, d ∈ N, we denote by |M | its (d− 1)-dimensional Hausdorff measure.

2Here, W− 1
2
,2(∂Ω) := (W

1
2
,2(∂Ω))∗ and W− 1

2
,2(ΓN ) := (W

1
2
,2(ΓN ))∗.
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For k ∈ N∪{0} and T ∈ Th, let Pk(T ) denote the set of polynomials of maximal degree k on T .
Then, for k ∈ N ∪ {0} and l ∈ N, the sets of continuous and element-wise polynomial functions
or vector fields, respectively, are defined by

Sk(Th)
l :=

{

vh ∈ C0(Ω;Rl) | vh|T ∈ Pk(T )
l for all T ∈ Th

}

,

Lk(Th)
l :=

{

vh ∈ L∞(Ω;Rl) | vh|T ∈ Pk(T )
l for all T ∈ Th

}

.

The element-wise constant mesh-size function hT ∈ L0(Th) is defined by hT |T := hT for all T ∈ Th.
The side-wise constant mesh-size function hS ∈ L0(Sh) is defined by hS |S := hS for all S ∈ Sh.
Denoting by Nh, the set of all vertices (or nodes) of Th, for every T ∈ Th and S ∈ Sh, we denote by
xT := 1

d+1

∑

z∈Nh∩T z and xS := 1
d

∑

z∈Nh∩S z, the midpoints (i.e., barycenters) of T and S, res-
pectively. The (local) L2-projection operator onto element-wise constant functions or vector fields,
respectively, is denoted by

Πh : L
1(Ω;Rl) → L0(Th)

l .

For each vh ∈L1(Th)
l, it holds Πhvh|T = vh(xT ) in T for all T ∈Th. There exists a constant cΠ> 0,

depending only on the chunkiness ω0 > 0, such that for every v ∈ L2(Ω;Rl), l ∈ N, and T ∈ Th,
cf. [25, Theorem 18.16], it holds

(L0.1) ∥Πhv∥T ≤ ∥v∥T ,

(L0.2) ∥v −Πhv∥T ≤ cΠ hT ∥∇v∥T if v ∈W 1,2(T ;Rl) .

The element-wise gradient operator ∇h : L
1(Th)

l → L0(Th)
l×d, l ∈ N, for every vh ∈ L1(Th)

l,
is defined by ∇hvh|T := ∇(vh|T ) in T for all T ∈ Th.

2.2.1 Crouzeix–Raviart element

The Crouzeix–Raviart finite element space, introduced in [19], consists of element-wise affine
functions that are continuous in the midpoints of inner element sides, i.e.,3

S1,cr(Th) :=
{

vh ∈ L1(Th) | JvhKS(xS) = 0 for all S ∈ Si
h

}

.

Crouzeix–Raviart finite element functions that vanish in the midpoints of boundary element sides
that correspond to the Dirichlet boundary ΓD are contained in the space

S1,cr
D (Th) :=

{

vh ∈ S1,cr(Th) | vh(xS) = 0 for all S ∈ Sh ∩ ΓD

}

.

In particular, we have that S1,cr
D (Th) = S1,cr(Th) if ΓD = ∅. A basis of S1,cr(Th) is given by func-

tions φS ∈ S1,cr(Th), S ∈ Sh, satisfying the Kronecker property φS(xS′) = δS,S′ for all S, S′ ∈ Sh.
A basis of S1,cr

D (Th) is given by φS ∈ S1,cr
D (Th), S ∈ Sh \ ΓD. There exists a constant ccrP > 0,

depending only on the chunkiness ω0 > 0, such that for every vh ∈ S1,cr(Th), it holds

∥vh∥Ω ≤ ccrP ∥∇hvh∥Ω . (2.1)

The quasi-interpolation operator Icr : W
1,2
D (Ω) → S1,cr

D (Th), for every v ∈W 1,2
D (Ω) defined by

Icrv :=
∑

S∈Sh

vS φS , where vS :=

 

S

v ds , (2.2)

preserves averages of gradients, i.e., ∇h(Icrv) = Πh(∇v) in L0(Th)
d for every v ∈W 1,2

D (Ω).
There exists a constant ccr > 0, depending only on the chunkiness ω0 > 0, such that for every
v ∈W 1,2

D (Ω) and T ∈ Th, cf. [22, Remark 4.4 & Theorem 4.6], it holds

(CR.1) ∥∇hIcrv∥T ≤ ∥∇v∥T ,

(CR.2) ∥v − Icrv∥T ≤ ccr hT ∥∇v∥ωT
,

(CR.3) ∥v − Icrv∥T + hT ∥∇(v − Icrv)∥T ≤ ccr h
2
T ∥D2v∥ωT

if v ∈W 2,2(T ) .

3Here, for every S ∈ Si
h
, JvhKS := vh|T+

− vh|T−
on S, where T+, T− ∈ Th satisfy ∂T+ ∩ ∂T− = S, and for

every S ∈ Sh ∩ ∂Ω, JvhKS := vh|T on S, where T ∈ Th satisfies S ⊆ ∂T .
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2.2.2 Raviart–Thomas element

The lowest order Raviart–Thomas finite element space, introduced in [41], consists of element-
wise affine vector fields that have continuous constant normal components on inner elements sides, i.e.,4

RT 0(Th) :=
{

yh ∈ L1(Th)
d | yh|T · nT = const on ∂T for all T ∈ Th ,

Jyh · nKS = 0 on S for all S ∈ Si
h

}

.

Raviart–Thomas finite element functions that have vanishing normal components on the Neumann
boundary ΓN are contained in the space

RT 0
N (Th) :=

{

yh ∈ RT 0(Th) | yh · n = 0 on ΓN

}

.

In particular, we have that RT 0
N (Th) = RT 0(Th) if ΓN = ∅. A basis of RT 0(Th) is given by vector

fieldsψS ∈RT 0(Th), S∈Sh, satisfying theKronecker propertyψS |S′ ·nS′ =δS,S′ onS′ for allS′∈Sh,
where nS for all S ∈ Sh is the unit normal vector on S pointing from T− to T+ if T+ ∩ T− = S ∈ Sh.
A basis of RT 0

N (Th) is given by ψS ∈ RT 0
N (Th), S ∈ Sh \ ΓN . The quasi-interpolation operator

Irt : W
1,2(Ω;Rd) ∩W 2

N (div; Ω) → RT 0
N (Th), for every y ∈W 1,2(Ω;Rd) ∩W 2

N (div; Ω) defined by

Irty :=
∑

S∈Sh

yS ψS , where yS :=

 

S

y · nS ds , (2.3)

preserves averages of divergences, i.e., div(Irty) = Πh(div y) in L0(Th) for every y ∈W 1,2(Ω;Rd)
∩W 2

N (div; Ω). There exists a constant crt > 0, depending only on the chunkiness ω0 > 0, such that
for every y ∈W 1,2(Ω;Rd) ∩W 2

N (div; Ω) and T ∈ Th, cf. [25, Theorem 16.4], it holds

(RT.1) ∥Irty∥T ≤ crt (∥Irty∥T + hT ∥∇y∥T ) ,

(RT.2) ∥y − Irty∥T ≤ crt hT ∥∇y∥T ,

(RT.3) ∥div (y − Irty)∥T ≤ crt hT ∥div y∥T .

2.2.3 Discrete integration-by-parts formula

An element-wise integration-by-parts implies that for every vh ∈ S1,cr(Th) and yh ∈ RT 0(Th),
we have the discrete integration-by-parts formula

(∇hvh,Πhyh)Ω + (Πhvh, div yh)Ω = (vh, yh · n)∂Ω . (2.4)

Here, we used that yh∈RT 0(Th) has continuous constant normal components on inner element sides,
i.e., yh|T · nT = const on ∂T for every T ∈ Th and Jyh · nKS = 0 on S for every S ∈ Si

h, as well as
that the jumps of vh ∈ S1,cr(Th) across inner element sides have vanishing integral mean, i.e.,
´

S
JvhKS ds= JvhKS(xS) = 0 for all S ∈Si

h. In particular, for any vh ∈S1,cr
D (Th) and yh ∈RT 0

N (Th),
(2.4) reads

(∇hvh,Πhyh)Ω = −(Πhvh, div yh)Ω . (2.5)

In [16, 5, 6, 7], the discrete integration-by-parts formula (2.5) formed a cornerstone in the derivation
of a discrete convex duality theory and, as such, also plays a central role in the hereinafter analysis.
For instance, cf. [6, Lemma 2.1], for every v ∈W 1,2

D (Ω) and y ∈W 1,2(Ω;Rd) ∩W 2
N (div; Ω), (2.5)

enables to exchange quasi-interpolation operators via

(div y, v −ΠhIcrv)Ω = −(∇v, y −ΠhIrty)Ω . (2.6)

In addition, cf. [8, Section 2.4], there holds the orthogonal decomposition

L0(Th)
d = ker(div|RT 0

N (Th))⊕∇h(S
1,cr
D (Th)) . (2.7)

4For every S ∈Si
h
, Jyh · nKS := yh|T+

· nT+
+ yh|T−

· nT−
on S, where T+, T− ∈Th satisfy ∂T+ ∩ ∂T− =S, and

for every T ∈ Th, nT : ∂T → Sd−1 denotes the outward unit normal vector field to T , and for every S ∈ Sh ∩ ∂Ω,
Jyh · nKS := yh|T · n on S, where T ∈ Th satisfies S ⊆ ∂T and n : ∂Ω → Sd−1 denotes the outward unit normal
vector field to Ω.
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3. Obstacle problem

In this section, we discuss the continuous and the discrete obstacle problem.

3.1 Continuous obstacle problem

Primal problem. Given a force f ∈ L2(Ω) and an obstacle χ ∈W 1,2(Ω) with χ ≤ 0 on ΓD,
the (continuous) obstacle problem is defined via the minimization of I : W 1,2

D (Ω) → R ∪ {+∞},
for every v ∈W 1,2

D (Ω) defined by

I(v) := 1
2∥∇v∥

2
Ω − (f, v)Ω + IK(v) , (3.1)

where

K :=
{

v ∈W 1,2
D (Ω) | v ≥ χ a.e. in Ω

}

,

and IK :W 1,2
D (Ω)→R∪{+∞} is given via IK(v) :=0 if v∈K and IK(v) :=+∞ else. In what follows,

we refer to the minimization of the functional (3.1) as the primal problem. Since the functional
(3.1) is proper, strictly convex, weakly coercive, and lower semi-continuous, cf. [3, Theorem 5.1], the
direct method in the calculus of variations, cf. [20], yields the existence of a unique minimizer u∈K,
called the primal solution. In what follows, we reserve the notation u ∈ K for the primal solution.
Since the functional (3.1) is not Fréchet differentiable, the optimality conditions associated with
the primal problem are not given via a variational equality. Instead, they are given via a variational
inequality. In fact, cf. [3, Theorem 5.2], u ∈ K is minimal for (3.1) if and only if for every v ∈ K

(∇u,∇u−∇v)Ω ≤ (f, u− v)Ω . (3.2)

Dual problem. Appealing to [24, Section 2.4, p. 84 ff.], the dual problem to the obstacle problem
is defined via the maximization of D : L2(Ω;Rd) → R∪{−∞}, for every y ∈ L2(Ω;Rd) defined by

D(y) := − 1
2∥y∥

2
Ω − I∗K(Div(y) + F ) , (3.3)

where I∗K : (W 1,2
D (Ω))∗ → R∪{+∞} is defined by I∗K(v∗) := 0 if ⟨v∗, v⟩W 1,2

D
(Ω) ≤ 0 for all v ∈K and

I∗K(v∗) :=+∞ else, Div: L2(Ω;Rd)→ (W 1,2
D (Ω))∗ is defined by ⟨Div y, v⟩Ω :=−(y,∇v)Ω for all y∈

L2(Ω;Rd) and v∈W 1,2
D (Ω), and F ∈ (W 1,2

D (Ω))∗ is defined by ⟨F, v⟩Ω :=(f, v)Ω for all v∈W 1,2
D (Ω).

For every y ∈W 2
N (div; Ω), there holds the representation

D(y) := − 1
2∥y∥

2
Ω − (div y + f, χ)Ω − I−(div y + f) , (3.4)

where I− : L2(Ω) → R ∪ {+∞} is defined by I−(g) := 0 if g ∈ L2(Ω) with g ≤ 0 a.e. in Ω and
I−(g) := +∞ else. Moreover, in [24, Section 2.4, p. 84 ff.], it is shown that there exists a unique
maximizer z ∈ L2(Ω;Rd) of (3.3), called the dual solution, and a strong duality relation, i.e.,

I(u) = D(z) , (3.5)

applies. In addition, there hold the convex optimality relations

z = ∇u in L2(Ω;Rd) , (3.6)

⟨Div z + F, u⟩Ω = I∗K(Div z + F ) . (3.7)

Augmented problem. Due to [3, Theorem 5.2], there exists a Lagrange multiplier Λ ∈ (W 1,2
D (Ω))∗

with Λ ≤ 0 in (W 1,2
D (Ω))∗, i.e., ⟨Λ, v⟩Ω ≤ 0 for all v ∈W 1,2

D (Ω) with v ≥ 0 for a.e. Ω, such that

for every v ∈W 1,2
D (Ω), it holds the augmented problem

(∇u,∇v)Ω + ⟨Λ, v⟩Ω = (f, v)Ω , (3.8)

i.e., Λ=Div z+f in (W 1,2
D (Ω))∗. Then, cf.[3,Theorem 5.2], there holds the complementary condition

⟨Λ, u⟩Ω = I∗K(Λ) . (3.9)

If there exists λ ∈ L2(Ω) such that ⟨Λ, v⟩Ω = (λ, v)Ω for all v ∈W 1,2
D (Ω), cf. [36], then (3.9) reads

λ(u− χ) = 0 a.e. in Ω . (3.10)
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3.2 Discrete obstacle problem

Discrete primal problem. Given a force f ∈L2(Ω) and an obstacle χ∈W 1,2(Ω) such that χ≤0
on ΓD, with fh := Πhf ∈ L0(Th) and χh ∈ L0(Th) approximating χ, the discrete obstacle problem
is defined via the minimization of Icrh : S1,cr

D (Th) → R ∪ {+∞}, for every vh ∈ S1,cr
D (Th) defined by

Icrh (vh) :=
1
2∥∇hvh∥

2
Ω − (fh,Πhvh)Ω + IKcr

h
(vh) , (3.11)

where

Kcr
h :=

{

vh ∈ S1,cr
D (Th) | Πhvh ≥ χh a.e. in Ω

}

,

and IKcr
h
: S1,cr

D (Th)→R∪{+∞} is given via IKcr
h
(vh) := 0 if vh∈K

cr
h and IKcr

h
(vh) := +∞ else. In

what follows, we refer to the minimization of the functional (3.11) as the discrete primal problem.
Since the functional (3.11) is proper, strictly convex, weakly coercive, and lower semi-continuous,
the direct method in the calculus of variations, cf. [20], yields the existence of a unique minimizer
ucrh ∈ Kcr

h , called the discrete primal solution. In what follows, we reserve the notation ucrh ∈ Kcr
h

for the discrete primal solution. In addition, ucrh ∈ Kcr
h is the unique minimizer of (3.11) if and only

if for every vh ∈ Kcr
h , it holds

(∇hu
cr
h ,∇hu

cr
h −∇hvh)Ω ≤ (fh,Πhu

cr
h −Πhvh)Ω . (3.12)

Discrete dual problem. Appealing to [6, Subsection 4.1], the discrete dual problem to the
discrete obstacle problem is defined via the maximization ofDrt

h : RT 0
N (Th) → R∪{−∞}, for every

yh ∈ RT 0
N (Th) defined by

Drt
h (yh) := − 1

2∥Πhyh∥
2
Ω − (div yh + fh, χh)Ω − I−(div yh + fh) . (3.13)

Discrete augmented problem. The discrete augmented problem, similar to the augmented prob-
lem (3.8), seeks for a discrete Lagrange multiplier λcrh ∈ Πh(S

1,cr
D (Th)) such that λcrh ≤ 0 a.e. in Ω

and for every vh ∈ S1,cr
D (Th), it holds

(λcrh ,Πhvh)Ω = (fh,Πhvh)Ω − (∇hu
cr
h ,∇hvh)Ω . (3.14)

The following proposition establishes the well-posedness of the discrete augmented problem (3.14).

Proposition 3.1. The following statements apply:

(i) The discrete augmented problem is well-posed, i.e., there exists a unique discrete Lagrange
multiplier λcrh ∈ Πh(S

1,cr
D (Th)) that satisfies (3.14).

(ii) The discrete Lagrange multiplier λcrh ∈ Πh(S
1,cr
D (Th)) satisfies λcrh ≤ 0 a.e. in Ω and the

discrete complementarity condition

λ
cr

h (Πhu
cr
h − χh) = 0 in L0(Th) . (3.15)

Remark 3.2. The discrete complementarity condition (3.15) is a discrete analogue of the
(continuous) variational complementarity condition (3.9) and the (continuous) point-wise com-
plememtarity condition (3.10), respectively.

Proof (of Proposition 3.1). ad (i). We relax the obstacle constraint via a penalization scheme,
i.e., for every ε > 0, we consider the minimization of Icrh,ε : S

1,cr
D (Th) → R, for every vh ∈ S1,cr

D (Th)
defined by

Icrh,ε(vh) :=
1
2∥∇hvh∥

2
Ω − (fh,Πhvh)Ω + ε−2

2 ∥(Πhvh − χh)−∥
2
Ω .

Since for any ε > 0, Icrh,ε : S
1,cr
D (Th) → R is continuous, strictly convex, and weakly coercive, the di-

rect method in the calculus of variation yields the existence of a unique minimizer ucrh,ε ∈ S1,cr
D (Th),

which, for every vh ∈ S1,cr
D (Th), abbreviating λ

cr
h,ε := ε−2(Πhu

cr
h,ε − χh)− ∈ L0(Th), satisfies

(∇hu
cr
h,ε,∇hvh)Ω + (λcrh,ε,Πhvh)Ω = (fh,Πhvh)Ω . (3.16)

Due to the minimality of ucrh,ε ∈S1,cr
D (Th), we find that Icrh,ε(u

cr
h,ε) ≤ Icrh,ε(u

cr
h ) and, as a consequence,
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using that (Πhu
cr
h − χh)− = 0 a.e. in Ω, that

1
2∥∇hu

cr
h,ε∥

2
Ω + ε2

2 ∥λ
cr
h,ε∥

2
Ω ≤ 1

2∥∇hu
cr
h ∥2Ω + (fh,Πh(u

cr
h,ε − ucrh ))Ω . (3.17)

Using the κ-Young inequality ab ≤ 1
4κa

2+κb2, valid for all a, b ≥ 0 and κ > 0, (L0.1), and the dis-
crete Poincaré inequality (2.1), for every ε > 0, we find that

|(fh,Πhu
cr
h,ε)Ω| ≤

1
4κ ∥fh∥

2
Ω + κ (ccrP )2 ∥∇hu

cr
h,ε∥

2
Ω . (3.18)

Using (3.18) for κ = 1
4(ccr

P
)2 > 0 in (3.17), for every ε > 0, we arrive at

1
4∥∇hu

cr
h,ε∥

2
Ω + ε2∥λcrh,ε∥

2
Ω ≤ 1

2∥∇hu
cr
h ∥2Ω − (fh,Πhu

cr
h )Ω + (ccrP )2 ∥fh∥

2
Ω . (3.19)

Using the discrete Poincaré inequality (2.1) in (3.19), we find that (ucrh,ε)ε>0 ⊆ S1,cr
D (Th) is bounded.

Hence, owing to the finite dimensionality of S1,cr
D (Th), we deduce the existence of ũcrh ∈ S1,cr

D (Th)
such that, for a not re-labeled subsequence, it holds

ucrh,ε → ũcrh in S1,cr
D (Th) (ε→ 0) . (3.20)

Let Ecr
h : L0(Th) → (S1,cr

D (Th))
∗ for every µh ∈ L0(Th) and vh ∈ S1,cr

D (Th) be defined by

⟨Ecr
h µh, vh⟩S1,cr

D
(Th) := (µh,Πhvh)Ω . (3.21)

Then, from (3.16), also using (L0.1), for every ε > 0, it follows that

∥Ecr
h λ

cr
h,ε∥(S1,cr

D
(Th))

∗ = sup
vh∈S1,cr

D
(Th);∥vh∥Ω+∥∇hvh∥Ω≤1

(fh,Πhvh)Ω − (∇hu
cr
h,ε,∇hvh)Ω

≤ ∥fh∥Ω + ∥∇hu
cr
h,ε∥Ω .

(3.22)

Using (3.19) in (3.22), we find that (Ecr
h λ

cr
h,ε)ε>0 ⊆ (S1,cr

D (Th))
∗ is bounded. Thus, due to the finite

dimensionality of (S1,cr
D (Th))

∗ and the closedness of the rangeR(Ecr
h ), there exists λ̃h∈L0(Th) with

Ecr
h λ

cr
h,ε → Ecr

h λ̃h in (S1,cr
D (Th))

∗ (ε→ 0) . (3.23)

Next, using (3.19) once more and that, by definition, λcrh,ε = ε−2(Πhu
cr
h,ε − χh)−, we deduce that

∥(Πhu
cr
h,ε − χh)−∥

2
Ω = ε4 ∥λcrh,ε∥

2
Ω → 0 (ε→ 0) .

Because, on the other hand, due to (3.20), (Πhu
cr
h,ε − χh)− → (Πhũ

cr
h − χh)− in L2(Ω) (ε→ 0),

we conclude that (Πhũ
cr
h − χh)− = 0 a.e. in Ω. In other words, we have that

ũcrh ∈ Kcr
h . (3.24)

As a consequence of (3.24), for every ε > 0 and vh ∈ Kcr
h , resorting to (3.20) and the minimality of

ucrh,ε ∈ S1,cr
D (Th) for I

cr
h,ε : S

1,cr
D (Th) → R, we find that

Icrh (ũcrh ) = lim
ε→0

Icrh (ucrh,ε) ≤ lim
ε→0

Icrh,ε(u
cr
h,ε) ≤ lim

ε→0
Icrh,ε(vh) = Icrh (vh) .

Hence, due to the uniqueness of ucrh ∈ Kcr
h as a minimizer of Icrh : S1,cr

D (Th) → R, we infer that

ũcrh = ucrh in S1,cr
D (Th). By passing for ε→ 0 in (3.16), for every vh ∈S1,cr

D (Th), using (3.20), (3.23),
and the definition of Ecr

h : L0(Th) → (S1,cr
D (Th))

∗, cf. (3.21), we conclude that

(∇hu
cr
h ,∇hvh)Ω + (λ̃h,Πhvh)Ω = (fh,Πhvh)Ω . (3.25)

Owing to L0(Th) = Πh(S
1,cr
D (Th))

⊕

Πh(S
1,cr
D (Th))

⊥, there exist unique λcrh ∈ Πh(S
1,cr
D (Th)) and

λh ∈ Πh(S
1,cr
D (Th))

⊥ such that λ̃h = λcrh + λh in L0(Th). By the aid of the latter decomposition,

for every vh ∈ S1,cr
D (Th), we conclude from (3.25) that

(∇hu
cr
h ,∇hvh)Ω + (λcrh ,Πhvh)Ω = (fh,Πhvh)Ω .

Next, let µcr
h ∈ Πh(S

1,cr
D (Th)) be such that for every vh ∈ S1,cr

D (Th), it holds

(∇hu
cr
h ,∇hvh)Ω + (µcr

h ,Πhvh)Ω = (fh,Πhvh)Ω .

Then, λcrh − µcr
h ∈ Πh(S

1,cr
D (Th)) ∩Πh(S

1,cr
D (Th))

⊥ = {0} and, thus, λcrh = µcr
h in Πh(S

1,cr
D (Th)).
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ad (ii). Let T cr
h ⊆Th be such that span({χT | T ∈T cr

h }) =Πh(S
1,cr
D (Th)). For each T ∈T cr

h ,

there exists vTh ∈ S1,cr
D (Th) such that Πhv

T
h = χT . Next, let αT ∈ R be such that Πhu

cr
h + αTΠhv

T
h

= Πhu
cr
h + αTχT ≥ χh a.e. in Ω. Then, for vh = αT v

T
h ∈ S1,cr

D (Th) in (3.14), in particular, using

(3.12) for vh = ucrh + αT v
T
h ∈ S1,cr

D (Th), we deduce that

αT |T |λcrh = αT [(fh,Πhv
T
h )Ω − (∇hu

cr
h ,∇hv

T
h )Ω] ≤ 0 a.e. in T . (3.26)

As T ∈ T cr
h was arbitrary and λcrh ∈ Πh(S

1,cr
D (Th)), we conclude from (3.26) that λcrh ≤ 0 a.e. in Ω.

Eventually, for T ∈ T cr
h such that Πhu

cr
h > χh a.e. in T , there exists some αT < 0 such that

Πhu
cr
h + αTΠhv

T
h = Πhu

cr
h + αTχT ≥ χh a.e. in Ω. For this αT < 0 in (3.26), also using that

λcrh ≤ 0 a.e. in Ω, we arrive at

0 ≤ αT |T |λcrh = αT [(fh,Πhv
T
h )Ω − (∇hu

cr
h ,∇hv

T
h )Ω] ≤ 0 a.e. in T ,

so that λcrh = 0 a.e. in T . In other words, it holds (3.15).

Given a discrete Lagrange multiplier λcrh ∈ L0(Th) satisfying (3.14), we define the discrete flux

zrth := ∇hu
cr
h +

λcrh − fh
d

(idRd −ΠhidRd) ∈ L1(Th)
d , (3.27)

which, by definition, satisfies

Πhz
rt
h = ∇hu

cr
h in L0(Th)

d . (3.28)

The following proposition proves that the discrete flux is admissible in the discrete dual problem
and even a discrete dual solution.

Proposition 3.3. The following statements apply:

(i) The discrete flux zrth ∈ L1(Th)
d satisfies zrth ∈ RT 0

N (Th) and

div zrth = λcrh − fh in L0(Th) . (3.29)

In particular, it holds div zrth + fh ≤ 0 a.e. in Ω, i.e., I−(div zrth + fh) = 0.
(ii) The discrete flux zrth ∈ RT 0

N (Th) is a maximizer of (3.13) and discrete strong duality, i.e.,
Icrh (ucrh ) = Drt

h (z
rt
h ), applies. In addition, there holds the discrete complementary condition

(div zrth + fh) (Πhu
cr
h − χh) = 0 in L0(Th) . (3.30)

Proof. ad (i). Since, due to |ΓD| > 0, div : RT 0
N (Th) → L0(Th) is surjective, there exists some

yh ∈ RT 0
N (Th) such that div yh = λcrh −fh in L0(Th). Then, using the discrete integration-by-parts

formula (2.5) and (3.14), for every vh ∈ S1,cr
D (Th), we find that

(Πhyh,∇hvh)Ω = −(div yh,Πhvh)Ω = (fh − λcrh ,Πhvh)Ω = (∇hu
cr
h ,∇hvh)Ω . (3.31)

Using (3.28) in (3.31), for every vh ∈ S1,cr
D (Th), we arrive at

(yh − zrth ,∇hvh)Ω = (Πh(yh − zrth ),∇hvh)Ω = 0 . (3.32)

On the other hand, we have that div(yh−z
rt
h ) = 0 a.e. in T for all T ∈ Th, so that yh−z

rt
h ∈ L0(Th)

d.

Hence, by (3.32) and the orthogonal decomposition (2.7), we conclude that yh − zrth ∈∇h(S
1,cr
D (Th))

⊆ RT 0
N (Th) and, thus, z

rt
h ∈ RT 0

N (Th), since already yh ∈ RT 0
N (Th).

ad (ii). The discrete optimality relation (3.30) follows from (3.29) and (3.15). In consequence,
it remains to establish the strong duality relation. Using (3.30), the discrete integration-by-parts
formula (2.5), (3.28), and I−(div zrth + fh) = 0, we observe that

Icrh (ucrh ) = 1
2∥∇hu

cr
h ∥2Ω − (fh,Πhu

cr
h )Ω

= 1
2∥Πhz

rt
h ∥2Ω + (div zrth ,Πhu

cr
h )Ω − (div zrth + fh, χh)Ω

= 1
2∥Πhz

rt
h ∥2Ω − (Πhz

rt
h ,∇hu

cr
h )Ω − (div zrth + fh, χh)Ω

= − 1
2∥Πhz

rt
h ∥2Ω − (div zrth + fh, χh)Ω = Drt

h (z
rt
h ) .
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4. A priori error analysis

In this section, we establish a priori error estimates for the discrete primal problem.

Theorem 4.1. If u, χ∈W 2,2(Ω), i.e., z∈W 1,2(Ω;Rd) and λ :=f+div z∈L2(Ω), and χh :=ΠhIcrχ
∈ L0(Th), then there exists a constant c > 0, depending only on the chunkiness ω0 > 0, such that

∥∇hIcru−∇hu
cr
h ∥2Ω + (−λcrh ,Πh(Icru− ucrh ))Ω + ∥ΠhIrtz −Πhz

rt
h ∥2Ω

≤ c h2max (∥D
2u∥2Ω + ∥D2χ∥2Ω + ∥λ∥2Ω) .

Proof. Using that, owing to the discrete augmented problem (3.14), 1
2a

2− 1
2b

2 = 1
2 (a−b)

2+b(a−b)
for all a, b ∈ R, and the strong concavity of (3.13), for every vh ∈ Kcr

h and yh ∈ RT 0(Th), it holds

1
2∥∇hvh −∇hu

cr
h ∥2Ω + (−λcrh ,Πh(vh − ucrh ))Ω = Icrh (vh)− Icrh (ucrh ) ,

1
2∥Πhyh −Πhz

rt
h ∥2Ω ≤ Drt

h (z
rt
h )−Drt

h (yh) ,

that Icru ∈ Kcr
h , as

ffl

S
(u− χ) ds ≥ 0 and φS(xT ) =

1
d+1 for all T ∈ Th and S ∈ Sh with S ⊆ ∂T ,

that Irtz ∈ RT 0
N (Th) with div Irtz + fh =Πh(div z + f) =Πhλ ≤ 0 a.e. in Ω, the discrete strong

duality relation Icrh (ucrh ) = Drt
h (z

rt
h ), cf. Proposition 3.3 (ii), ∇hIcru = Πh∇u in L0(Th)

d, (L0.1),
and the strong duality relation I(u) = D(z), cf. (3.5), we find that

1
2∥∇hIcru−∇hu

cr
h ∥2Ω + (−λcrh ,Πh(Icru− ucrh ))Ω + 1

2∥ΠhIrtz −Πhz
rt
h ∥2Ω

≤ Icrh (Icru)−Drt
h (Irtz)

≤ I(u) + (f, u−ΠhIcru)Ω −Drt
h (Irtz)

= − 1
2∥z∥

2
Ω + (f, u−ΠhIcru)Ω + 1

2∥ΠhIrtz∥
2
Ω

− (div z + f, χ)Ω + (div Irtz + fh,ΠhIcrχ)Ω .

(4.1)

Next, using in (4.1) the exchange of quasi-interpolation operators (2.6) and z = ∇u, cf. (3.6), i.e.,

(div z, u−ΠhIcru)Ω = −(z, z −ΠhIrtz)Ω = −∥z∥2Ω + (z,ΠhIrtz)Ω ,

div Irtz+fh =Πhλ in L0(Th), and div z+f = λ in L2(Ω), abbreviating ũ := u−χ∈W 2,2(Ω), we get

1
2∥∇hIcru−∇hu

cr
h ∥2Ω + (−λcrh ,Πh(Icru− ucrh ))Ω + 1

2∥ΠhIrtz −Πhz
rt
h ∥2Ω

≤ (λ, ũ−ΠhIcr ũ)Ω + 1
2∥z∥

2
Ω − (z,ΠhIrtz)Ω + 1

2∥ΠhIrtz∥
2
Ω

= (λ, ũ− Icr ũ)Ω + (λ, Icr ũ−ΠhIcr ũ)Ω + 1
2∥z −ΠhIrtz∥

2
Ω

=: I1h + I2h + I3h .

(4.2)

As a consequence, it remains to estimate the terms I1h, I
2
h and I3h:

ad I1h. Using (CR.3), we obtain

I1h ≤ ∥λ∥Ω∥ũ− Icr ũ∥Ω ≤ ccr h
2
max ∥λ∥Ω ∥D2ũ∥Ω . (4.3)

ad I2h. Using that Icr ũ − ΠhIcr ũ = ∇hIcr ũ · (idRd − ΠhidRd) in L1(Th)
d, λ = 0 in {ũ > 0},

∇ũ = 0 in {ũ = 0}, and (CR.3), we obtain

I2h ≤ (λ, (∇hIcr ũ−∇ũ) · (idRd −ΠhidRd))Ω ≤ ccr h
2
max ∥λ∥Ω ∥D2ũ∥Ω . (4.4)

ad I3h. Using (L0.1), (L0.2), and (RT.2), we obtain

I3h ≤ ∥z −Πhz∥
2
Ω + ∥Πh(z − Irtz)∥

2
Ω ≤ (c2Π + c2rt)h

2
max ∥∇z∥

2
Ω . (4.5)

Combining (4.2)–(4.5), we arrive at the claimed a priori error estimate.

Corollary 4.2. If u, χ ∈ W 2,2(Ω), then there exists a constant c > 0, depending only on the
chunkiness ω0 > 0, such that

∥∇hu
cr
h −∇u∥2Ω ≤ c h2max (∥D

2u∥2Ω + ∥D2χ∥2Ω + ∥λ∥2Ω) .

Proof. Resorting to (CR.2), the assertion follows from Theorem 4.1, exploiting that for all vh∈K
cr
h

(−λcrh ,Πh(vh − ucrh ))Ω = (∇hu
cr
h ,∇hvh −∇hu

cr
h )Ω − (fh,Πh(vh −∇hu

cr
h ))Ω ≥ 0 .
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5. A posteriori error analysis

In this section, we examine the primal-dual a posteriori error estimator η2h : W
1,2
D (Ω) → R,

for every v ∈W 1,2
D (Ω) defined by

η2h(v) := η2A,h(v) + η2B,h(v) + η2C,h ,

η2A,h(v) := ∥∇v −∇hu
cr
h ∥2Ω ,

η2B,h(v) := (−λcrh ,Πh(v − χ))Ω ,

η2C,h := 1
d2 ∥hT (fh − λcrh )∥2Ω .

(5.1)

for reliability and efficiency.

Remark 5.1. (i) The estimator η2h appeared in a similar form in [15] in a Crouzeix–Raviart
approximation of the obstacle problems, imposing the obstacle constraint at the barycenters
of element sides. However, imposing the obstacle constraint at the barycenters of elements
leads to a simplified form compared to the estimator in [15].

(ii) The estimator η2A,h provides control over the flux relation (3.6).
(iii) The estimator η2B,h measures the discrepancy in the complementary condition (3.9), cf. [11].
(iv) The estimator η2C,h measures the irregularity of the dual solution, i.e., div z /∈ L2(Ω).

5.1 Reliability

In this subsection, we identify error quantities that are controlled by the a posteriori error
estimator η2h : W

1,2
D (Ω)→R, cf. (5.1). In doing so, we combine two different but related approaches:

first, we resort to first-order relations based on (discrete) convex duality, leading to constant-free
estimates; second, we resort to second-order relations based on the (discrete) augmented problems,
leading to estimates for further error quantities that are not covered be the first approach.

5.1.1 Reliability based on (discrete) convex duality

In this subsection, we follow the procedure for the derivation of, by definition, reliable and con-
stant-free a posteriori error estimates based on (discrete) convex duality outlined in the introduction.

Lemma 5.2. For every v ∈ K, we have that

1
2∥∇v −∇u∥2Ω + ⟨−Λ, v − u⟩Ω + 1

2∥z
rt
h − z∥2Ω ≤ 1

2∥∇v − zrth ∥2Ω + η2B,h(v) + (fh − f, v − χ)Ω

≤ η2A,h(v) + η2B,h(v) + η2C,h + (fh − f, v − χ)Ω .

Proof. Using that, owing to the augmented problem (3.8), 1
2a

2 − 1
2b

2 = 1
2 (a− b)2 + b(a− b) for

all a, b ∈ R, and the strong concavity of (3.3), for every v ∈ K and y ∈ L2(Ω;Rd), it holds

1
2∥∇v −∇u∥2Ω + ⟨−Λ, v − u⟩Ω = I(v)− I(u) , (5.2)

1
2∥y − z∥2Ω ≤ D(z)−D(y) , (5.3)

the strong duality relation I(u) = D(z), cf. (3.5), that zrth ∈W 2
N (div; Ω) with div zrth +fh = λcrh ≤

0 a.e. in L0(Th), cf. (3.29), integration-by-parts, and Πhz
rt
h = ∇hu

cr
h in L0(Th)

d, cf. (3.28), we get

1
2∥∇v −∇u∥2Ω + ⟨−Λ, v − u⟩Ω + 1

2∥z
rt
h − z∥2Ω ≤ I(v)−D(zrth )

= 1
2∥∇v∥

2
Ω + (div zrth − λcrh , v)Ω + (fh − f, v)Ω

+ 1
2∥z

rt
h ∥2Ω + (div zrth + fh, χ)Ω − (fh − f, χ)

= 1
2∥∇v∥

2
Ω − (zrth ,∇v)Ω + 1

2∥z
rt
h ∥2Ω + η2B,h(v) + (fh − f, v − χ)Ω

= 1
2∥∇v − zrth ∥2Ω + η2B,h(v) + (fh − f, v − χ)Ω

≤ η2A,h(v) + η2B,h(v) + ∥zrth −Πhz
rt
h ∥2Ω + (fh − f, v − χ)Ω .

Due to zrth −Πhz
rt
h =

λcr
h −fh
d (idRd −ΠhidRd) in L1(Th)

d, cf. (3.27), we conclude the assertion.



Error analysis for a CR approximation of the obstacle problem 13

Remark 5.3. (i) For every v ∈ K, due to (3.2), we have that

⟨−Λ, v − u⟩Ω = (∇u,∇v −∇u)Ω − (f, v − u)Ω ≥ 0 .

(ii) Since λcrh ≤ 0 a.e. in Ω (cf. Proposition 3.1 (ii)) and Πh(v−χ) ≥ 0 a.e. in Ω for all v ∈ K,
for every v ∈ K, we have that η2B,h(v) ≥ 0 and, thus, η2h(v) ≥ 0, since, then,

(−λcrh )Πh(v − χ) ≥ 0 a.e. in Ω .

Remark 5.4. The reliability estimate in Lemma 5.2 is entirely constant-free.

Remark 5.5 (Improved reliability). If we have that v = vh ∈ S1
D(Th) ∩K in Lemma 5.2, then,

given zrth −Πhz
rt
h ⊥ ∇vh −∇hu

cr
h in L2(Ω;Rd), we arrive at the improved reliability estimate

1
2∥∇vh−∇u∥2Ω+ ⟨−Λ, vh−u⟩Ω+ 1

2∥z
rt
h −z∥2Ω ≤ 1

2η
2
A,h(vh)+η

2
B,h(vh)+

1
2η

2
C,h+(fh−f, v−χ)Ω .

Corollary 5.6. If f = fh ∈ L0(Th), then the following statements apply:

(i) For every v ∈ K, it holds

1
2∥∇v −∇u∥2Ω + ⟨−Λ, v − u⟩Ω + 1

2∥z
rt
h − z∥2Ω ≤ 1

2∥∇v − zrth ∥2Ω + η2B,h(v) ≤ η2h(v) .

(ii) For every vh ∈ S1
D(Th) ∩K, it holds

1
2∥∇vh −∇u∥2Ω + ⟨−Λ, vh − u⟩Ω + 1

2∥z
rt
h − z∥2Ω ≤ 1

2η
2
A,h(vh) + η2B,h(vh) +

1
2η

2
C,h .

Proof. For the claim (i), we refer to Lemma 5.2. For the claim (ii), we refer to Remark 5.5.

The a posteriori error estimator η2h : W
1,2
D (Ω) → R, cf. (5.1), furthermore, controls the error

between the continuous Lagrange multiplier Λ ∈ (W 1,2
D (Ω))∗, defined by (3.8), and the discrete

Lagrange multiplier λcrh ∈ Πh(S
1,cr
D (Th)), defined by (3.14), measured in the Sobolev dual norm.

To this end, we introduce the (W 1,2
D (Ω))∗-representation Λcr

h ∈ (W 1,2
D (Ω))∗ of λcrh ∈ Πh(S

1,cr
D (Th)),

for every v ∈W 1,2
D (Ω) defined by

⟨Λcr
h , v⟩Ω := (λcrh ,Πhv)Ω .

Lemma 5.7. The following statements apply:

(i) If we set osch(f) := ∥hT (fh − f)∥2Ω, cf. Theorem A.1, then

∥Λcr
h − Λ∥∗,Ω ≤ ∥∇hu

cr
h −∇u∥Ω + ηC,h + cΠ (osch(f))

1
2 . (5.4)

(ii) If f = fh ∈ L0(Th), then for every v ∈ K, it holds

∥Λcr
h − Λ∥2∗,Ω ≤ 9 η2A,h(v) + 6 η2B,h(v) + 9 η2C,h ≤ 9 η2h(v) . (5.5)

Proof. ad (i). For every v ∈W 1,2
D (Ω) satisfying ∥v∥Ω+∥∇v∥Ω ≤ 1, using (3.8), (3.29), integration-

by-parts, (3.27), f − fh ⊥ Πhv in L2(Ω), and (L0.2), it holds

⟨Λcr
h − Λ, v⟩Ω = (fh + div zrth , v)Ω − (f, v)Ω + (∇u,∇v)Ω

= (∇u− zrth ,∇v)Ω + (fh − f, v)Ω

= (∇u−∇hu
cr
h ,∇v)Ω + ( 1d (fh − λcrh )(idRd −ΠhidRd),∇v)Ω

+ (fh − f, v −Πhv)Ω

≤ ∥∇hu
cr
h −∇u∥Ω + ηC,h + cΠ (osch(f))

1
2 .

(5.6)

Taking the supremum with respect to every v ∈W 1,2
D (Ω) satisfying ∥v∥Ω + ∥∇v∥Ω ≤ 1 in (5.6),

we conclude the assertion.
ad (ii). Due to (i) and f = fh ∈ L0(Th), for every v ∈W 1,2

D (Ω), it holds

∥Λcr
h − Λ∥∗,Ω ≤ ∥∇v −∇u∥Ω + η2A,h(v) + η2C,h . (5.7)

Then, resorting in (5.7) to Lemma 5.2, for every v ∈ K, we find that

∥Λcr
h − Λ∥2∗,Ω ≤ 3 [∥∇v −∇u∥2Ω + η2A,h(v) + η2C,h]

≤ 3 [3 η2A,h(v) + 2 η2B,h(v) + 3 η2C,h] .
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Remark 5.8. If v = vh ∈ S1
D(Th) ∩K in Lemma 5.2, then, given Remark 5.6 (i), we arrive at

the improved reliability estimate

∥Λcr
h − Λ∥2∗,Ω ≤ 6 η2h(v) .

5.1.2 Reliability based on variational equations

Following an approach which resorts to the (discrete) augmented problems, i.e., (3.8) and (3.14),
it is possible to establish the following reliability result, which identifies additional quantities that
are controlled by the a posteriori error estimator η2h : W

1,2
D (Ω) → R, cf. (5.1).

Lemma 5.9. For every v ∈W 1,2
D (Ω) and ε, ε̃ > 0, we have that

( 12 − ε c2cr − ε̃ c2Π
)

∥∇v −∇u∥2Ω + ⟨−Λ, v − u⟩Ω + 1
2∥∇u−∇hu

cr
h ∥2Ω + (−λcrh ,Πh(u− χ))Ω

≤ 1
2η

2
A,h(v) + η2B,h(v) +

d2

4ε η
2
C,h + 1

4ε̃ osch(f) .

From Lemma 5.9 we can immediately deduce the following reliability results.

Corollary 5.10. The following statements apply:

(i) For every v ∈W 1,2
D (Ω), it holds

1
4∥∇v −∇u∥2Ω + ⟨−Λ, v − u⟩Ω + 1

2∥∇u−∇hu
cr
h ∥2Ω + (−λcrh ,Πh(u− χ))Ω

≤ 1
2η

2
A,h(v) + η2B,h(v) + 2 c2cr d

2 η2C,h + 2 c2Π osch(f) .

(ii) For every v ∈W 1,2
D (Ω), it holds

⟨−Λ, v − u⟩Ω + 1
2∥∇u−∇hu

cr
h ∥2Ω + (−λcrh ,Πh(u− χ))Ω

≤ 1
2η

2
A,h(v) + η2B,h(v) + c2cr d

2 η2C,h + c2Π osch(f) .

Proof. The claim (i) follows from Lemma 5.9 for ε = 1
8c2cr

> 0 and ε̃ = 1
8c2

Π

> 0. The claim (ii)
follows from Lemma 5.9 for ε = 1

4c2cr
> 0 and ε̃ = 1

4c2
Π

> 0.

Having Corollary 5.10 (ii) at hand, by analogy with Lemma 5.7 (ii), we arrive at the following
reliability result for the error between the continuous and the discrete Lagrange multiplier
measured in the dual norm.

Corollary 5.11. For every v ∈ K, we have that

∥Λcr
h − Λ∥2∗,Ω ≤ 3 η2A,h(v) + 6 η2B,h(v) + 6(1 + c2cr d

2) η2C,h + 12 c2Π osch(f)

≤ 6(1 + c2cr d
2) η2h(v) + 12 c2Π osch(f) .

Proof. Appealing to Lemma 5.7 (5.4),

∥Λcr
h − Λ∥∗,Ω ≤ ∥∇u−∇hu

cr
h ∥Ω + ηC,h + cΠ (osch(f))

1
2 . (5.8)

Then, resorting in (5.8) to Corollary 5.10 (ii), for every v ∈ K, we find that

∥Λcr
h − Λ∥2∗,Ω ≤ 3 [∥∇u−∇hu

cr
h ∥2Ω + η2C,h + cΠ osch(f)]

≤ 3 [η2A,h(v) + 2 η2B,h(v) + 2 (1 + c2cr d
2) η2C,h + 4 c2Π osch(f)] ,

which is the claimed reliability estimate.

Proof (of Lemma 5.9). Resorting to (3.8), for every v∈W 1,2
D (Ω), since f−fh⊥Πh(u−v) in L

2(Ω),
we find that

⟨Λ, u− v⟩Ω + (∇u,∇u−∇v)Ω = (f, u− v)Ω

= (f − fh, u− v)Ω + (fh, u− v)Ω

= (f − fh, u− v −Πh(u− v))Ω + (fh, u− v)Ω .

(5.9)
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Resorting to (3.14), for every v ∈W 1,2
D (Ω), we find that

(λcrh ,ΠhIcr(u− v))Ω + (∇hu
cr
h ,∇Icr(u− v))Ω = (fh,ΠhIcr(u− v))Ω

= −(fh − λcrh , u− v − Icr(u− v))Ω

+ (λcrh ,ΠhIcr(u− v)− (u− v))Ω

+ (fh, u− v)Ω ,

(5.10)

i.e., owing to ∇hIcr(u−v) = Πh∇(u−v) in L0(Th)
d and ∇hu

cr
h ∈ L0(Th)

d, for every v ∈W 1,2
D (Ω)

(λcrh , u− v)Ω + (∇ucrh ,∇u−∇v)Ω = −(fh − λcrh , u− v − Icr(u− v))Ω

+ (fh, u− v)Ω .
(5.11)

If we subtract (5.11) from (5.9), we arrive at

⟨Λ− Λcr
h , u− v⟩Ω + (∇u−∇hu

cr
h ,∇u−∇v)Ω = (f − fh, u− v −Πh(u− v))Ω

+ (fh − λcrh , u− v − Icr(u− v))Ω .
(5.12)

The binomial theorem shows that

(∇u−∇hu
cr
h ,∇u−∇v)Ω + 1

2∥∇v −∇hu
cr
h ∥2Ω = 1

2∥∇u−∇hu
cr
h ∥2Ω + 1

2∥∇v −∇u∥2Ω . (5.13)

Resorting to (CR.2), (L0.2) and the ε-Young inequality ab≤ 1
4εa

2+εb2, valid for all a, b≥0 and ε>0,
for every ε, ε̃ > 0, we find that

|(f − fh, u− v −Πh(u− v))Ω| ≤
1
4ε̃ osch(f) + ε̃ c2Π ∥∇v −∇u∥2Ω , (5.14)

|(fh − λcrh , u− v − Icr(u− v))Ω| ≤
1
4ε ∥hT (fh − λcrh )∥2Ω + ε c2cr ∥∇v −∇u∥2Ω . (5.15)

Therefore, combining (5.12)–(5.14), we conclude the claimed inequality.

Given the findings of Lemma 5.2, Lemma 5.9, and Lemma 5.7, we introduce the error measure
ρ2h : W

1,2
D (Ω) → R, for every v ∈W 1,2

D (Ω) defined by

ρ2h(v) :=
1
2∥∇v −∇u∥2Ω + ⟨−Λ, v − u⟩Ω

+ ∥∇u−∇hu
cr
h ∥2Ω + (−λcrh ,Πh(u− χ))Ω + ∥Λcr

h − Λ∥2∗,Ω .
(5.16)

Theorem 5.12 (Reliability). There exist constants crel, cosc > 0, depending only on the chunki-
ness ω0 > 0, such that for every v ∈ K, we have that

ρ2h(v) ≤ crel η
2
h(v) + cosc osch(f) .

Proof. Immediate consequence of Lemma 5.2, Lemma 5.9, and Lemma 5.7.

Remark 5.13 (Comments on the reliability constant crel > 0).

(i) Appealing to Corollary 5.11, for every v ∈ K, we have that

∥Λcr
h − Λ∥2∗,Ω ≤ 6 (1 + c2cr d

2) η2h(v) + 12 c2Π osch(f) .

If f = fh ∈ L0(Th), then Lemma 5.7 yields that for every v ∈ K, we have that

∥Λcr
h − Λ∥2∗,Ω ≤ min{9, 6 (1 + c2cr d

2)} η2h(v) .

(ii) Appealing to Corollary 5.10, for every v ∈ K, we have that

1
2∥∇v −∇u∥2Ω + 2⟨−Λ, v − u⟩Ω + ∥∇u−∇hu

cr
h ∥2Ω + 2(−λcrh ,Πh(u− χ))Ω

≤ max{2, 4 c2cr d
2} η2h(v) + 2 c2Π osch(f) .

If f = fh ∈ L0(Th), then Lemma 5.2 yields that for every v ∈ K, we have that

1
2∥∇v −∇u∥2Ω + ⟨−Λ, v − u⟩Ω + 1

2∥z
rt
h − z∥2Ω ≤ η2h(v) .

(iii) Combining (i) and (ii), we find that

crel ≤ max{2, 4 c2cr d
2}+ 6(1 + c2cr d

2) , cosc ≤ 14 c2Π .
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5.2 Efficiency

In this subsection, we show the efficiency of the a posteriori error estimator η2h : W
1,2
D (Ω) → R,

cf. (5.1), with respect to the error measure ρ2h : W
1,2
D (Ω) → R, cf. (5.16).

Theorem 5.14 (Efficiency). There exist constants ceff, cosc > 0, depending on the chunkiness

ω0 > 0, such that for every v ∈W 1,2
D (Ω), we have that

η2h(v) ≤ ceff ρ
2
h(v) + cosc osch(f) .

Proof. Apparently, for every v ∈W 1,2
D (Ω), we have that

η2A,h(v) ≤ 2 [∥∇v −∇u∥2Ω + ∥∇u−∇hu
cr
h ∥2Ω] ,

In addition, appealing to Lemma A.3 (A.7), there exists a constant c > 0, depending only on the
chunkiness ω0 > 0, such that

η2C,h ≤ c [∥∇hu
cr
h −∇u∥2Ω + ∥Λcr

h − Λ∥2∗,Ω + osch(f)] .

Eventually, for every v ∈W 1,2
D (Ω), using Young’s and Poincaré’s inequality, we find that

η2B,h(v) = (−λcrh ,Πh(u− χ))Ω + ⟨−Λ, v − u⟩Ω + ⟨Λ− Λcr
h , v − u⟩Ω

≤ (−λcrh ,Πh(u− χ))Ω + ⟨−Λ, v − u⟩Ω

+ 1
2∥Λ

cr
h − Λ∥2∗,Ω +

1+c2P
2 ∥∇v −∇u∥2Ω ,

where cP > 0 denotes the Poincaré constant.

Remark 5.15. Since the discrete primal solution ucrh ∈ Kcr
h is neither an admissible approx-

imation of the primal solution u ∈ K in Theorem 5.12 nor in Theorem 5.14, since, in general,

ucrh /∈W 1,2
D (Ω) and ucrh ̸≥ χ a.e. in Ω ,

it is necessary to post-process ucrh ∈ Kcr
h . In the numerical experiments, cf. Section 6, we employ

the post-processed function vh = max{Iavh ucrh , χ}, where I
av
h : S1,cr

D (Th) → S1
D(Th) is a node-aver-

aging quasi-interpolation operator, cf. Subsection A.1, which, by the Sobolev chain rule, satisfies

vh ∈W 1,2
D (Ω) and vh ≥ χ a.e. in Ω ,

i.e., vh ∈ K. Note that tr vh = 0 in ΓD due to Iavh ucrh = 0 on ΓD and χ ≤ 0 in ΓD. In addition, us-

ing the best-approximation property of Iavh : S1,cr
D (Th) → S1

D(Th), cf. Proposition A.4, we have that

∥∇vh −∇hu
cr
h ∥Ω ≤ ∥∇Iavh ucrh −∇ucrh ∥Ω + ∥∇Iavh ucrh −∇χ∥{Iav

h
ucr
h
<χ}

≤ 2 ∥∇Iavh ucrh −∇ucrh ∥Ω + ∥∇ucrh −∇χ∥{Iav
h
ucr
h
<χ}

≤ c ∥∇ucrh −∇u∥Ω + ∥∇u−∇χ∥{Iav
h
ucr
h
<χ} ,

and, thus,

∥∇vh −∇u∥Ω ≤ c ∥∇ucrh −∇u∥Ω + ∥∇u−∇χ∥{Iav
h
ucr
h
<χ} .

In other words, the error between vh ∈ K and ucrh ∈ Kcr
h (and u ∈ K, respectively) is controlled by

the error between ucrh ∈ Kcr
h and u ∈ K plus a contribution capturing the violation of the contin-

uous obstacle constraint by ucrh ∈ Kcr
h .

Remark 5.16. Appealing to Theorem A.1 and Lemma A.3 (A.7), there exists a constant c > 0,
depending only on the chunkiness ω0 > 0, such that for every vh ∈ S1,cr

D (Th), we have that

∥∇hvh −∇hu
cr
h ∥2Ω + ∥hT (fh − λcrh )∥2Ω ≤ c [∥∇hvh −∇u∥2Ω + ∥Λcr

h − Λ∥2∗,Ω + osch(f)] .

Thus, it is possible to establish efficiency estimates for parts of the primal-dual a posteriori error
estimator, which also apply for non-conforming functions, cf. Appendix A.
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6. Numerical experiments

In this section, we confirm the theoretical findings of Section 4 and Section 5 via numerical
experiments. All experiments were conducted using the finite element software package FEniCS

(version 2019.1.0), cf. [39]. All graphics are generated using the Matplotlib (version 3.5.1) library,
cf. [33].

6.1 Implementation details

We approximate the discrete primal solution ucrh ∈ S1,cr
D (Th) and the associated discrete La-

grange multiplier λcrh ∈Πh(S
1,cr
D (Th)) jointly satisfying the discrete augmented problem (3.14) via

the primal-dual active set strategy interpreted as a super-linear converging semi-smooth Newton
method, cf. [3, Subsection 5.3.1] or [31]. For sake of completeness, we will briefly outline important
implementation details related with this strategy.

We fix an ordering of the element sides (Si)i=1,...,Ncr
h
and an ordering of the elements (Ti)i=1,...,N0

h
,

where Ncr
h := card(Sh) and N

0
h := card(Th), such that5

span({χTi
| i = 1, . . . , Ncr,0

h }) = Πh(S
1,cr
D (Th)) ,

where Ncr,0
h = dim(Πh(S

1,cr
D (Th))) ∈ {N0

h , N
0
h − 1} because of codimL0(Th)(Πh(S

1,cr
D (Th))) = 1,

cf. [8, Corollary 3.2]. Then, if we define the matrices

Scrh := ((∇hφSi
,∇hφSj

)Ω)i,j=1,...,Ncr
h
∈ R

Ncr
h ×Ncr

h ,

Pcr,0
h := ((ΠhφSi

, χTj
)Ω)i=1,...,Ncr

h
,j=1,...,Ncr,0

h
∈ R

Ncr
h ×Ncr,0

h ,

and, assuming for the entire section that χh := ΠhIcrχ ∈ L0(Th), the vectors

Xcr
h := ((Icrχ, φSi

)Ω)i=1,...,Ncr
h
∈ R

Ncr
h ,

F0
h := ((fh, χTi

)Ω)i=1,...,Ncr,0
h

∈ R
Ncr,0

h ,

the same argumentation as in [3, Lemma 5.3] shows that the discrete augmented problem (3.14)
is equivalent to finding vectors (Ucr

h ,L
cr
h )⊤ ∈ R

Ncr
h × R

Ncr,0
h such that

Scrh Ucr
h + Pcr,0

h Lcr
h = Pcr,0

h F0
h in R

Ncr
h ,

Ch(U
cr
h ,L

cr
h ) = 0RNcr,0

h in R
Ncr,0

h ,
(6.1)

where for given α > 0, the mapping Ch : R
Ncr

h ×R
Ncr,0

h → R
Ncr,0

h for every (Uh,Lh)
⊤∈ R

Ncr
h × R

Ncr,0
h

is defined by

Ch(Uh,Lh) := Lh −min
{

0,Lh + α(Pcr,0
h )⊤(Uh −Xcr

h )
}

in R
Ncr,0

h .

More precisely, the discrete primal solution ucrh ∈ S1,cr
D (Th) and the associated discrete Lagrange

multiplier λcrh ∈ Πh(S
1,cr
D (Th)) jointly satisfying the discrete augmented problem (3.14) as well as

(Ucr
h ,L

cr
h )⊤ ∈ R

Ncr
h × R

Ncr,0
h , respectively, are related by6

ucrh =

Ncr
h

∑

i=1

(Ucr
h · ei)φSi

∈ S1,cr
D (Th) ,

λcrh =

Ncr,0

h
∑

i=1

(Lcr
h · ei)χTi

∈ Πh(S
1,cr
D (Th)) .

Next, define the mappingFh : R
Ncr

h ×R
Ncr,0

h → R
Ncr

h ×R
Ncr,0

h for every (Uh,Lh)
⊤∈ R

Ncr
h × R

Ncr,0
h by

Fh(Uh,Lh) :=

[

Scrh Uh + Pcr,0
h (Lh − F0

h)
Ch(Uh,Lh)

]

in R
Ncr

h × R
Ncr,0

h .

5In practice, the element T̂ ∈ Th for which Rχ
T̂

⊥ Πh(S
1,cr
D

(Th)) is found via searching and erasing a zero col-

umn (if existent) in the matrix ((ΠhϕSi
, χT )Ω)i=1,...,Ncr

h
,T∈Th

∈ R
Ncr

h ×N0
h leading to Pcr,0

h
∈ R

Ncr
h ×Ncr,0

h .
6Here, for every i = 1, . . . , N , N ∈ {Ncr

h
, Ncr,0

h
}, we denote by ei = (δij)j=1,...,N ∈ RN , the i-th unit vector.
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Then, the non-linear system (6.1) is equivalent to finding (Ucr
h ,L

cr
h )⊤ ∈ R

Ncr
h × R

Ncr,0
h such that

Fh(U
cr
h ,L

cr
h ) = 0RNcr

h ×R
Ncr,0

h in R
Ncr

h × R
Ncr,0

h .

By analogy with [4, Theorem 5.11], one finds that the mapping Fh : R
Ncr

h ×R
Ncr,0

h → R
Ncr

h ×R
Ncr,0

h

is Newton-differentiable at every (Uh,Lh)
⊤ ∈ R

Ncr
h × R

Ncr,0
h and, with the (active) set

Ah := Ah(Uh,Lh) :=
{

i ∈ {1, . . . , Ncr,0
h } | (Lh + α(Pcr,0

h )⊤(Uh −Xcr
h )) · ei < 0

}

,

we have that

DFh(Uh,Lh) :=

[

Scrh Pcr,0
h

(Pcr,0
h )⊤IAh

IA c
h

]

in R
Ncr

h +Ncr,0
h × R

Ncr
h +Ncr,0

h ,

where IAh
, IA c

h
:= INcr,0

h
×Ncr,0

h
−IAh

∈ R
Ncr,0

h ×R
Ncr,0

h for every i, j ∈ {1, . . . , Ncr,0
h } are defined by

(IAh
)ij = 1 if i = j ∈ Ah and (IAh

)ij = 0 else.
For a given iterate (Uk−1

h ,Lk−1
h )⊤ ∈ R

Ncr
h ×R

Ncr,0
h , one step of the semi-smooth Newton method,

cf. [3, Subsection 5.3.1] or [31], determines a direction (δUk−1
h , δLk−1

h )⊤ ∈ R
Ncr

h ×R
Ncr,0

h such that

DFh(U
k−1
h ,Lk−1

h )(δUk−1
h , δLk−1

h )⊤ = −Fh(U
k−1
h ,Lk−1

h ) in R
Ncr

h × R
Ncr,0

h . (6.2)

Setting (Uk
h,L

k
h)

⊤ := (Uk−1
h +δUk−1

h ,Lk−1
h +δLk−1

h )⊤ ∈ R
Ncr

h ×R
Ncr,0

h and A
k−1
h :=Ah(U

k−1
h ,Lk−1

h ),
the linear system (6.2) can equivalently be re-written as

Scrh Uk
h + Pcr,0

h Lk
h = Pcr,0

h F0
h in R

Ncr
h ,

I(A k−1

h
)cL

k
h = 0RNcr,0

h in R
Ncr,0

h ,

IA k−1

h
Uk

h = IA k−1

h
Xcr

h in R
Ncr,0

h .

(6.3)

The semi-smooth Newton method can, thus, equivalently be formulated in the following form,
which is a version of a primal-dual active set strategy.

Algorithm 6.1 (Primal-dual active set strategy). Choose parameters α > 0 and εSTOP > 0.
Moreover, let (U0

h,L
0
h)

⊤ ∈ R
Ncr

h × R
Ncr,0

h and set k = 1. Then, for every k ∈ N:

(i) Define the most recent active set

A
k−1
h := Ah(U

k−1
h ,Lk−1

h ) :=
{

i ∈ {1, . . . , Ncr,0
h } | (Lk−1

h +α(Pcr,0
h )⊤(Uk−1

h −Xcr
h )) ·ei < 0

}

.

(ii) Compute the iterate (Uk
h,L

k
h)

⊤ ∈ R
Ncr

h × R
Ncr,0

h such that
[

Scrh Pcr,0
h

(Pcr,0
h )⊤IA k−1

h
I(A k−1

h
)c

][

Uk
h

Lk
h

]

=

[

Pcr,0
h F0

h

IA k−1

h
Xcr

h

]

.

(iii) Stop if |Uk
h −Uk−1

h | ≤ εSTOP; otherwise, increase k → k + 1 and continue with step (i).

Remark 6.2 (Important implementation details). (i) Algorithm 6.1 converges super-linearly
if (U0

h , L
0
h)

⊤ ∈ R
Ncr

h ×R
Ncr,0

h is sufficiently close to the solution (Ucr
h , L

cr
h )⊤ ∈ R

Ncr
h ×R

Ncr,0
h ,

cf. [31, Theorem 3.1]. Since the Newton-differentiability only holds in finite-dimensional sit-
uations and deteriorates as the dimension increases, the condition on the initial guess
becomes more critical for increasing dimensions.

(ii) The degrees of freedom related to the entries Lk
h|(A k−1

h
)c can be eliminated from the linear

system of equations in Algorithm 6.1, step (ii) (see also (6.3)).
(iii) Since only a finite number of active sets are possible, the algorithm terminates within a finite

number of iterations at the exact solution (Ucr
h ,L

cr
h )⊤ ∈ R

Ncr
h × R

Ncr,0
h . For this reason, in

practice, the stopping criterion in step (iii) is reached with |Uk∗

h −Uk∗−1
h | = 0 for some k∗ ∈ N,

in which case, one has that Uk∗

h = Ucr
h , provided εSTOP > 0 is sufficiently small.

(iv) The linear system emerging in each semi-smooth Newton step (cf. Algorithm 6.1, step (ii))
is solved using a sparse direct solver from SciPy (version 1.8.1), cf. [46].

(v) Global convergence of the algorithm and monotonicity, i.e., Uk
h ≥ Uk−1

h ≥ Xcr
h for k ≥ 3

can be proved if Scrh ∈ R
Ncr

h ×Ncr
h is an M -Matrix, cf. [31, Theorem 3.2].

(vi) Classical active set strategies define A
k−1
h := {i ∈ {1, . . . , Ncr,0

h } | Lk−1
h · ei < 0}, which

corresponds to the formal limit α→ ∞.
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6.2 Numerical experiments for a priori error analysis

In this subsection, we confirm the theoretical findings of Section 4.
For our numerical experiments, we choose Ω := (− 3

2 ,
3
2 )

2, ΓD := ∂Ω, f := −2 ∈ L2(Ω), χ := 0 ∈
W 1,2(Ω), and as a manufactured solution, the function u ∈W 1,2(Ω), for every x ∈ Ω defined by

u(x) :=

{

|x|2
2 − ln(|x|)− 1

2 if x ∈ Ω \Bd
1 (0)

0 else
,

As a result, appealing to Theorem 4.1, we can expect the convergence rate 1.
We construct an initial triangulation Th0

, where h0 = 1√
2
, by subdividing a rectangular Carte-

sian grid into regular triangles with different orientations. Finer triangulations Thk
, k = 1, . . . , 7,

where hk+1 = hk

2 for all k = 1, . . . , 7, are obtained by regular subdivision of the previous grid:
each triangle is subdivided into four equal triangles by connecting the midpoints of the edges, i.e.,
applying the red-refinement rule, cf. [45].

For the resulting series of triangulations Tk := Thk
, k = 1, . . . , 7, we apply the primal-dual ac-

tive set strategy (cf. Algorithm 6.1) to compute the discrete primal solution ucrk := ucrhk
∈ S1,cr

D (Tk),

k = 1, . . . , 7, the discrete Lagrange multiplier λcrk := λcrhk
∈ Πhk

(S1,cr
D (Tk)), and, subsequently,

resorting to (3.27), the discrete dual solution zrtk := zrthk
∈ RT 0

N (Tk), k = 1, . . . , 7. Afterwards,
we compute the error quantities

eu,k := ∥∇hk
ucrk −∇u∥Ω ,

eIcru,k := ∥∇hk
ucrk −∇hk

Icru∥Ω ,

ez,k := ∥zrtk − z∥Ω ,

eIrtz,k := ∥Πhk
zrtk −Πhk

Irtz∥Ω ,

eλ,u,k := (−λcrk ,Πhk
(u− ucrk ))Ω ,

eλ,Icru,k := (−λcrk ,Πhk
(Icru− ucrk ))Ω ,











































k = 1, . . . , 7 . (6.4)

As estimation of the convergence rates, the experimental order of convergence (EOC)

EOCk(ek) :=
log(ek/ek−1)

log(hk/hk−1)
, k = 2, . . . , 7 ,

where for every k = 1, . . . , 7, we denote by ek, either e
k
u, e

k
Icru

, ekz , e
k
Irtz

, ekλ,u, e
k
λ,Icru

, etot,kλ,u :=
ekλ,u + eku, or e

tot,k
λ,Icru

:= ekλ,Icru + ekIcru, respectively, is recorded.
For a series of triangulations Tk, k = 1, . . . , 7, obtained by uniform mesh refinement as de-

scribed above, the EOC is computed and presented in Table 1 and Table 2. In each case, except
for ek ∈ {eλ,u,k, eλ,Icru,k}, we report a convergence ratio of about EOCk(ek) ≈ 1, k = 2, . . . , 7, con-
firming the optimality of the a priori error estimates established in Theorem 4.1 and Corollary 4.2.
For ek ∈ {eλ,u,k, eλ,Icru,k}, we report a convergence ratio of about EOCk(ek) ≈ 1.5, k = 2, . . . , 7.

k eku EOCk ekIcru EOCk ekz EOCk ekIrtz EOCk

1 1.359 — 0.732 — 1.094 — 0.656 —
2 0.787 0.788 0.664 0.141 0.533 1.038 0.453 0.535
3 0.380 1.048 0.324 1.034 0.260 1.033 0.212 1.097
4 0.197 0.948 0.166 0.968 0.131 0.993 0.116 0.872
5 0.099 0.996 0.082 1.008 0.067 0.974 0.059 0.967
6 0.050 0.989 0.042 0.986 0.033 1.010 0.030 0.968
7 0.025 0.998 0.021 1.001 0.017 0.980 0.015 0.993

expected — 1.00 — 1.00 — 1.00 — 1.00

Table 1: For ek ∈ {eku, e
k
Icru

, ekz , e
k
Irtz

}, k = 2, . . . , 7: error ek and experimental order of conver-
gence EOCk(ek).
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k ekλ,u EOCk ekλ,Icru EOCk etot,kλ,u EOCk etot,kλ,Icru
EOCk

1 0.262 — 0.490 — 1.849 — 1.223 —
2 0.144 0.866 0.199 1.300 0.986 0.907 0.863 0.502
3 0.044 1.706 0.072 1.461 0.453 1.123 0.397 1.122
4 0.020 1.133 0.029 1.308 0.226 0.999 0.195 1.024
5 0.006 1.732 0.009 1.636 0.108 1.064 0.092 1.086
6 0.002 1.363 0.003 1.447 0.053 1.024 0.045 1.027
7 0.001 1.618 0.001 1.535 0.026 1.027 0.022 1.036

expected — 1.00 — 1.00 — 1.00 — 1.00

Table 2: For ek ∈ {ekλ,u, e
k
λ,Icru

, etot,kλ,u , etot,kλ,Icru
}, k = 2, . . . , 7: error ek and experimental order of

convergence EOCk(ek).

6.3 Numerical experiments for a posteriori error analysis

In this subsection, we confirm the theoretical findings of Section 5. More precisely, we apply the
S1,cr
D (Th)-approximation (3.11) of the obstacle problem (3.1) in an adaptive mesh refinement

algorithm based on local refinement indicators (η2h,T )T∈Th
associated with the a posteriori error

estimator η2h, cf. (5.1). More precisely, for every v ∈W 1,2
D (Ω) and T ∈ Th, we define

η2A,h,T (v) := ∥∇v −∇hu
cr
h ∥2T ,

η2B,h,T (v) := (−λcrh ,Πh(v − χ))T ,

η2C,h,T := 1
d2 ∥hT (fh − λcrh )∥2T ,

η2h,T (v) := η2A,h,T (v) + η2B,h,T (v) + η2C,h,T .

Before we present numerical experiments, we briefly outline the details of the implementations.
In general, we follow the adaptive algorithm, cf. [21]:

Algorithm 6.3 (AFEM). Let εSTOP>0, θ∈(0, 1) and T0 a conforming initial triangulation of Ω.
Then, for every k ∈ N ∪ {0}:

(’Solve’) Compute the discrete primal solution ucrk :=ucrhk
∈Kcr

k :=Kcr
hk

and the discrete Lagrange
multiplier λcrk := λcrhk

∈Πhk
(S1,cr

D (Tk)) jointly solving the discrete augmented problem
(3.14). Post-process ucrk ∈ S1,cr

D (Tk) to obtain a conforming approximation vk ∈ K
of the primal solution u ∈ K and a discrete dual solution zrtk := zrthk

∈ RT 0
N (Tk).

(’Estimate’) Compute the local refinement indicators (η2k,T (vk))T∈Tk
:= (η2hk,T

(vk))T∈Tk
. If

η2k(vk) := η2hk
(vk) ≤ εSTOP, then STOP; otherwise, continue with step (’Mark’).

(’Mark’) Choose a minimal (in terms of cardinality) subset Mk ⊆ Tk such that
∑

T∈Mk

η2k,T (vk) ≥ θ2
∑

T∈Tk

η2k,T (vk) .

(’Refine’) Perform a conforming refinement of Tk to obtain Tk+1 such that each T ∈ Mk is
refined in Tk+1. Increase k 7→ k + 1 and continue with step (’Solve’).

Remark 6.4. (i) The discrete primal solution ucrk ∈ Kcr
k and the discrete Lagrange multiplier

λcrk ∈ Πhk
(S1,cr

D (Tk)) in step (’Solve’) are computed using the primal-dual active set strategy
(cf. Algorithm 6.1) for the parameter α = 1.

(ii) The reconstruction of the discrete dual solution zrtk ∈ RT 0
N (Tk) in step (’Solve’) is based on

the generalized Marini formula (3.27) and does not entail further computational costs.
(iii) In accordance with Remark 5.15, as a conforming approximation vk ∈ K of the primal solu-

tion u ∈ K in step (’Solve’), we employ vk = max{Iavhk
ucrk , χ} ∈ K.

(iv) If not otherwise specified, we employ the parameter θ = 1
2 in (’Mark’).

(v) To find the set Mk ⊆ Tk in step (’Mark’), we deploy the Dörfler marking strategy, cf. [23].
(vi) The (minimal) conforming refinement of Tk with respect toMk in step (’Refine’) is obtained by

deploying the red-green-blue-refinement algorithm, cf. [45].
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6.3.1 Example with corner singularity

We examine an example from [9]. In this example, we let Ω := (−2, 2)2 \ ([0, 2]× [−2, 0]),
ΓD := ∂Ω, ΓN := ∅, f ∈ L2(Ω), in polar coordinates, for every (r, φ)⊤ ∈ R>0 × (0, 2π) defined by

f(r, φ) := −r
2
3 sin( 2ϕ3 )(

γ′

1(r)
r + γ′′1 (r))−

4
3r

− 1
3 γ′1(r) sin(

2ϕ
3 )− γ2(r) ,

where γ1, γ2 : R>0 → R for every r ∈ R>0, abbreviating r := 2(r − 1
4 ), are defined by

γ1(r) :=











1 if r < 0

−6r5 + 15r4 − 10r3 + 1 if 0 ≤ r < 1

0 if r ≥ 1

, γ2(r) :=

{

0 if r ≤ 5
4

1 if r > 5
4

,

and χ := 0 ∈W 1,2
D (Ω). Then, the primal solution u ∈ K, in polar coordinates, for every (r, φ)⊤ ∈

R>0 × (0, 2π) defined by u(r, φ) := r
2
3 γ1(r) sin(

2ϕ
3 ), has a singularity at the origin and, therefore,

satisfies u ̸∈ W 2,2(Ω), so that we cannot expect uniform mesh refinement to yield the quasi-
optimal linear convergence rate.

The coarsest triangulation T0 of Figure 2 (and starting triagulation of Algorithm 6.3) consists of
48 halved squares. More precisely, Figure 2 displays the triangulations Tk, k ∈ {0, 4, 8, 12, 16, 20},
generated by the adaptive Algorithm 6.3. The approximate contact zones Ccr

k := {Πhk
ucrk = 0} =

{λcrk < 0}, k ∈ {0, 4, 8, 12, 16, 20}, are plotted in white Figure 2 while its complement is shaded7.
Algorithm 6.3 refines in the complement of the contact zone C := Ω ∩ {| · | > 3

4}. A refinement
towards the origin, where the solution has a singularity in the gradient, and in { 1

4 ≤ | · | ≤ 3
4},

where the solution has large gradients, is reported. This behavior can also be seen in Figure 3,
where the discrete primal solution ucr10 ∈ S1,cr

D (T10), the node-averaged discrete primal solution

Iavh10
ucr10 ∈ S1

D(T10), the discrete Lagrange multiplier λcr10 ∈ Πh10
(S1,cr

D (T10)), and the discrete dual
solution zrt10 ∈ RT 0

N (T10) are plotted on the triangulation T10, which has 1858 degrees of freedom.
Figure 1 demonstrates that the adaptive Algorithm 6.3 improves the experimental convergence
rate of about 3

4 for uniform mesh-refinement to the optimal value 1. For uniform mesh-refinement,
we expect an asymptotic convergence rate 3

4 due to the corner singularity. Since not all quantities
in the error measure ρ2hk

(vk) are computable, in Figure 1, we employ the reduced error measure

ρ̃2k(vk) :=
1
2∥∇vk −∇u∥2Ω + ⟨−Λ, vk − u⟩Ω + ∥∇u−∇hk

ucrk ∥2Ω + (−λcrk ,Πhk
(u− χ))Ω ,

where we exploit for the computation of the first two terms the identity (5.2).
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I(u) ≈ −0.691486
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k
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Figure 1: LEFT: Plots of η2k(vk) and ρ̃
2
k(vk) for vk := max{Iavhk

ucrk , χ} ∈ K using adaptive mesh
refinement for k = 0, . . . , 20 and using uniform mesh refinement for k = 0, . . . , 4. RIGHT: Plots
of I(vk), cf. (3.1), for vk := max{Iavhk

ucrk , χ} ∈ K and D(zrtk ), cf. (3.3), using adaptive mesh
refinement for k = 0, . . . , 20 and using uniform mesh refinement for k = 0, . . . , 4.

7we chose this color as in most of the examples the complement of the contact zone is refined and appears darker.
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T0 T4 T8

T12 T16 T20

Figure 2: Adaptively refined meshes Tk, k ∈ {0, 4, 8, 12, 16, 20}, with approximate contact zones
Ccr
k := {Πhk

ucrk = 0} = {λcrk < 0}, k ∈ {0, 4, 8, 12, 16, 20}, shown in white.
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Figure 3: Discrete primal solution ucr10 ∈ S1,cr
D (T10) (upper left), node-averaged discrete primal

solution Iavh10
ucr10 ∈ S1

D(T10) (upper right), discrete Lagrange multiplier λcr10 ∈ Πh10
(S1,cr

D (T10))
(lower left), and discrete dual solution zrt10 ∈ RT 0

N (T10) (lower right) on T10.
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6.3.2 Example with unknown exact solution

We examine an example from [9]. In this example, we let Ω := (−1, 1)2, ΓD := ∂Ω, ΓN := ∅,
f = 1 ∈ L2(Ω), and χ = dist(·, ∂Ω) ∈ W 1,2

D (Ω). The primal solution u ∈ K is not known and
cannot be expected to satisfy u ∈W 2,2(Ω) inasmuch as χ /∈W 2,2(Ω), so that uniform mesh refine-
ment is expected to yield a reduced error decay rate compared to the optimal linear error decay rate.

The coarsest triangulation T0 in Figure 5 (and starting triangulation in Algorithm 6.3) consists
of 64 elements. More precisely, Figure 5 displays the triangulations Tk, k ∈ {0, 5, 10, 15, 20, 25},
generated by the adaptive Algorithm 6.3. The approximate contact zones Ccr

k := {Πhk
ucrk = χk} =

{λcrk < 0}, k ∈ {0, 5, 10, 15, 20, 25}, where χk := Πhk
χ ∈ L0(Tk) for every k ∈ {0, 5, 10, 15, 20, 25},

are plotted in white in Figure 5 while their complements are shaded. Note that for every k ∈ N,
we have that χ = Icrχ ∈ S1

D(Tk) and f = fhk
∈ L0(Tk).

This example is different from the previous examples; in the sense that the solution and the
obstacle are non-smooth along the lines C := {(x, y)⊤ ∈ Ω | x = y or x = 1− y}. Algorithm 6.3
refines the mesh towards these lines as can be seen in Figure 5. In addition, the approximate
contact zones Ccr

k , k ∈ {0, . . . , 25}, reduces to C. This behavior can also be observed in Figure 3,

where the discrete primal solution ucr15 ∈ S1,cr
D (T15), the node-averaged discrete primal solution

Iavh ucr15 ∈ S1
D(T15), the discrete Lagrange multiplier λcr15 ∈ Πh15

(S1,cr
D (T15)), and the discrete dual

solution zrt15 ∈ RT 0
N (T15) are plotted on the triangulation T15, which has 3769 degrees of freedom.

Algorithm 6.3 improves the experimental convergence rate of about 1
2 for uniform mesh-refinement

to the quasi-optimal value 1. Since not all quantities in the error measure ρ2hk
(vk) are computable,

in Figure 4, we employ the reduced error measure

ρ̃2k(vk) :=
1
2∥∇vk −∇u∥2Ω + ⟨−Λ, vk − u⟩Ω ,

where we exploit for the computation of ρ̃2k(vk) the identity (5.2) and approximate the value I(u)
via Aitken’s δ2-process, cf. [2]. More precisely, we always employ the approximation I(u) ≈ ϵ27,
where the sequence (ϵk)k∈N;k≥2, for every k ∈ N with k ≥ 2, is defined by

ϵk :=
I(vk)I(vk−2)− I(vk−1)

2

I(vk)− 2 I(vk−1) + I(vk−2)
∈ R .

However, it remains unclear whether this is a sufficiently accurate approximation of the exact
errors ρ2hk

(vk), k = 0, . . . , 25.
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Figure 4: LEFT: Plots of η2k(vk) and ρ̃
2
k(vk) for vk := max{Iavhk

ucrk , χ} ∈ K using adaptive mesh
refinement for k = 0, . . . , 25 and using uniform mesh refinement for k = 0, . . . , 4. RIGHT: Plots
of I(vk), cf. (3.1), for vk := max{Iavhk

ucrk , χ} ∈ K and D(zrtk ), cf. (3.3), using adaptive mesh
refinement for k = 0, . . . , 25 and using uniform mesh refinement for k = 0, . . . , 4.
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T0 T5 T10

T15 T20 T25

Figure 5: Adaptively refined meshes Tk, k ∈ {0, 5, 10, 15, 20, 25}, with approximate contact zones
Ccr
k := {Πhk

ucrk = Πhk
χhk

} = {λcrk < 0}, k ∈ {0, 5, 10, 15, 20, 25}, shown in white.
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Figure 6: Discrete primal solution ucr15 ∈ S1,cr
D (T15) (upper left), node-averaged discrete primal

solution Iavh15
ucr15 ∈ S1

D(T15) (upper right), discrete Lagrange multiplier λcr15 ∈ Πh15
(S1,cr

D (T15))
(lower left), and discrete dual solution zrt15 ∈ RT 0

N (T15) (lower right) on T15.
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A. Appendix

In this appendix, we derive local efficiency estimates for the Crouzeix–Raviart approximation
(3.11) of (3.1), which, in turn, imply the following non-conforming efficiency result.

Theorem A.1. There exists a constant c > 0, depending on the chunkiness ω0 > 0, such that

∥∇hvh −∇hu
cr
h ∥2Ω ≤ c [∥∇hvh −∇u∥2Ω + ∥Λcr

h − Λ∥2∗,Ω + osch(f)] ,

where for every Mh ⊆ Th, we define osch(f,Mh) :=
∑

T∈Mh
osch(f, T ), where osch(f, T ) :=

∥hT (f − fh)∥
2
T for every T ∈ Th, and osch(f) := osch(f, Th).

Before we prove Theorem A.1, we will first introduce some technical tools.

A.1 Node-averaging quasi-interpolation operator

The first tool is the node-averaging quasi-interpolation operator and its uniform approximation
and stability properties, cf. [40, 12, 25].

The node-averaging quasi-interpolation operator Iavh : L1(Th)→S1
D(Th), denoting for z ∈ Nh,

by Th(z) := {T ∈ Th | z ∈ T}, the set of elements sharing z, for every vh ∈ L1(Th), is defined by

Iavh vh :=
∑

z∈Nh

⟨vh⟩zφz , ⟨vh⟩z :=

{

1
card(Th(z))

∑

T∈Th(z)
(vh|T )(z) if z ∈ Ω ∪ ΓN

0 if z ∈ ΓD

,

where we denote by (φz)z∈Nh
, the nodal basis of S1(Th). If p ∈ [1,∞), then, there exists a constant

c > 0, depending on p ∈ [1,∞) and the chunkiness ω0 > 0, such that for every vh ∈ S1,cr
D (Th),

T ∈ Th, and m ∈ {0, 1}, cf. [7, Appx. A.2], we have that

(AV.1) ∥vh − Iavh vh∥T ≤ cav hT ∥∇hvh∥ωT
,

(AV.2) ∥∇Iavh vh∥T ≤ cav ∥∇hvh∥ωT
.

A.2 Local efficiency estimates

The second tool involves the following local efficiency estimates based on standard bubble
function techniques, cf. [44].

Lemma A.2. There exists a constant c > 0, depending only the chunkiness ω0 > 0, such that
for every vh ∈ L1(Th), T ∈ Th, and S ∈ Si

h, respectively, it holds

∥hT (fh − λcrh )∥2T ≤ c ∥∇vh −∇u∥2T + c ∥Λcr
h − Λ∥2∗,T + c osch(f, T ) , (A.1)

hS ∥J∇hvh · nKS∥
2
S ≤ c ∥∇hvh −∇u∥2ωS

+ c ∥Λcr
h − Λ∥2∗,ωS

+ c osch(f, ωS) , (A.2)

where ∥Λcr
h − Λ∥∗,M := ∥Λcr

h − Λ∥(W 1,2

D
(M))∗ for every open set M ⊆ Ω.

Proof. ad (A.1). Let T ∈Th be fixed, but arbitrary. Then, there exists a bubble function bT ∈W 1,2
0 (T )

such that 0≤bT ≤ cb in T , |∇bT |≤cb h
−1
T in T , and

ffl

T
bT dx=1, where the constant c>0 depends

only on the chunkiness ω0 > 0. Using (3.8) and integration-by-parts, taking into account that
∇hvh ∈ L0(Th)

d and bT ∈W 1,2
0 (T ) in doing so, for every µ ∈ R, we find that

(∇u−∇vh,∇(µbT ))T + ⟨Λcr
h − Λ, µbT ⟩T = (f − λcrh , µbT )T . (A.3)

For the particular choice µ = µT := hT (fh−λ
cr
h ) ∈ R in (A.3) and applying the ε-Young inequality

ab≤ 1
4εa

2+εb2, valid for all a, b≥ 0 and ε> 0, also using that |bT | ≤ cb in T and hT |∇bT | ≤ cb in T ,
we observe that

∥hT (fh − λcrh )∥2T = (f − λcrh , hTµT bT )T + (fh − f, hTµT bT )T (A.4)

= (∇u−∇vh,∇(hTµT bT ))T + ⟨Λcr
h − Λ, hTµT bT ⟩T + (fh − f, hTµT bT )T

≤ 1
4ε [∥∇vh −∇u∥2T + ∥Λcr

h − Λ∥2∗,T + osch(f, T )] + 3 ε c2b ∥hT (fh − λcrh )∥2T .

For the particular choice ε = 1
6c2

b

> 0 in (A.4), we conclude that (A.1) applies.
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ad (A.2). Let S ∈Si
h be fixed, but arbitrary. Then, there exists a bubble function bS∈W

1,p
0 (ωS)

such that 0≤bS≤cb in ωS , |∇bS |≤cb h
−1
S in ωS , and

ffl

S
bS ds=1, where the constant c>0 depends

only on the chunkiness ω0 > 0. Using (3.8) and integration-by-parts, taking into account that
∇hvh ∈ L0(Th)

d and bS ∈W 1,p
0 (ωS) in doing so, for every µ ∈ R, we find that

(∇u−∇hvh,∇(µbS))ωS
+ ⟨Λcr

h − Λ, µbS⟩ωS
= (f − λcrh , µbS)ωS

− |S|J∇vh · nKSµ . (A.5)

Let T ∈ Th be with T ⊆ ωS . Then, for the particular choice µ= µS := |ωS |
|S| J∇hvh · nKS ∈ R in (A.5),

|ωS | ≤ cω0
|S|hS for all S ∈ Si

h, where cω0
> 0 depends only on the chunkiness ω0 > 0, and

applying the ε-Young inequality ab ≤ 1
4εa

2 + εb2 valid for all a, b ≥ 0 and ε > 0, also using that
|bS | ≤ cb in ωS and hS |∇bS | ≤ cb in ωS , we observe that

hS∥J∇hvh · nKS∥
2
S = − |ωS |

|S| [(∇u−∇hvh,∇(µSbS))ωS
+ ⟨Λcr

h − Λ, µSbS⟩ωS
− (f − λcrh , µSbS)ωS

]

≤
cω0

4ε [∥∇hvh −∇u∥2ωS
+ ∥Λcr

h − Λ∥2∗,ωS
+ ∥hT (fh − λcrh )∥2ωS

+ osch(f, ωS)]

+ ε cω0
c2b hS∥J∇hvh · nKS∥

2
S . (A.6)

Using (A.6) and (A.1) in (A.5), for sufficiently small ε > 0, conclude that (A.2) applies.

From Lemma A.2 we can derive the following global efficiency result.

Lemma A.3. There exists a constant c > 0, depending only the chunkiness ω0 > 0, such that
for every vh ∈ L1(Th), it holds

∥hT (fh − λcrh )∥2Ω ≤ c ∥∇hvh −∇u∥2Ω + c ∥Λcr
h − Λ∥2∗,Ω + c osch(f) , (A.7)

∥h
1/2
S J∇hvh · nK∥2Si

h
≤ c ∥∇hvh −∇u∥2Ω + c ∥Λcr

h − Λ∥2∗,Ω + c osch(f) . (A.8)

Proof. ad (A.7). For µT bT :=
∑

T∈Th
µT bT ∈W 1,2

D (Ω) in the proof of (A.1), from (A.4) we derive

∥hT (fh − λcrh )∥2Ω = (∇u−∇vh,∇(hT µT bT ))Ω + ⟨Λcr
h − Λ, hT µT bT ⟩Ω + (fh − f, hT µT bT )Ω ,

which together with the ε-Young inequality and |bT |+ hT |∇bT | ≤ cb in Ω implies (A.7).
ad (A.8). For µSbS :=

∑

S∈Si
h
µSbS ∈W 1,2

D (Ω) in the proof of (A.2), from (A.6) we derive

∥h
1/2
S J∇hvh · nK∥2Si

h
≤ |(∇u−∇hvh,∇(µSbS))Ω + ⟨Λcr

h − Λ, µSbS⟩Ω − (f − λcrh , µSbS)Ω| ,

which together with the ε-Young inequality and |bS |+ hS |∇bS | ≤ cb in Ω implies (A.8).

A.3 Proof of Theorem A.1

Eventually, we have everything at our disposal to prove Theorem A.1.

Proof (of Theorem A.1). Let vh ∈ S1,cr
D (Th) be arbitrary and introduce eh := vh − ucrh ∈

S1,cr
D (Th). Then, resorting to (3.8), (3.14) and f − fh ⊥ Πheh in L2(Ω), we arrive at

∥∇hvh −∇hu
cr
h ∥2Ω = (∇hvh −∇hu

cr
h ,∇heh)Ω

= (∇hvh,∇h(eh − Iavh eh))Ω

− (fh − λcrh , eh)Ω

+ (∇hvh −∇u,∇Iavh eh)Ω

+ (f, Iavh eh)Ω − ⟨Λ, Iavh eh⟩Ω

= (∇hvh,∇h(eh − Iavh eh))Ω

− (f − λcrh , eh − Iavh eh)Ω

+ (∇hvh −∇u,∇Iavh eh)Ω

+ (f − fh, eh −Πheh)Ω

− ⟨Λcr
h − Λ, Iavh eh⟩Ω

=: I1h + I2h + I3h + I4h + I5h .

(A.9)
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ad I1h. Using that J∇hvh ·n(eh−I
av
h eh)KS = J∇hvh ·nKS{eh−I

av
h eh}S+{∇hvh·n}SJeh−I

av
h ehKS

on S,
´

S
Jeh − Iavh ehKS ds = 0, and {∇hvh · n}S = const on S for all S ∈ Si

h, an element-wise
integration-by-parts, the discrete trace inequality [25, Lemma 12.8], (AV.1), the ε-Young inequality,
and (A.2), for every ε > 0, we find that

I1h = (h
1/2
S J∇hvh · nK, h

−1/2
S {eh − Iavh eh})Si

h

≤ ctr ∥h
1/2
S J∇hvh · nK∥Si

h
∥h−1

T (eh − Iavh eh)∥Ω

≤ ceff
c2tr
4ε [∥∇hvh −∇u∥2Ω + osch(f) + ∥Λcr

h − Λ∥2∗,Ω] + ε c2av ∥∇heh∥
2
Ω .

(A.10)

ad I2h. Using the ε-Young inequality, the approximation property of Iavh : S1,cr
D (Th) → S1

D(Th),
cf. (AV.1), and (A.1), for every ε > 0, we obtain

I2h ≤ 1
4ε ∥hT (f − λcrh )∥2Ω + ε ∥h−1

T (eh − Iavh eh)∥
2
Ω

≤
ceff
4ε [∥∇hvh −∇u∥2Ω + osch(f) + ∥Λcr

h − Λ∥2∗,Ω] + ε c2av ∥∇heh∥
2
Ω .

(A.11)

ad I3h. Using the ε-Young inequality, the W 1,2-stability of Iavh : S1,cr
D (Th) → S1

D(Th), cf.
(AV.2), and (A.1), for every ε > 0, we obtain

I3h ≤ 1
4ε ∥∇hvh −∇u∥2Ω + ε ∥∇Iavh eh∥

2
Ω

≤ 1
4ε ∥∇hvh −∇u∥2Ω + ε c2av ∥∇heh∥

2
Ω .

(A.12)

ad I4h. Using the ε-Young inequality and the approximation property of Πh : L
1(Th) → L0(Th),

cf. (L0.1), for every ε > 0, we obtain

I4h ≤ 1
4ε osch(f) + ε ∥h−1

T (eh −Πheh)∥
2
Ω

≤ 1
4ε osch(f) + ε c2Π ∥∇heh∥

2
Ω .

(A.13)

ad I5h. Using the ε-Young inequality, theW 1,2-stability of Iavh : S1,cr
D (Th) → S1

D(Th), cf. (AV.1)
& (AV.2), and the discrete Poincare inequality (2.1), for every ε > 0, we obtain

I5h ≤ 1
4ε ∥Λ

cr
h − Λ∥2∗,Ω + ε (∥Iavh eh∥

2
Ω + ∥∇Iavh eh∥

2
Ω)

≤ 1
4ε ∥Λ

cr
h − Λ∥2∗,Ω + ε (1 + (ccrP )2) ∥∇heh∥

2
Ω .

(A.14)

Combining (A.10), (A.11), (A.12), (A.13), and (A.14) in (A.9), for every ε > 0, we conclude that

∥∇hvh −∇hu
cr
h ∥2Ω ≤

3+ceff(1+c2tr)
4ε [∥∇hvh −∇u∥2Ω + osch(f) + ∥Λcr

h − Λ∥2∗,Ω]

+ ε (3 cav + c2Π + 1 + (ccrP )2) ∥∇heh∥
2
Ω ,

(A.15)

For ε := 1
2(3 cav+c2

Π
+1+(ccr

P
)2)

> 0 and c := (3 cav + c2Π + 1+ (ccrP )2)(3 + ceff (1 + c2tr)) > 0 in (A.15),

for every vh ∈ S1,cr
D (Th), we arrive at

∥∇hvh −∇hu
cr
h ∥2Ω ≤ c [∥∇hvh −∇u∥2Ω + osch(f) + ∥Λcr

h − Λ∥2∗,Ω] , (A.16)

which is the claimed non-conforming efficiency estimate.

Eventually, the node-averaging quasi-interpolation operator Iavh : S1,cr
D (Th) → S1

D(Th) satisfies
the following best-approximation result with respect to Sobolev functions.

Proposition A.4. There exists a constant c > 0, depending only on the chunkiness ω0 > 0,
such that for every vh ∈ S1,cr

D (Th) and T ∈ Th, it holds

∥∇hvh −∇Iavh vh∥
2
T ≤ c inf

v∈W 1,2

D
(Ω)

∥∇hvh −∇v∥2ωT
.

In particular, for every vh ∈ S1,cr
D (Th), v ∈W 1,2

D (Ω), and T ∈ Th, it holds

∥∇Iavh vh −∇v∥2T ≤ c ∥∇hvh −∇v∥2ωT
.

Essential tool in the verification of Proposition A.4 is the following lemma.
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Lemma A.5. There exists a constant c > 0, depending only on the chunkiness ω0 > 0, such that
for every vh ∈ S1,cr

D (Th) and T ∈ Th, it holds

∥∇hvh −∇Iavh vh∥
2
T ≤ c

∑

S∈Sh(T )\ΓN

hT ∥h−1
T JvhKS∥

2
S ,

where Sh(T ) := {S ∈ Sh | S ∩ T ̸= ∅}.

Proof. Appealing to the inverse inequality [25, Lemma 12.1] and the node-based norm equivalence
[25, Proposition 12.5], there exists a constant c > 0, depending only on the chunkiness ω0 > 0,
such that

∥∇hvh −∇Iavh vh∥
2
T ≤ c h−1

T ∥vh − Iavh vh∥
2
T

≤ c hd−2
T

∑

z∈Nh∩T

|(vh|T )(z)− (Iavh vh)(z)|
2 . (A.17)

Next, for every z ∈ Nh ∩ T , we need to distinguish the cases z /∈ ΓD and z ∈ ΓD:
Case z /∈ ΓD. If z /∈ ΓD, then since each T ′ ∈ Th(z) can be reached from T via passing

through a finite number8 of interior sides in Si
h(T ) := Sh(T )∩ Si

h, using [25, (22.6)], we find that

|(vh|T )(z)− (Iavh vh)(z)|
2 ≤ c

1

card(Th(z))

∑

T ′∈Th(z)

|(vh|T )(z)− (vh|T ′)(z)|2

≤ c
∑

S∈Si
h
(T )

|JvhKS(z)|
2

≤ c
∑

S∈Si
h
(T )

h1−d
T ∥JvhKS∥

2
S .

(A.18)

Case z ∈ ΓD. If z ∈ ΓD, then we need to distinguish the case that z ∈ int ΓD, i.e., z lies in
the relative interior of ΓD, and z ∈ ∂ΓD, i.e., z lies in the relative boundary of ΓD:

Subcase z ∈ int ΓD. If z ∈ int ΓD, then there exists a boundary side S ∈ Sh(T ) \ ΓN with
z ∈ S and S ⊆ ∂T . Thus, resorting to [25, (22.6)], we find that

|(vh|T )(z)− (Iavh vh)(z)|
2 = |(vh|T )(z)|

2

= |JvhKS(z)|
2

≤ c h1−d
T ∥JvhKS∥

2
S .

(A.19)

Subcase z ∈ ∂ΓD. If z ∈ ∂ΓD, then there exists a boundary side S ∈Sh(T ) with z ∈S, S ⊆ ∂T ,
and either S ⊆ ΓD or S ⊆ ΓN . If S ⊆ ΓD, then we argue as in (A.19). If S ⊆ ΓN , then there
exists boundary side S′ ∈ Sh(T )\ΓN with z ∈ S′ and an element T ′ ∈ Th with z ∈ T ′and S′ ⊆ T ′.
If T ′ = T , then we argue as in (A.19). If T ′ ≠ T , then since T ′ can be reached from T via
passing through a finite number of interior sides in Si

h(T ), resorting to [25, (22.6)], we find that

|(vh|T )(z)− (Iavh vh)(z)|
2 = |(vh|T )(z)|

2

≤ |(vh|T ′)(z)|2 + c
∑

S∈Si
h
(T )

|JvhKS(z)|
2

≤ c |JvhKS′(z)|2 + c
∑

S∈Si
h
(T )

|JvhKS(z)|
2

≤ c
∑

S∈Sh(T )\ΓN

h1−d
T ∥JvhKS∥

2
S .

(A.20)

Eventually, combining (A.18)–(A.20) in (A.17), we conclude the claimed estimate.

8uniformly bounded by a constant depending only on the chunkiness ω0 > 0.
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Proof (of Proposition A.4). Using that ∥JvhKS∥L∞(S)≤c
ffl

S
|JvhKS | dx (cf. [25, Lemma 12.1]) as

well as |T | ∼ hT |S| for all T ∈ Th and S ∈ Sh(T ), where the constant c > 0 depends only on the
chunkiness ω0 > 0, for every T ∈ Th, we infer from Lemma A.5 that

∥∇Iavh vh −∇hvh∥
2
T ≤ c

∑

S∈Sh(T )\ΓN

hT ∥h−1
T JvhKS∥

2
S

≤ c
∑

S∈Sh(T )\ΓN

|T | (|T |−1∥JvhKS∥L1(S))
2 .

(A.21)

For every S ∈ Sh, we denote by π
S
h : L1(S) → R, the side-wise (local) L2-projection operator onto

constant functions, for every w ∈ L1(S) defined by πS
hw :=

ffl

S
w ds. Since for every w ∈W 1,1(T ),

where T ∈ Th with T ⊆ ωS , due to the L1(S)-stability of πS
h : L1(S) → R and [35, Corollary A.19],

it holds

∥w − πS
hw∥L1(S) = ∥w −Πhw − πS

h (w −Πhw)∥L1(S)

≤ 2 ∥w −Πhw∥L1(S)

≤ c ∥∇w∥L1(T ;Rd) ,

(A.22)

where c > 0 depends only on the chunkiness ω0 > 0. Next, let v ∈W 1,2
D (Ω) be fixed, but arbitrary.

Using that πS
h JvhKS = JvKS = 0 in L1(S) for all S ∈ Sh(T ) \ ΓN and T ∈ Th and (A.22), we find

that

∥JvhKS∥L1(S) = ∥Jvh − vKS − πS
h Jvh − vKS∥L1(S)

≤ ∥∇vh −∇v∥L1(ωS ;Rd) .
(A.23)

Then, using in (A.21), (A.23), |T | ∼ |ωT | ∼ |ωS | for all T ∈ Th and S ∈ Sh(T ), where c > 0
depends only on the chunkiness ω0 > 0, and Jensen’s inequality, for every T ∈ Th, we deduce that

∥∇Iavh vh −∇hvh∥
2
T ≤ c

∑

S∈Sh(T )\ΓN

|ωS | (|ωS |
−1∥∇vh −∇v∥L1(ωS ;Rd))

2

≤ c
∑

S∈Sh(T )\ΓN

∥∇vh −∇v∥2ωS

≤ c ∥∇vh −∇v∥2ωT
.

(A.24)

Eventually, taking in (A.24) the infimum with respect to v ∈W 1,2
D (Ω), we conclude the assertion.
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[11] D. Braess, R. Hoppe, and J. Schöberl, A posteriori estimators for obstacle problems by the
hypercircle method, Comput. Vis. Sci. 11 no. 4-6 (2008), 351–362. doi:10.1007/s00791-008-0104-2.

[12] S. C. Brenner, Two-level additive schwarz preconditioners for nonconforming finite element
methods, Mathematics of Computation 65 no. 215 (1996), 897–921.

[13] H. M. Buss and S. I. Repin, A posteriori error estimates for boundary value problems with
obstacles, in Numerical mathematics and advanced applications (Jyväskylä, 1999), World Sci. Publ.,
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