NECESSARY AND SUFFICIENT CONDITIONS FOR
AVOIDING BABUSKA’S PARADOX ON SIMPLICIAL
MESHES

SOREN BARTELS AND PHILIPP TSCHERNER

ABSTRACT. It is shown that discretizations based on variational or weak
formulations of the plate bending problem with simple support bound-
ary conditions do not lead to failure of convergence when polygonal
domain approximations are used and the imposed boundary conditions
are compatible with the nodal interpolation of the restriction of cer-
tain regular functions to approximating domains. It is further shown
that this is optimal in the sense that a full realization of the boundary
conditions leads to failure of convergence for conforming methods. The
abstract conditions imply that standard nonconforming and discontin-
uous Galerkin methods converge correctly while conforming methods
require a suitable relaxation of the boundary condition. The results are
confirmed by numerical experiments.

1. INTRODUCTION

The plate or Babuska paradox refers to the failure of convergence when a
linear bending problem with simple support boundary conditions on a do-
main with curved boundary is approximated using a sequence of problems on
approximating polygonal domains, cf. [3]. An explanation for this is an in-
sufficient consistency in the approximation of the curvature of the boundary.
Remarkably, numerical experiments show that typical nonconforming and
discontinuous Galerkin methods converge correctly on sequences of simpli-
cial meshes [24]. It is the goal of this article to identify criteria for numerical
methods that avoid the occurrence of the paradox and explain the observed
convergence. The main result is that a suitable relaxation in the treatment
of the boundary conditions avoids the failure of convergence independently
of regularity properties. While this is naturally satisfied by canonical real-
izations of nonconforming and discontinuous Galerkin methods, in the case
of a conforming method, the boundary condition need to be restricted to
the boundary vertices only, which is typically consistent with the nodal in-
terpolation of certain regular functions.
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Small elastic deflections v : w — R of a thin plate are described by a
minimization of the energy functional

1—
I(v):g/|Av|2dx+2U/|D2v|2dx—/fvd:n

in a set V C H?(w) whose definition involves appropriate boundary condi-
tions. The material parameter o is the Poisson ratio of the elastic material
and we assume for simplicity that 0 < ¢ < 1. So called conditions of simple
support prescribe the deflection on the boundary, in the simplest setting via
imposing
U"Bw =0,

so that V = H?(w) N H}(w). Clamped boundary conditions additionally
prescribe the normal of the deformed plate along the boundary, e.g., via
Vu = 0 on dw, so that in this case we have V = HZ(w). Because of the den-
sity of compactly supported smooth functions in HZ(w) it is straightforward
to show that domain approximations are not critical for clamped boundary
conditions.

In the case of simple support boundary conditions, the unique minimizer
u € V is characterized by the Euler-Lagrange equations

Au=finw, u=Au—(1-0)kdu=0on dw,

where x denotes the curvature of the boundary (positive for locally convex
boundary parts), and d,u = Vu - n is the outer normal derivative along
the boundary. For approximating polygonal domains w,, one has Kk = 0
away from corner points in which discrete curvature is captured by Dirac
contributions. Owing to the boundary condition v = 0 on Ow,, we have
however Vu = 0 and hence d,u = 0 in those points. Thus, formally the
term involving k in the natural boundary condition disappears for polygonal
domain approximations. In convex domains w,, the solutions wu,, can then
be efficiently computed using an operator splitting, i.e., by introducing the

variables w,, = —Au,, and successively solving the problems
(a) —Awp =f inwy, w,=0on dwy,,
(b) = Aupy, = Wy In Wy, Uy, = 0 on Jwy,.

Since the approximation of boundaries is not critical for Poisson problems
with Dirichlet boundary conditions, it follows that limits (ueo,ws) of the
sequence (U, wy,) provide the solution of the problem

A%Usg = finw, Uso = Atise =0 on dw.

In particular, us is independent of ¢ and in general different from the true
solution u. A rotationally symmetric example with f = 1 in the unit disk
has been determined in [4], cf. Figure [I| and Section [5} This discrepancy is
referred to as the plate or Babuska paradox. A comprehensive discussion of
the analytical aspects of this and related phenomena can be found in 18, |16].
For domain approximations using piecewise quadratic boundary curves the
piecewise curvature correctly approximates  in the sense of functions and
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coefficients of Dirac contributions associated with corner points decay su-
perlinearly and are therefore irrelevant. We refer the reader to , for
related ideas and numerical methods. Other methods to avoid the paradox
introduce certain Dirac contributions in boundary condition obtained via
asymptotic expansions, cf. , are based on nonconforming methods
, or impose the boundary condition in a modified or penalized form
. The framework of variational convergence adopted here avoids con-
ditional results based on regularity properties, does not require extension
operators, and leads to weak conditions on penalty parameters.

F1GURE 1. Interpolants of the solution of a plate bending
problem with simple support boundary conditions (left) and
of the incorrect solution obtained as a limit of problems on
polygonal domain approximations (right).

The failure of convergence also occurs when working with the variational
problems or weak formulations resulting from replacing w by wy, in the
energy functional I, i.e., considering the minimization of

1—
Im(v):;/ |Av|? dz + 2"/ |D2v|2d3:—/ Fv dz

in the set of functions v, € Vi, = HE (wim)NH?(wy). An integration by parts
and the density of H? regular functions in V}, reveal boundary contributions
that vanish for the functionals I,,, but not for the original funtional I, cf.
14]. Hence, variational convergence cannot hold. This argument also applies
to finite element methods that are based on subspaces of V,,. It is thus a
necessary condition that approximations are nonconforming.

To avoid the failure of convergence it suffices to introduce a nonconformity
in the treatment of the boundary condition by reducing it to corner points
or more generally to dw,, N Ow, i.e., using the admissible space

Vi = {v € Hz(wm) :v=0on &umﬂ@w}.

To show that the minimization of I,, in TN/m converges to the minimization
of I on V = H?*w) N H}(w) we use the concept of I'-convergence which
avoids imposing regularity conditions. We assume that w,, C w such that
corner points of dw,, belong to dw, i.e., that w is convex, and always extend
functions and derivatives trivially by zero to w. The first step consists in
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showing that accumulation points v € L?(w) of sequences (vy,) satisfy the
lim-inf inequality

I(v) < liminf L, (vy,).

m—ro0

This is in fact straightforward since |[vmllg1(w,) < c21llD*0mll2(,,) and
D?v,, — D?uv after selection of a subsequence. By carrying out a nodal
interpolation Z,v € HE(wy,) on triangulations Ty, of w,y, it follows that the
boundary conditions are correctly satisfied in the limit, i.e., v|g, = 0 so that
v € V. The second step requires showing that the lower bound is attained
for every v € V. For this, it suffices to realize that owing to the definition
of V,,, the restrictions v,, = v|,,,, belong to V,,,, and satisfy D?v,, — D?v in
L?(w) since ||D2vaLz(w\wm) — 0 as well as

I(v) = lim I, (vs).

m—0o0

This establishes I' convergence of I,,, to I with respect to strong convergence
in L?(w). An immediate consequence is that minimizers for I,,, converge to
the minimizer of I. It is straightforward to check that the convergence is
strong in H' on compact subsets of w.

The remarkable difference between finite element approximations with
boundary conditions imposed on the entire boundary and the corner points
of a pentagon is illustrated in Figure 2 While the first one is close to the
restriction of the exact solution to the pentagon, the second one misses the
exact maximal value by a factor ten.

FIGURE 2. Finite element solutions on a pentagon imposing
the boundary conditions at the corner points (left) and along
the entire boundary (right).

Under mild additional integrability conditions on f and D?u, error esti-
mates can be derived for the difference of u,, and u|,, . Letting a,, and a
denote the bilinear forms associated with the energy functionals I,, and I,
noting that wl,,, is admissible in the approximating problem, and assum-
ing that Ey, : H*(wy,) — H?(w) N Hg(w) are uniformly bounded extension
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operators, straightforward calculations lead to, e.g., if ¢ = 0,
D2 (u— 2 _ _ _
1D”(u um)”m(wm) = am (U = Um, U — Um)

= / flu— Enupy,)de — / D?u : D*(u — Epuy,)dx
w\wm

w\Wm

< cplw\ w2 (1 fll o) + [1D%u]| poo () 1 D* (u = Bt |-

For simplicial triangulations 7j,, with maximal mesh-size h,, > 0 that define
the subdomains w,, of the domain w with piecewise C? boundary, we have
the area difference estimate |w\wy,| < ch?, so that the domain approximation
leads to an error contribution of at least linear order. We refer the reader
to [19] for related estimates based on the use of a Strang lemma.

An important aspect in the transfer of convergence proofs to finite ele-
ment settings is the construction of a recovery sequence via the interpolation
of the restriction of functions in H3(w) NV to wy,. In this restriction only
the zero boundary values at the corners are captured and only these infor-
mation are seen in the interpolation process. The discrete admissible set
thus has to be appropriately defined to ensure that the interpolants belong
to it. The convergence proof given above serves as a template to derive an
abstract convergence theory that can be applied to various finite element
methods. The sufficient conditions are that (1) the approximating problems
are uniformly coercive in H}(w), (2) possible discretizations of second order
derivatives are stable, and (3) that interpolation operators map functions
from H3(w) NV into the discrete admissible sets.

As an alternative to imposing the boundary condition in the corner points,
one may impose it via penalty terms with suitably chosen penalty parameter.
Letting

1 2

I (V) = Iy (v) + / v-ds

2¢e Owm
one establishes a I'-convergence result if there exists a family of bounded lin-
ear operators Fy, : H'(w;,) — H'(w) that map traces v|g,,, boundedly to
traces Fy,,(v)|s.- The condition implies that limits of sequences of functions
with uniformly bounded energies have vanishing traces on dw. The restric-
tions vy, = v|,,, define a recovery sequence for a function v € H3(w)NH} (w)
if ¢ is chosen such that hj,e — 0 as hy, — 0 since [|[vp|poo(@w,,) < b2, I
quadrature is used in the penalty term it realizes a penalized variant of im-
posing the boundary condition in the corner points and in fact no restrictions
on the parameters are required. These observations explain why discontin-
uous Galerkin methods, that impose the boundary conditions via penalty
terms, converge correctly on sequences of polygonal domain approximations.

The outline of this article is as follows. Some auxiliary results are col-
lected in Section The abstract convergence theory and a result about
failure of convergence are stated in Section 3] The application of the frame-
work to conforming, nonconforming, and discontinuous Galerkin methods is
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discussed in Section [l Numerical experiments that confirm the theoretical
results are reported in Section

2. AUXILIARY RESULTS

We cite in this section an important density result from [14] together with
a boundary representation formula and collect some basic operators and
estimates related to finite element methods. Throughout, we use standard
notation for Sobolev and Lebesgue spaces. We let (-, -) 4 denote the L? inner
product on a set A and occasionally abbreviate

”UH = HU”L2(UJ)7 (v,w) = (va)w

for functions v, w € L?(w) possibly obtained as trivial extensions of functions
defined in subsets w’ C w. We always assume that w is a convex and bounded
Lipschitz domain with piecewise C?*! boundary and finitely many corner
points. We note that we have the Poincaré inequality

(1) Vo[l < cp|Av]

for all v € H%(w) N H}(w) with a constant cp > 0 that is uniformly bounded
for families of convex domains whose inner and outer diameters are uniformly
bounded. We occasionally use the symbol < to express an inequality that
holds up to a generic constant factor.

2.1. Bending energy. Crucial for our analysis is a density result for certain
regular functions in the set H?(w) N H}(w), cf. [14, Thm. B.5].

Theorem 2.1 (Density). The set H3(w)NHE(w) is dense in H*(w)NHE (w).

An important consequence of this result is the following formula from [12]
and [14, Lemma 3.8], that provides a representation of the total curvature
of the graph of a function by a boundary integral.

Lemma 2.2 (Boundary representation). For v € H?(w) N H}(w) we have

that
1
—/detDQde: / r(0pv)? ds.
w 2 Ow

Proof (sketched). Integration by parts shows for v € H3(w) N H} (w) that
1 1
—/det D?vdz = Q/div(JDvaVv) dr = 2/ (JD*vJVv) - nds,
w w Ow

where J denotes the clockwise rotation by 7/2. If p : (o, 8) — R? is an
arclength parametrization of a boundary segment, we have that
d2
0=—5(wop) =) (D*vop)p'+ (Vvop) "

Using p’ = Jn, p” = kn, and JVv = (9,v)Jn yields the formula. O
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The elementary relation |D?v|? = (Av)? —2det D?v and the lemma imply
that the functionals I defined on w and I, defined on polygonal domains
wm can be represented via

1 1-—
(2) I(v) = / |Av*dz + —° K (Opv)? da
2 w 2 Ow
for v € H?*(w) N H}(w) and
1
(3) L (v) = 2/ Av[? dz

for v € H?(wm) N H}(wm) and polygonal domains wy,. To establish the
failure of convergence of the functionals I;;, and the correct convergence of
the modified functionals I,,,, we use the framework of I'-convergence, cf. [2].

Definition 2.3 (I-convergence). The sequence of functionals I, : L*(w) —
R U {+00} is T-convergent to I : L?(w) — R U {+oco} with respect to strong
convergence in L*(w) if the following conditions hold:

(i) If vy — v in L*(w) then we have I(v) < liminf,, oo I (V).

(ii) For every v € L*(w) there exists a sequence (Vm)m>0 With vy, — v and
I(v) = limy,—00 Iy (V)

If the sequence of functionals I,,, is uniformly coercive, then it follows
directly that (almost) minimizers for I,,, converge to minimizers for I.

2.2. Finite element spaces. The finite element spaces considered below
are defined on regular triangulations 7} consisting of triangles whose unions
define bounded polygonal domains wj,. The index A > 0 indicates a maximal
mesh size that is assumed to converge to zero in a sequence (7p)p>0. We
further assume that the triangulations are uniformly shape regular, i.e., that
the ratios of diameters and inner radii are uniformly bounded. Typical finite
element spaces are subspaces of spline spaces

Sg’k(ﬁ) — {Uh c Ck(wh) : Uh’T S PZ(T)}7

where Py(T) denotes the space of polynomials of total degree at most ¢ on
T. If kK = 0 then this superscript is omitted. An important space is the P1
finite element space with vanishing traces

So(Tn) = S*(Tr) N HY (wy).

We let N}, denote the set of vertices in 7;, and note that a function v, €
S1(Ty) satisfies vp g, = 0 if and only if vj,(z) = 0 for all z € N}, N Owy. The
set of sides of elements in 7, is denoted by Sj,. We impose the following
canonical conditions that relate the triangulations 7}, to the domain w:

(T1) The boundary vertices of the triangulation 7}, belong to the bound-
ary of w, i.e., N} N owy, C Ow.

(T2) The corner points cg, ¢y, - - , g of w belong to the set of vertices, i.e.,
€o,C1y .. Co C Ny
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With the nodal basis (¢.).en; of SY(T,) the nodal interpolation operator
P C(wy) — SY(Th) is defined via

I}IL)IU = Z v(2)ps.

ZGN}L
Note that if v € H3(w) N H}(w) then we have that

1
I (v],) € SH(Th).
For all v € H%(wy) we have the interpolation estimate

1
[0 = T2 0l 11y < czh]| D] 1)

(wn)

with a constant ¢z that remains bounded as h — 0. A node averaging oper-
ator JV : LE(Ty) — S$(Ty) defined on the space of elementwise polynomial
functions of degree at most k is defined via the nodal values v, = 0 for

2z € Nj N Owy, and
1
vy = - Z vp|7(2)
T:zeT

for inner nodes z € N}, \ dwy, and the number n, of elements containing z.
The jumps of vy are for sides S € Sj, defined by

vp () if § C Owy,
[on](z) =< .. .
lim. o vp(x +eng) —vp(x —eng) if S & Owy,
with fixed unit normal vectors ng, S € Sj,. We then have that
lvn = T vnl 200y < ckb® D g I Tonlllzzgs),
SeSh

cf., e.g., [15]. Averages of discontinuous functions v, are on sides S € S,
defined via

{on}(z) = vp(x) it S C Owy,
" © ] lime 0 (vn(z + eng) + vp(x —eng)) /2 if S ¢ Ouw,.

We make repeated use of inverse estimates, e.g.,

”VU’hHB(T) < Cinvh:;luwh”L?(T)

for a polynomial function wjy, of bounded degree on an element 1" € 7}, with
diameter hy > 0. A scaled trace inequality asserts that for a side S € Sy,
and an adjacent element Tg € T, we have

1 —
Cu 1wllZas) < hpgllwlZey) + has[Vwlga )

for all w € H'(T). For polynomial functions the second term on the right-
hand side can be omitted at the expense of a larger constant ci,.
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3. ABSTRACT RESULTS

We restrict to the most relevant cases 0 < ¢ < 1 and consider the plate
bending problem defined by the energy functional

1—
I(v):‘;/\Adex+20/ |D?v|? dz

on the space V = H?(w) N Hg(w). For a sequence of convex subdomains
wp, C w and function spaces Vi, C L?(wy) the approximating problems are
defined via the functionals

g

1-0
o) =5 [ 18P do+ 257 [ Dfun da,
Wh Wh

with a linear operator D,% : Vi, = L*(wy) that approximates the Hessian in
a sense specified below. The discrete Laplace operator Ay, is assumed to be
given by the trace of D,%. We assign the value 400 to the functionals I and
I}, for functions in L?(w) not belonging to V and V},, respectively. We always
extend functions and derivatives defined in wy, trivially to functions defined
in w and impose the following conditions on the approximating problems:

(S1) Uniform H}-coercivity: There exists a family of operators Jj, : V, —
H¢ (wy) such that if I, (v,) is bounded then Jj,vy, is bounded in H} (w)
and v, — Jpvp — 0 in L2(w).

(S2) Stability of D3: If v, — v in L*(w) and Div, — ¢ in L?*(w) then we
have that v € H?(w) with D?v = .

(S3) Interpolation in Vi,: There exist linear operators Zj, : H3(w)NHE (w) —
Vi, with D2Z,v — D%v in L%(w) for every v € H3(w) N H} (w).

Proposition 3.1 (Sufficient conditions). Assume that conditions (S1)-(S3)
are satisfied. We then have that I, — I as h — 0 in the sense of I' conver-
gence with respect to strong convergence in LQ(w).

Proof. (i) We first establish the lim-inf inequality. For this, let (vs)p>0 C
L?(w) be a sequence of functions v, € Vj, with v, — v and, without loss of
generality, I (vy) < c¢. By (S1) we then have, after extension by zero, that
(Tnvn)n>0, and (D2vp)p>0 are bounded sequences in H} (w) and L?(w) with
weak limits v € H}(w), and ¢ € L?(w; R?*?) for a suitable subsequence. The
assumed consistency properties in (S1) and (S2) yield that ¢ = D?v and
vy, — v. In particular, we have that v € V', and by weak lower semicontinuity
of quadratic functionals we find that

I(v) < liminf I (vp,).
h—0

(ii) To verify a lim-sup inequality we choose v € V. By density of functions
belonging to V' N H3(w) in the set V stated in Theorem and continuity
of I, we may assume that v € H3(w). Condition (S3) then guarantees that
for vy, = T,v € Vj, we have D2v, — D?v in L?*(w) and hence Iy (vy,) — I(v)
as h — 0. (|
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Remarks 3.2. (i) If V), C C(wy) then one may choose the P1 nodal in-
terpolation operator Iﬁl : C(wp) — SY(Th) in condition (S1) provided that
vp(2) = 0 for every v, € Vi, and z € Ny N Ow. For discontinuous methods
node averaging or quasiinterpolation operators can be employed. The coer-
civity is then a discrete version of the Poincaré estimate (|1)).

(ii) Condition (S2) is independent of boundary approrimations and can be
checked in subdomains compactly contained in w.

(i1i) The interpolation condition (S3) requires the discrete boundary con-
dition to be compatible with the interpolation of restricted functions v|.,
whenever v € H3(w) N HE(w). In particular, conditions vy (z) = 0 can only
be imposed at vertices z € Ny, belonging to the boundary of w and not, e.g.,
at midpoints of edges.

(iv) Our approach of imposing the boundary condition only in the corner
points of wy, coincides with the methods devised in [19]. One may incorpo-
rate conditions Vup(c;) - t; = 0 with the exact tangents t; in corner points
¢i, 1 =0,1,... Ny, as devised in [22] to improve the accuracy, although this
may lead to difficulties in guaranteeing stability of the discrete problems.

For discontinuous Galerkin methods the discretization of the functional I
typically involves stabilizing terms defined by positive semidefinite bilinear
forms sy, : V3 x Vi, = R. The discrete funtionals are then given by

1
I stab(vp) = In(vp) + ish(vmvh)-

In this case an additional condition is needed:

(S4) Stabilization: For every v € H3(w) N H}(w) and the sequence vy, =
Tpv with Zj, from (S3) we have sp(vp,vp) — 0 as h — 0.

Proposition 3.3 (Stabilization). Assume that conditions (S1)-(S4) are sat-
isfied. We then have that Ij, star, — I as h — 0 in the sense of I' convergence
with respect to strong convergence in L? (w).

Proof. Since sp(vp,vp) > 0 the first part of the proof of Proposition
remains valid. The second part also holds by noting that condition (S4)
applies to the sequence used in the proof. O

Fully conforming methods fail to converge so that an inconsistency in
the approximation of the differential operator or the boundary conditions is
necessary.

Proposition 3.4 (Necessary condition). Assume that Ow contains a curved
part, that Vi, C H*(wp) N Hg(wy), and D2 = D? for all h > 0. Then the
functionals I, h > 0, are not I'-convergent to I as h — 0.

Proof. Assume that I (vy) — I(v) for some v € V and a sequence (vp)p>0
with v, € V}, and vy, — v. Since I is quadratic in D?vy, it then follows
that D?v;, — D?v and Av, — Av in L?(w). This however contradicts the
convergence of the representations of I}, to the representation of I
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with boundary integral terms provided by Lemma unless the boundary
of w is piecewise straight or d,v = 0 on Jw. O

The assumed convexity condition on w simplifies certain arguments but
can be avoided.

Remark 3.5. Ifw is not convex then by choosing a sufficiently large domain
@ that contains the approximating domains wy, one establishes convergence
in H} (@) and shows that limitting functions are supported in @.

4. NUMERICAL METHODS

We apply the abstract results of the previous section to prototypical finite
element methods for fourth order problems. Throughout this section we
assume that the conditions (T1)-(T2) on the triangulations are satisfied.
We always extend functionals by the value +oo to the entire set L?(w).

4.1. A conforming method. For a triangle T' € T, with vertices zg, 21, 22
the Argyris element is given as the triple (7', P5(T"), K1) with the set of node
functionals K7 containing the functionals x;(v) = 0%v(%;) for i = 0,1,2,
o€ N(Z) with a1 + az <2, and x;,, = Vu(zg,) - ng, associated with the sides
Si, 1 =0,1,2, of T with midpoints =g, and outer normals ng,. The element
is illustrated in Figure [3| and leads to the space

S%(T5) = {vn, € C' @) : vp|r € Ps(T) for all T € Tp,}.

For subspaces Vj, of S%!(7;,) containing boundary conditions we consider
the minimization of

ar o 1—-0
I8 () = 2/ |Avy|? da + 5 / |D?vp|? da
Wh

Wh

in the set of functions vy, € V},.

Proposition 4.1 (Failure of convergence). Let V;"®” = H}(wy) N 8> (Ty)
and assume that Ow contains a curved part. Then the functionals Izrg :
V,?rg’o — R are not I'-convergent to the functional I.

Proof. The result is a direct consequence of Proposition [3.4] ([

Reducing the discrete boundary condition to the vertices on the boundary
leads to correct convergence.

Proposition 4.2 (Correct convergence). Let
Ve = {vh € 85’1(7}1) cvp(2) =0 for all z € Ny N 8wh}.
Then the functionals Ing : V}?rg — R are I'-convergent to I as h — 0.

Proof. We verify the conditions of Proposition to deduce the result.
(i) Given vy, € V"8, we have that I}flvh € S3(Tn) so that an integration by
parts leads to

IVZP oy = —/ PlopAvpda + | VI oy, - V(TP oy, — o) da.

Wh Wh
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A Poincaré inequality and a nodal interpolation estimate imply that
IVZR onll S [|Avn | + Al D2un ]

which guarantees the uniform coercivity property (S1).

(ii) Since D? = D? the stability requirement (S2) of the discrete Hessian is
trivially satisfied.

(iii) A modification of the canonical interpolation operator Z,;"® : H*(w) —
S5Y(Ty) defined by the node functionals is required to interpolate functions
in H3(w). Given v € H3(w) N Hg (w) we determine polynomials pr € P5(T)
via the conditions x; «(pr —v) =0, if |o| < 1, and x4 (pr — v) =0, and

1
0%vdzx,

Xio(PT) =

wnl Lo,
if |o| = 2 and for ¢ = 0,1, 2, where w,, is the union of elements in 7, that
contain z. The modified interpolant fzrgv € Vj of v is then defined via
@-ngv”T = pr for all T € T,. Owing to v|g,, = 0 we have that v, (z) = 0 for
all z € Nj,Ndwy, so that ff:rgv € V"8, Since i’;rg reproduces quadratic func-
tions, an interpolation estimate follows from the Bramble-Hilbert lemma,
which implies condition (S3). O

55’1 SB,dkt 82

FIGURE 3. Schematical description of the Argyris element
(left) and the discrete Kirchhoff triangle with cubic and qua-
dratic polynomial spaces (right).

4.2. A nonconforming element. The discrete Kirchhoff triangle uses C°
conforming scalar and vectorial spaces S>¥Y(T,) € H'(wy) and S?(T3,)% C
H'(wp; R?), respectively, and a discrete gradient operator

Vh . SS,dkt(zﬁl) N 32(771)2,
cf. Figure (3] that approximates the weak gradient. With this, we define the

operators Dflvh = VVup, and Apvy, = div Vo for vy, € S¥KY(T,) and the
discrete functionals

o 1—0
I;fkt(uh)ZQ/ |Apvp | dz + 5 / | D3y, |* de,
Wh Wh

defined for vy, € V}?kt with

Vit = Lo, € SPU(T,) s up(z) = 0 for all 2 € N, N Owy, }
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Letting V7 and Dgr denote the elementwise application of the gradient and
the Hessian, we have the equivalence of the seminorms || D3-vy || and || D3|,
and for all vy, € S3IY(T;) and v € H3(w) the estimates, cf. [9, 6],

IVaZy ™ — V|| + hl|DIZy 0 — D*u|| < B2|| D3]],
IVhvn — Vop|| S b DFvp|.-

The following proposition shows that imposing the boundary condition only
in the boundary nodes is sufficient to avoid incorrect convergence.

Proposition 4.3 (Correct convergence). Let
Vydkt — {vp € ST cop(2) = 0 for all z € Ny N Ow}.
Then the functionals I,‘fkt restricted to V,?kt are I'-convergent to I.

Proof. We verify the conditions of Proposition to deduce the result.
(i) As in the proof of Proposition 4.2| we find that

||VI£1vhH2 = —/ Iﬁlvh . Ahvh dx + VI}flfuh . (VIElvh - thh) d.CC,
Wh Wh
which implies the condition (S1) after application of a Poincaré inequality,
i.e.,
1
IVZE onll S | Anonll + Al DFonll.

(ii) Let (vp)n>0 be a sequence of functions vy, € V}, with vj, — v in L?(w) as
h — 0. For every compactly supported function ¢ € C§°(w; R2*2) we then
find with the approximation properties of Vj that

/D,leh:gbdx:—/thh-Divcbdx—)—/VU-Divqf)dx

as h — 0, and hence v € H*(w) with D?*v = limj,_,g D}vp,, which provides
condition (S2).

(iii) The canonical nodal interpolation operator Zgkt : H?(wy,) — S (Ty,)
defined by Z¢¥tv(2) = v(2) and VI v(2) = Vu(z) has the features needed
to guarantee (S3). O

Remark 4.4. By following the arguments of this subsection, convergence of
discretizations based on the Morley element can be established, cf., e.g., [20].

4.3. A dG method. We consider a simple discontinuous Galerkin method
that does not fit exactly into the general framework provided by Proposi-
tion [3.1] but the convergence analysis only requires minor modifications. The
method uses the space
d
of elementwise polynomials of degree at most £ > 0 and the functionals
d 1 1
1,5 (vn) = San(on, vn) + 5 5n(vn, vn).

Here, aj, encodes a discretization of the weak form of the differential operator
defined by I and sy, are stabilizing bilinear forms. For simplicity, we consider
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the case 0 = 0 so that the elastic energy is a multiple of the integral of the
squared norm of the Hessian. In the following and in contrast to the previous
subsection, the symbols
Vi, Dii, Ay

denote here the elementwise application of the indicated differential oper-
ators. A bilinear form resulting from an elementwise integration by parts
and a consistent symmetrization is given by
ah(vhv 'Ujh) = (szLvha D]?Lwh)

+ ({0 Vron}, [Vawn])us,\ow, + {00 Vawn}, [Vava])us,\ow,

— ({OnAnvn}, [wr])us, — {OnBnwn}, [vr])us,-
With factors 79,71 > 0 and the length function hg|s = hg of sides, the
stabilizing bilinear form is given by

sn(vn, wn) = Y0(hg’ [vn], [wal)us,

+ (s [Vaon], [Vhwa])us,\ouws -
The convergence analysis of the functionals makes repeated use of the scaled
trace inequality in the form ||h}g/2UhHL2(uSh) < |Jon]| for every vy, € V}?g.
Equicoercivity in H} (w). We define the discrete norm
vnll3g = I Divnll® + sn(va, vn)
and note that with trace inequalities and inverse estimates one obtains for
Y0,71 > 0 sufficiently large that there exists a > 0 with
an(vh,vp) > ol jop |3,

Given vy, € Vhd & we consider J™v, € Hi(wy) and note via elementwise
integration by parts, Holder, Poincaré, and trace inequalities, that

IV T on||> = / Vavn - VI vpdz + [ Vi (T, — o) - VI vy da
wp, Wh
S (lawnll + s [Vaon]llus, + V(T o = o) NIV ol
Incorporating the estimate for the node averaging operator, we deduce that

av —1/2 —1/2
IV T on]l S Il Avl| + 1hg IV honlllus, + I1hs*Toalll S llonllae-

This establishes the uniform coercivity in Hg (w).
Interpolation and stabilization in Vj,. Given a function v € H3(w)NHg (w)

we consider the quadratic Lagrange interpolant v, = Ii’ov S V,f &N C(wy),
assuming that Vj contains quadratic polynomials, i.e., £ > 2. For every
T € T;, we have for r = 0,1, 2 that

| D" (vp, — U)HLZ(T) N h%_THD:SUHL‘Z(T)-

In combination with the trace inequality one obtains that

—1/2 —-1/2
hg"/ IVionlllL2(s,\own) = llhs PIVn(on - )lz2(s,\0w) S BID? 0.
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On inner sides we have [up] = 0 while for the union of boundary sides
S C Jwy, we have

Tondll 220y S N0l () S V0l o0 (),

where we used that v|g, = 0 and for every z € S there exists 2’ € Ow with
|z — 2’| < ch?. Finally, we note that

([0nVrvnl, [Vavn])s < [ Divnlls||[Vavn] lls
—1/2 3/2
< hg' 21 D3onll 2 g Y 21 D20l 2y
< hs|| Dol p2erg) 1 Djvnll 22 (rs) -

Altogether, sums of squared terms related to sides in ap vanish as h — 0,
we have sp(vp,vp) — 0, and in particular for h — 0 that

I8 () — I(v).

Hessian stability. To establish a liminf inequality, we follow the arguments
of [8]. Therein, a discrete Hessian matrix Hp(vp,) is constructed for every
v, € V, via a lifting operation, which satisfies the relation

(Hn(vn), Dhwp) = (Dyon, Djwy)
= ([Vaor], {0nVrwn})us, + ([vnl, {OnAnwn})us,,
and obeys the inequality

| Hp(vn) || < an(vn,vp).

Moreover, if (vn)n>0 is a sequence of functions v, € Vj, such that ay(vp, vp)
is uniformly bounded and v, — v in L?(w), then there exists v € H?(w)
with
(Hp(vn), ¢) = (D*v, ¢)

for all ¢ € C5°(w; R?*2). This convergence is established in [§] for a fixed
domain that is accurately triangulated. However, since test functions are
compactly supported the result carries over to the case of approximated
domains.

The equicoercivity in Hg(w), the interpolation property, and the Hessian
consistency imply the following I" convergence result.

Proposition 4.5 (Correct convergence). Let V}?g contain the set of elemen-
tunse quadratic, globally continuous polynomials, and assume that vo,y1 > 0
are sufficiently large. Then the functionals [Sg : Vfg — R are I'-convergent
to I.

Remark 4.6. Local discontinuous Galerkin methods as discussed in [7] re-
place the Hessian in the functional I by the approzimation Hy and thereby
fit into the abstract framework of Proposition[3.1] for arbitrary choices of the
parameters g, v1 > 0.
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5. NUMERICAL EXPERIMENTS

We verify the theoretical results via numerical experiments for the set-
ting considered in [4]. All experiments were carried out using elementary
realizations in MATLAB as in [6} |5].

Example 5.1 (Simple support on unit disk). Let w = B1(0) and f = 1.
Then the minimizer u € V = H?(w) N Hg(w) for the functional I satisfies
A%u=f,u=Au—(1—0)0u=0 and is given by

u(w) = B+ ) = (64 20)a* + (1 + o)fal*
64(1 + o)
The solution obtained as a limit of an operator splitting on polygonal do-
mains solves Ao = f and Use = Atsg = 0 in Ow and is given by
3 1

1
-2 = 2 - 4
Uoo(®) = 51 = gglel” + gz 1=l

We always set o = 0.

We test the methods analyzed above on triangulations that are obtained
via uniform refinements of triangulations of a square via the correction
z + V/2|2|002/|2|2, cf. Figure 4l Corresponding nodal interpolants of the
functions v and u., are shown in Figure

' 7AYA ey,
SR
KRKIEZSAARKS

RRERTRRER

FIGURE 4. Triangulations obtained from refinements and
subsequent corrections of triangulations of a square.

5.1. Conforming method. Figure [5| shows finite element solutions using
the Argyris element for a full realization of the boundary conditions as well
as their reduced, nodal treatment as introduced in Section We see that
the maximal values at the center of the disk differ substantially and only the
reduced treatment of the boundary conditions leads to correct approxima-
tions. The effect of the reduced treatment is visualized in Figure [6] where
we observe that small arcs form along boundary sides that provide the right
flexibility for the approximations to attain the correct maximal values.

5.2. Nonconforming method. Approximating the solution of the model
problem using the discrete Kirchhoff element as in Section leads to the
approximation shown in the left plot of Figure [7] The numerical solution
accurately approximates the exact solution.
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FiGURE 5. Finite element approximations obtained with
the Argyris element and a full (left) and reduced (right) re-
alization of the simple support boundary conditions.

FiGURE 6. Coarse finite element approximations obtained
with the Argyris element and simple support boundary con-
ditions imposed in the corner points.

17

5.3. DG method. The discontinuous Galerkin method analyzed in Sec-
tion [4.3] with parameters 79 = 71 = 10 provides the numerical solution
shown in the right plot of Figure[7] As in the case of the nonconforming ap-
proximation, the maximal value accurately approximates the maximal value

of the exact solution.

FIGURE 7. Finite element approximations obtained with
the discrete Kirchhoff element (left) and a discontinuous
Galerkin method (right).

5.4. Convergence rates. The plots shown in Figures [§ and [J] display the
convergence behavior of the errors in approximating the midpoint value u(0)

and with respect to discrete H? norms, i.e., the error quantities

m 2
op" = lun(0) = u(0)], 8" = flun — Tpulla,,
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where aj, is the discrete bilinear form defined by the different numerical
methods and Zj, is the corresponding nodal interpolant. We observe from
Figure [§] that the approximations obtained with the Argyris method and
reduced boundary condition (Argyris, nodal support), with the discrete
Kirchhoff method (DKT), and discontinuous Galerkin methods with qua-
dratic polynomials and linear (DG, P1 boundary) as well as isoparametric
quadratic (DG, P2 boundary) approximations of the domain boundary pro-
vide highly accurate approximations of the exact value u(0) = 5/64. A
P1 implementation of the operator splitting approach leads to the expected
approximation of the incorrect value us(0) = 3/64. The Argyris element
with simple support boundary along the entire boundary (Argyris, full sup-
port) indicates convergence to another, lower and incorrect, value. A critical
conditioning of the system matrix defined by the Argyris element leads to
spurious values for fine meshes.

TTT T T T T [T T T T T T 1 I
—A— DG, P, boundary
DG, P; boundary
—B— Argyris, nodal support
Argyris, full support
0.20 |- —o— DKgTy N
—&6— Operator splitting
- = = 5/64 (correct)
...... 3/64 (incorrect)

Up (0)

0.10

7 &= @?S

0.00 -

| | |
109 10-1 10—2

FiGURE 8. Midpoint values for different numerical methods
and mesh sizes in Example [5.1] The Argyris method with
simple support condition on the entire boundary and the
operator splitting approach lead to incorrect approximations.

The convergence behavior of the H? errors shown in Figure |§| confirms
that not only the midpoint values are correctly approximated but conver-
gence to the exact solution takes place for the Argyris method with nodal
boundary condition, the discrete Kirchhoff element, as well as for the affine
and isoparametric variants of the quadratic discontinuous Galerkin meth-
ods. While all methods lead to positive convergence rates, the nonconform-
ing method leads to a quadratic experimental convergence rate despite the
involved domain approximations.



AVOIDING THE PLATE PARADOX 19

[T 1T 7 T L S T T

0 L

10 = —2—DG, P, boundary E
B DG, P; boundary 3
10-1 | —B— Argyris, nodal support 4
B A\ﬁ\ —o—DKT .
I 1
5 1072 E E
—= F ]
E I 1
| 1
I 1073 E ﬂﬁ
3 g ]
I g
g 10~4 ¢ .
= E|
k ]
[ B
1075 & =
i 1

10~6 & B Tl

10° 10-1 10-2

FIGURE 9. Experimental convergence behavior for the Ar-
gyris method with boundary conditions imposed at the cor-
ner points, the discrete Kirchhoff method, and quadratic dis-
continuous Galerkin methods.
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