FINITE ELEMENT SIMULATION OF NONLINEAR
BENDING MODELS FOR THIN ELASTIC RODS AND
PLATES

SOREN BARTELS

ABSTRACT. Nonlinear bending phenomena of thin elastic structures arise
in various modern and classical applications. Characterizing low energy
states of elastic rods has been investigated by Bernoulli in 1738 and
related models are used to determine configurations of DNA strands.
The bending of a piece of paper has been described mathematically by
Kirchhoff in 1850 and extensions of his model arise in nanotechnological
applications such as the development of externally operated microtools.
A rigorous mathematical framework that identifies these models as di-
mensionally reduced limits from three-dimensional hyperelasticity has
only recently been established. It provides a solid basis for develop-
ing and analyzing numerical approximation schemes. The fourth order
character of bending problems and a pointwise isometry constraint for
large deformations require appropriate discretization techniques which
are discussed in this article. Methods developed for the approximation
of harmonic maps are adapted to discretize the isometry constraint and
gradient flows are used to decrease the bending energy. For the case
of elastic rods, torsion effects and a self-avoidance potential that guar-
antees injectivity of deformations are incorporated. The devised and
rigorously analyzed numerical methods are illustrated by means of ex-
periments related to the relaxation of elastic knots, the formation of
singularities in a Mobius strip, and the simulation of actuated bilayer

plates.
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F1GURE 1. The mathematical description of large bending
deformations of thin objects requires the use of appropri-
ate geometric quantities: deformed rod with circular cross-
section together with an orthonormal frame that allows to
measure bending and torsion effets (left); deformation of a
flat plate that preserves angle and length relations (right).

1. INTRODUCTION

Thin elastic structures occur in various practical applications and in fact
truly three-dimensional objects are hardly ever used. Important reasons for
this are the reduction of weight and cost but also the special mechanical
features of rods and plates. Correspondingly, their numerical treatment
is expected to be more efficient when such structures can be described as
lower-dimensional objects. Because of the different mechanical behavior
they cannot be treated like three-dimensional objects and new discretization
techniques are needed. Typical large bending deformations of rods and
plates are distinct from those of three-dimensional objects and are illustrated
in Figure[I]

In this article we address the numerical approximation of dimensionally
reduced models for describing large deformations of thin elastic rods and
plates. These models result from rigorous limiting processes of general
three-dimensional hyperelastic material descriptions when the diameter of
a circular rod or the thickness of a plate is small compared to the length
or diameter and when the acting forces lead to deformations with energies
comparable to the third power of the diameter or thickness. Examples of
such situations are the bending of a springy wire or sheet of paper.

Characteristic for large nonlinear bending phenomena is that nearly no
shearing or stretching effects of the object occur and that curvature quanti-
ties define the amount of energy required for particular deformations. These
aspects become explicitly apparant in the dimensionally reduced models: the
energy functionals depend on curvature quantities and an isometry condi-
tion arises in the vanishing thickness or diameter limit. In particular, this
condition implies that length and angle relations remain unchanged by a
deformation.

The employed models for elastic rods and plates result from dimension
reductions of general descriptions for hyperelastic material behavior. We
thus consider an energy density W : R3*3 — R and a corresponding energy
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minimization of

Lalyl= [ W(Vy)de
Qs
in a set A C WP(Qs;R3) of admissible deformations y : Q5 — R3 that in-
cludes boundary conditions. The parameter § > 0 indicates a small diameter
or thickness of the reference configuration Q5 C R3, e.g., Q5 = (0, L) x 65 for
a thin rod with cross-section 65 C R? containing zero or 5 = wx(—46/2,6/2)
for a thin plate with midplane w C R?. Assuming that the minimal energies
are comparable to &3, i.e.,

min I3[y] = O(5°)

as 0 — 0, and following the contributions [38, 36, 48, 43], it is possible to
identify limiting, dimensionally reduced theories that determine the corre-
sponding limits of solutions as § — 0. The particular cubic scaling char-
acterizes bending phenomena of the elastic body and excludes membrane
effects, we refer the reader to [37, 29] [34] for discussions of models corre-
sponding to other scaling regimes. We outline the numerical methods that
have been developed for simulating nonlinear bending behavior of rods and
plates after a discussion of the related literature.

Throughout this article we use energy minimization principles to deter-
mine deformations subject to boundary conditions and external forces. For
other approaches to the modeling of rods and plates via equilibria of forces
or conservation of momentum we refer the reader to [2, 27, [3]. Only a few
numerical methods have been discussed mathematically for the numerical
solution of nonlinear bending models with inextensibility or isometry con-
straint. The articles [64, 21] devise various methods to compute discrete
curvature quantities. The focus of this article is on the reliability of meth-
ods, i.e., the accuracy of finite element discretizations and the convergence of
iterative solution methods for the discrete problems. The methods discussed
here use techniques developed for the approximation of harmonic maps into
surfaces in the articles [I, [6, [II]. We review the numerical treatment of
rods following [0, [I8] and plates as proposed in [8 10]. For the efficient
iterative solution we adopt ideas from [45], [41]. We discuss the treatment of
bilayer plates following [14], [13], illustrate a method that enforces injectivity
of deformations in the case of rods following [19, [I7], and propose meth-
ods for the numerical solution of bending deformations with shearing effects
following ideas from [I2]. The problems considered in this article have simi-
larities with problems related to the length-preserving elastic flow of curves
and the surface area and volume preserving Willmore—Helfrich flow of closed
surfaces but require different numerical methods. For contributions related
to those problems we refer the reader to [33, 32, [, 5], 52, [49] 24]; for ex-
amples of modern applications of nonlinear bending phenomena including
the construction of micromachining fingers, the fabrication of nanotubes,
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the occurence of wrinkling in plastic sheets, and the description of certain
properties of DNA molecules, we refer the reader to [58, [55] 57, [61].

1.1. Bending of elastic rods. We consider an elastic rod, e.g., a springy
wire, which in its reference configuration occupies the region (0, L) x {0} C
R3. A low energy deformation

y:(0,L) - R3

leaves distances of pairs of points on the rod unchanged. This is described
by the inextensibility (and incompressibility) condition

Y/ (1) =1
for almost every 1 € (0, L). For appropriate boundary conditions a defor-
mation then minimizes the bending energy

1

L
Tl = 5 [ 10" (@) P

The inextensibility condition implies that y defines an arclength parametriza-
tion of the deformed rod and hence its curvature is given by the second
derivative of yy. The simple energy functional I,,q, which has been proposed
by Bernoulli in 1738, ignores torsion effects and arises as a special case of
the dimension reduction from three-dimensional hyperelasticity.

It is interesting to see that the dimension reduction leads to significant
changes in the nature of the energy functionals. The three-dimensional
model depends on strains, is not constrained, and often provides existence
of unique solutions. The dimensionally reduced functional I,,q depends
on curvature, is constrained, and is singular in the sense that the set of
admissible deformations may be empty, e.g., for extensive boundary condi-
tions, and that solutions may be non-unique, e.g., for simple compressive
boundary conditions. These aspects are related to the presence of a critical
nonlinearity via a Lagrange multiplier for the inextensibility constraint in
the Euler-Lagrange equations for critical points of I,.q, i.e.,

(", w") = (W) = yW =),
where the scalar function A depends nonlinearly on y. The explicit presence
of a Lagrange multiplier can be avoided if only test functions are considered
that satisfy the linearized inextensibility condition 3’ - w’ = 0. This corre-
sponds to normal, i.e., non-tangential perturbations of a curve in the energy
minimization.

The inextensibility condition requires a suitable numerical treatment to
avoid locking phenomena or other artifacts. For a partitioning of the interval
(0, L) with nodes

O=zp<z1<---<zy=1L
and a subordinated conforming finite element space A, C H2(0, L;R?) we
impose the inextensibility condition only at these nodes, i.e.,

lyn(zi)l =1
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yn(zi) Yn(2i)

Ficure 2.  Continuously differentiable, piecewise cubic
curves are defined by positions and tangent vectors at nodes
o<z <---<ZN.

for i = 0,1,...,N. Since y, € H?(0,L;R3) we obtain linear convergence
with respect to the meshsize h of the constraint violation error away from the
nodes. The discrete minimization problem then seeks a minimizer y;, € Ay,
for the functional

1 L
o Tal] = 5 [ (ool o

subject to the nodal constraints |y (z;)| =1 for i = 0,1,..., N. A possible
choice of a finite element space uses piecewise cubic, continuously differen-
tiable functions. This space has the advantage that its degrees of freedom
are the positions and tangent vectors at the nodes, i.e.,

yn = (yn(20), Y (20) ;g -

The discretized inextensibility condition can thus be explicitly imposed on
certain degrees of freedom, cf. Figure

We iteratively solve the discrete minimization problem by using a gradient
flow, i.e., on the continuous level we consider a family y : [0, 7] x (0, L) — R3
of deformations that solve the evolution equation

(atyaw)* = _(yllvw”)L27 y(O) = Yo,
subject to the linearized inextensibility conditions
oy (t,x1) -y (t,21) =0, w'(z1)-y'(t,z1) = 0.

Provided that we have |y)(z1)[? = 1 it follows that

S d S
sl -1= [ GWeena=2 [ ow(tr) -yt =o

i.e., the inextensibility condition is satisfied. We use an implicit discretiza-
tion of the evolution equation and a semi-implicit treatment of the linearized
constraint, i.e., with the backward difference quotient operator d; we con-
sider the time-stepping scheme
k k 0
(deyrswn)e = —(lyn)"s [wal" )2y v = yon,

subject to the linearized constraints evaluated at the nodes, i.e.,

[deyn] (23) - lyy ) (2:) = 0, [wn]'(x:) - [y~ ) (@:) = 0
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for i = 0,1,...,N. The scheme is unconditionally energy-decreasing and
convergent to a stationary configuration, i.e., choosing the admissible test
function wy, = dtyﬁ directly shows
k—1
Loalyn) + 7lldeyillZ < Hoalyn ')

The inextensibility constraint will not be satisfied exactly at the nodes but
its violation is controlled by the step size 7 and the initial energy. A proof
in the discrete setting imitates the continuous argument given above. Using
the orthogonality [diyF]'(2:) - [y¥ ']’ (2;) = 0 and the property |[y)]'(z:)|? = 1
we have

[lynl ()2 = 1 = [y~ 1(=0) 1 + 7°[[deh) (20)* — 1

k
= Z dtyh
/=1

Because of the unconditional energy stability the term on the right-hand
side is of order O(7). We will show below that these properties are also
valid if torsion effects are taken into account.

1.2. Elastic plates. The mathematical description and numerical treat-
ment of elastic plates generalizes that of elastic rods. In the dimensionally
reduced model we consider deformations of a two-dimensional midplane

y:w— R3
that leave angle and area relations unchanged, i.e., they satisfy the isometry
condition
T
(Vy) Vy=1

almost everywhere in w C R? with the identity matrix I, € R?*2. This is
equivalent to saying that the tangent vectors 01y and 0oy of the deformed
plate and the normal vector b = 01y X Joy define an orthonormal basis for
R? in almost every point 2’ € w. The actual deformation for appropriate

boundary conditions minimizes the bending energy proposed by Kirchhoff
in 1850,

Iytately / D%y d’.

Because of the isometry condition, the integrand coincides with the mean
curvature of the deformed plate while its Gaussian curvature vanishes. For
a minimizing or critical isometry y we have that

(D?y, D*w) = 0

for all test fields w satisfying appropriate homogeneous boundary conditions
and the linearized isometry condition

(Vy) "V + (Vw)TVy = 0.
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O1yn(z)
O2yn(2)
yn(2)

FiGURE 3. Discrete deformations defined by discrete Kirch-
hoff triangles are defined by positions of nodes and tangent
vectors at the displaced nodes.

A finite element discretization uses a possibly nonconforming finite element
space such as so-called discrete Kirchhoff triangles and imposes the isometry
condition in the set of nodes N, i.e., for all z € A}, we have

(Von(2)) " Vyn(z) = I.

With a discrete Hessian D,Ql the numerical minimization is then realized for
the functional

1
Ifflate[yh] = 2/ ’D%yh|2dm’.
w

In the case of the discrete Kirchhoff triangle, which may be seen as a nat-
ural generalization of the space of one-dimensional cubic C! functions, the
degrees of freedom are the deformations and the deformation gradients in
the nodes, i.e., the quantities

(yn(2), Vyh(z))ZeNh.

An image of a discrete Kirchhoff deformation is depicted in Figure

The isometry constraint is thus imposed directly on certain degrees of
freedom. The iterative numerical minimization follows closely the approach
used in the one-dimensional situation. For an initial isometry yg, we consider
the continuous evolution problem

(atya U))* = _(D2y7 D2w)7 y(O) = Yo,
for appropriate test functions w € H?(w;R?) subject to the linearized isom-
etry condition . .
gz[atvy] =0, lstg)/[vw] =0,
with the linearized isometry operator
LX°(B]= A"B+ BT A.

A semi-implicit discretization of this constrained evolution problem leads to
a sequence of linearly constrained problems: given an admissible y2 e Ay
compute the sequence (y],fb)k:(],l’m via y,’i = y,lj_l + Tdtyﬁ, where dtny solves

(deyk, wn)« = —(Diyh, Diwn)
subject to the conditions

Liso 1
Vyy,

[d:VyF] =0, o 1 [Vwy] = 0.

k—1
Vy,
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Again, straightforward calculations show that the iteration is energy de-
creasing and convergent, and that the constraint violation is of order O(7).

1.3. Outline of the article. The article is organized as follows. In Sec-
tion 2| we discuss the arguments that lead to dimensionally reduced models
for elastic rods and plates in the case of small energies. We review partial
I'-convergence results and explain the occurrence of the inextensibility and
isometry constraints. Section [3] is devoted to the convergent and practical
finite element discretization of the one- and two-dimensional minimization
problems describing the elastic deformation of rods and plates. The rigorous
justification of the finite element methods will be established via showing I'-
convergence of the discretized functionals to the continuous one as discretiza-
tion parameters tend to zero. Difficulties arise in the appropriate treatment
of nonlinear constraints and higher order derivatives. The practical mini-
mization of the discretized energy functionals is addressed in Section [4, We
use appropriately discretized gradient flows that lead to sequences of linear
systems of equations together with guaranteed energy decrease. Moreover,
we verify that they converge to stationary configurations. In view of the
nonuniqueness and limited additional regularity properties of solutions this
appears to be the best attainable result if no further assumptions are made.
The special saddle-point structure of the linear systems of equations that
arise in the time steps is investigated in Section It turns out that the
nodal constraints can be incorporated in the solution space leading to re-
duced linear systems with symmetric and positive definite system matrices.
Section [f] is concerned with extensions and modifications of the models and
solution methods. In particular, we discuss the numerical treatment of bi-
layer bending problems, the inclusion of a self-avoidance potential, and a
bending problem allowing for the formation of wrinkles. The final section
provides a summary and conclusions of our considerations. We end the
introduction with an overview of employed notation.

1.4. Notation. Throughout this article we use standard notation for deriva-
tives and integrals, matrices and inner products, Lebesgue, Sobolev, and
finite element spaces. The list in Table [I] provides an overview of the most
important symbols.

2. FORMAL DIMENSION REDUCTIONS

Following the articles [38, [36], 43] we illustrate in this section how the di-
mensionally reduced minimization problems can be obtained from a general
three-dimensional hyperelastic energy minimization problem:

Minimize I3q[y] = / W(Vy)dz
Q
in the set A C WHP(Q;R?).

The set of admissible deformations A is assumed to be a weakly closed
subset of a Sobolev space W1P(Q; R3) and required to include appropriate

(P34a)
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(0,L), w, Q
LP(A;R)
WkP(A RY)
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SO(3)

y/

Vy = [01y, 02y, 93y
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0
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w

@3, Qrod, Cplate
A

Ch, Ct

A, Ay,

Flyl, Fnlyn]

('7 ')*7 ('7 ')T

c,c,c’, ..

one-, two-, and three-dimensional domains
Lebesgue functions with values in R

Sobolev functions with values in R

Sobolev space with p = 2

spatial variable

planar component of spatial variable

Euclidean or Frobenius norm of a vector or matrix
scalar product and norm in L?

scalar products of vectors and matrices
identity matrix in R¢**

symmetric part and trace of a matrix
orthogonal matrices with positive determinant
one-dimensional derivative

gradient of a vector field

planar component of gradient

total or Fréchet derivative

polynomials of degree at most k on a set A
maximal and minimal mesh-sizes

triangulation with intervals or triangles

nodes and sides in a triangulation

vertices and midpoints of elements, midpoints of sides
elementwise degree k polynomials in C¢

global and elementwise nodal P1 interpolants
elementwise averaging operator

discrete LP norms, case p = 2, discrete L? product
step size

backward difference quotient for step size 7 > 0
small thickness parameter

energy functional

linear operator

energy density

quadratic forms

Lamé parameters

bending and torsion rigidity

sets of admissible deformations

(shifted) tangent spaces
metrics used to define gradient flows
generic constants

TABLE 1.

Frequently used notation.
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boundary conditions which imply a coercivity property. In an abstract way
these are defined by a bounded linear operator

Ly : WHP(Q:R3) = YV
and given data fy,. € Y for a suitable linear space Y, e.g., traces of functions

in W1P(Q; R3) restricted to a subset I'p of 9. We assume that the energy
density W € C2?(R3*3) satisfies the following standard requirements:

e W is frame-indifferent, i.e., for all F' € R3*3 and Q € SO(3) we have
W(QF) = W(F),

o W vanishes at the identity I3 € R?>*3 and grows at least quadratically
away from SO(3), i.e., for all F' € R3*3 we have

W(l3) =0, W(F)> cdist’(F,SO(3)),
e W is isotropic, i.e., for all F € R3*3 and R € SO(3) we have
W(FR) =W(F).
From the first two conditions we have that W’(I3) = 0 and a Taylor
expansion yields
W(Ts + G) = 5Qs(C) +ol|GP),

where Q3(G) = W' (I3)[G, G] is the quadratic form defined by the second
variation of W at the identity matrix. Incorporating the implicitly assumed
homogeneity of the underlying material we have

@3(G) =CG: G,
where the linear operator C : R3*3 — R3*3 ig given by
CA =2pusym(A) + Atr(A)Is,
with the Lamé parameters A\, u > 0, the symmetric part sym(A) = (A +
AT)/2, and the trace tr(A) = A : Is.

2.1. Elastic rods. We assume that the deformation y : (0,L) — R3 of
an elastic rod of vanishing thickness and length L preserves distances, i.e.,
satisfies |y/(z1)] = 1, and complement the vector field ¢’ by normal vector
fields b,d : (0, L) — R? to an orthonormal frame

[v/,b,d] : (0,L) — SO(3).
We then consider a three-dimensional deformation ys obtained from extend-

ing the deformation of the centerline (0, L) to the three-dimensional body
Qs = (0, L) x §S with scaled cross section S C R? containing zero, i.e.,

ys(z1, 2, 3) = y(x1) + 22b(x1) + 23d(21) + 62B(2),

with a correction function 8 : Q5 — R3. Inserting this deformation into the
three-dimensional energy functional and considering the limit as § — 0, we
expect to identify a dimensionally reduced functional minimized by y and
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the normal fields b and d. We note that xo, z3 = O(d) and that we expect
D23,033 = O(671). We therefore set
Vys = [y, b,d] + [z + a3d', 6°0B,6%038] + 6*[018,0,0]
=R+ 6B+ §*C.
with the matrix R = [y/,b,d] € SO(3). The matrix RTVys is thus a per-
turbation of the identity matrix I3 and a Taylor expansion of the energy
density yields with
R'Vys = I3+ SR"B+ 6°RTC
that we have
W(Vys) = W(R'Vys)

_ %Qg (BT [wab! + wsd', 6202, 8%055]) + o(6?).

Letting o = 6°RT 3 and noting that R does not depend on zy and x5 we
have
0
R [l‘gbl + l’gd/, 5282[3, 52335] =R'R To| + [O, Oo, 8304] .
T3

We note that since RTR = I3 we have (RT)R = —R"R’ so that RTR/
is skew-symmetric. A minimization of the integral of the energy density
over the cross section §S motivates defining for skew-symmetric matrices
A = la, az, a3] € R3*3 the reduced quadratic form Qoq via
Qrod(A) = min / Qs([z2a2 + z3a3, 020, O30t] ) dz dus.
acHI(S;R3) Js55

With the particular representation of Q3 by the Lamé parameters one finds

with the entries a;; = —ay; of A for a circular cross section S = By /,(0) that
1 p(3A +2p) 0
Qroa(A4) = %ﬁ(a% +af;) + %a%.

The constant factors on the right-hand side define the bending and torsion
rigidities and are abbreviated by

1 p(3A +2p) 0
b= =5

2r A+ up 2m
We always assume A\, u > 0 so that ¢, > 2¢;. For the particular matrix
A=RTR and R = [¢/,b,d] € SO(3) we have that

arp=9y"-b, aiz=vy"-d, ap="V-d
Noting that 3" - ¥/ = 0 we have that
aty +ais = ly"|?

is the squared curvature of the deformed rod and that

a3z = (V' -d)* = (d' - b)*
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is its squared torsion. We eliminate the variable d via the identity d = 3’ x b
in what follows. We thus expect that the deformation y : (0,L) — R? of
the centerline of a thin rod and the unit normal vector field b : (0, L) — R3
solve the following dimensionally reduced problem:

Minimize

Lod| b]:cb/L| "? dx +Ct/L(b’-( "' x b)) dz

(Prod) rod Y, 2 0 Yy 1 9 0 Yy 1
in the set

A= {(y,b) € Vioa: L[y, 0] = 63, [y/| = bl = 1,3 - b = 0}.
Here, we abbreviate
Viod = H?(0, L; R?) x H(0, L;R?).
The second part for justifying the dimensionally reduced model consists in

showing that for any sequence (ys)s=o of three-dimensional deformations
with I3q[ys] < ¢d® there exists an appropriate limit (y,b) € A such that

lim inf I34[ys] > Lioaly, b].
0—0

This so-called compactness property is proved in [43] which provides the
complete rigorous dimension reduction in a more general setting. We refer
the reader to [42] for further aspects of the description of elastic rods.

Remark 2.1. To illustrate that the inextensibility or isometry condition
|y'| = 1 arises naturally in the dimension reduction we consider the planar
deformation of a two-dimensional thin beam Q = (0,L) x (=§/2,0/2) with
the simple energy density

W(F) = dist?(F, SO(2)) ~ (1/4)|FTF — 2.
We assume that the deformation is given by
ys(x1, 2) = y(x1) + w2b(21)

for a deformation y : (0,L) — R? of the centerline and a corresponding
normal field b : (0,L) — R?, i.e., we have y'(z1) - b(z1) = 0. Noting that

Vys = [y + x2b',b]
we find that

T WPt 0 2y - b-b 5 [|B']2 0
(VyJ) Vys IQ—[ 0 |b‘2—1 + T2 b-b 0 + 15 0 0

= A+ 2B+ 23C.

We insert this expression into the energy functional and carry out the inte-
gration in vertical direction, i.e.

1 L 6/2
Is[ys) = 4/0 /6/2 |A+ x9B + m%C’|2dx2 dzy

—1/L5|A]2+53|B\2+55]C|2+532A-Cd
1), 12 80 1270 e
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For a cubic scaling of the elastic energy we need A =0, i.e., [y/|> =1 and
|b|2 = 1. This implies b’ - b = 0, hence |B|?> = 4|y’ - V|?, and shows that up
to terms of order 6° we have

53 L 2
lysl = 15 | Iy das,

where we used the identities y' - b = —y” b and y" -y = 0 in combination
with the fact that (y',b) is an orthonormal basis in R? so that (y' - b)’ = 0.

2.2. Elastic plates. To explain the derivation of the bending model for
elastic plates we consider an isometry v : w — R? and a corresponding unit
normal field b : w — R3, i.e., we have

dpy(a') - Ojy(a’) = by,
for 1 <4,5 <2 and
b(2")* =1, 0jy(z’)-b(a’) =0

for almost every 2’ € w and j = 1,2. We define a deformation ys of the
three-dimensional body Qs = w x (—40/2,0/2) by extending y in normal
direction, i.e.,

ys(2', 23) = y(a') + z3b(2’) + (23/2)B(2'),

with a quadratic correction term 8 : w — R3. Using the planar gradient
V' = [01, 2] we have that

R=[V'y,b] € SO(3)
and
Vys = [V'ys, Osys] = [V'y + 23V'b+ (23/2)V'B, b + 23]
— R+ a3[Vb, 8] + (a3/2)[V'5,0].
This implies that
R™Vys — I = 23RT[V'b, B] + (23/2)[V'5,0].

We insert the deformation y;s into the hyperelastic energy functional, use the
Taylor expansion W (I + 23G) = Q3(z3G) + o(22|G|?), with G = R"Vys,
and carry out the integration in vertical direction. This leads to

5/2 5/2
/ W (Vys) dos da’ —/ W( R Vys) dog dz’
—5/2 —6/2

5/2
/ Qo BTV 8]+ (/2 [5,0) des da’ + 0(0")
—4/2

- /w Qs(RT[V'b, 8]) da’ + o(5°).
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The correction field 8 : w — R3 is eliminated via a pointwise minimization,
i.e., for M € R?*? extended by a vanishing third row to a matrix M € R3*2
we define

Quiate(M) = min Qa([M, c]).

Since we assume a homogeneous and isotropic material one obtains for a
symmetric matrix M € R?*? that

Ap

M) = 2u|M* + ——— tr(M)?%

Qplate( ) M| ’ =+ M+>‘/2 I‘( )

For the matrix M = RTV’b € R3*2 the third row vanishes and its uppper
2% 2 submatrix coincides with the second fundamental form 77 of the surface
parametrized by y, i.e.,

I1;;(2") = 0y (a’) - 9;b(a’) = —0,0;y(2") - b(2'),
for 4,5 = 1,2, where in fact b = £01y X 02y. Using that y is an isometry we

have that the squared mean curvature is up to a fixed factor given by the
identical expressions

111> = tx(11)? = |D%y|* = |Ay|*.

Hence, the dimensionally reduced problem seeks an isometric deformation
that minimizes the integral of the squared Hessian:

Minimize Ipately] = & / |D?y|*>dz’  in the set
(Pplate) 2 w
A={ye H*(w;R%) : (Vy)TVy = I, LIy = (2],
The bending rigidity is defined by ¢y, = 2+ A2u/(2p+ A). As in the case of
rods, a rigorous derivation additionally requires showing that the functional
defines a general lower bound, i.e., establishing a lim-inf inequality, and we
refer the reader to [38, [36] for details. Analogously to the functional, also
the boundary conditions change their nature in the dimension reduction. A
fixed part of the lateral boundary leads to a clamped boundary condition
in the reduced model which imposes a condition on the deformation and its
gradient.

3. CONVERGENT FINITE ELEMENT DISCRETIZATIONS

We discuss in this section the discretization of the dimensionally reduced
nonlinear bending models using appropriate finite element methods. Chal-
lenges are the treatment of higher order derivatives and a nonlinear pointwise
constraint. We establish the correctness of the discretizations by showing
that the discrete functionals I" converge in the sense of I'-convergence with
respect to weak convergence on a space X, cf., e.g., [31], to the continu-
ous, dimensionally reduced functional I. We use the terminology almost-
minimizing for a sequence of objects that are minimizers of a sequence of
functions up to tolerances that converge to zero with h. This follows from
verifying the following three conditions:
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(a) Well posedness or equicoercivity: The discrete functionals are uni-
formly coercive, i.e., if I"[y;] < c then it follows that ||yx||x < ¢ with
h-independent constants ¢, ¢’ > 0, and admit discrete minimizers.

(b) Stability or lim-inf inequality: If (yp)p>o C X is a bounded sequence
of discrete almost-minimizers then every weak accumulation point y
belongs to the set of admissible deformations A and we have

I[y] < liminf I"[y,].
h—0

(c) Consistency or lim-sup inequality: For every y € A there exists
a sequence (yp)p>o of admissible discrete deformations such that
yp, — y in X and
I[y] > limsup I"[y].
h—0
It is an immediate consequence of (a)—(c) that sequences of discrete almost-
minimizers accumulate at minimizers of the continuous problem. Well posed-
ness typically follows from coercivity properties of the functional I while the
stability is established with the help of lower semicontinuity properties of I.
If the union of discrete sets of admissible deformations is dense in the set
of admissible deformations then consistency is obtained via continuity prop-
erties of I. We specify these concepts for the finite element approximation
of elastic deformations of rods and plates in what follows. We always use a
regular triangulation 75, of the domain A = (0,L) or A = w into intervals
or triangles, respectively, with a set of nodes (vertices of elements) denoted
N, hy i.e.,
Ny ={z1,22,...,28}, Tpn={T1,T5,...,Tn},

We often use numerical integration or quadrature, defined with the element-
wise applied nodal interpolation via

(v,w)p, = /AZA}L[(U cw)| da

for elementwise continuous functions v, w : A — Rf with A ¢ R? and

T
ol = 3 LS P
TeTh 2eNLNT
If p = 2 we write ||v||, instead of [|v]| z- We note that these expressions

define equivalent scalar products and norms on function spaces containing
elementwise polynomials of bounded degree, cf., e.g., [10].

3.1. Elastic rods. For a discretization of the bending-torsion model
for elastic rods we first derive a suitable reformulation of the minimization
problem. Recalling that for an admissible pair (y,b) € A and the vector
d =y x b we have that [y/,b,d] € SO(3) almost everywhere in the interval
(0, L), we deduce that

PP =@ -y)? + (- d)* + (V- b)*.
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SI,O(E) 83’1(771)
e e &———®

FiGURE 4. Degrees of freedom of piecewise linear, contin-
uous and piecewise cubic, continuously differentiable finite
element functions. Filled dots indicate function values and
circles evaluations of derivatives.

Since |b|> = 1 the last term on the right-hand side vanishes while the or-
thogonality b -3y = 0 implies that b -y’ = —b - y”. We thus have that

(b/ . d)2 — ’b/‘Q . (b . y/I)Q.

This identity leads to the equivalent representation

L L L
C C C
Loaly,b] = Zb/ ly"|* dzy + ;/ b'|? day — 2t/ (b-y")* day.
0 0 0

The dimension reduction of Section shows that we have ¢, > 2¢; so that
the last term is controlled by the first one and the coercivity of Iﬁ) 4 becomes
explicit. Another advantage of this representation is that the last term is
separately concave which allows for an effective iterative treatment. To de-
fine the discrete funtional Irfgd we consider a partitioning of the reference
interval (0, L) defined by sets of nodes N}, and elements 7y,. For this par-
titioning we define the linear and cubic finite element spaces with different

differentiability requirements via
SY(Th) = {én € C°([0, L)) : ¢nlr € P(T) for all T € Ty
S*(Th) = {vn € C'([0,L]) : vp|r € P3(T) for all T € T},

with sets of polynomials of degree at most & on T given by Pi(T). The

degrees of freedom of the finite element spaces are are depicted in Figure [4
It is straightforward to verify that there exist nodal bases (¢.).cn; and

(¥2.7) 2N, j=1,2 such that for all ¢, € SVO0(T;,) and v;, € S¥1(T},) we have

¢h = Z th(Z)(,Oz,

zENh
Vp = Z Uh(z)¢z,0 + Z U;L(Z)d)z,l-
2N}, 2€N},

The right-hand sides define nodal interpolation operators I,i’o and I,?l”l on
CY([0, L]) and C([0, L]), respectively. For ease of notation we use the ab-
breviation

Viea = S*H(Th)* x SY(Th)?.
For efficient numerical quadrature we introduce the elementwise averaging
operator @y defined for a vector field v € L'(0, L;R3) and every element
T € Ty, via

Qnulr = ]T|_1/vdx1.
T
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With the product finite element space Vrod and the Operator Qh we consider
the following discretization of the minimization problem (P in which the
pointwise orthogonality relation 3 - b = 0 is approximated via a penalty
term:

L
Minimize Imd[yh,bh] / ly |2dx1+02t/0 ]5;1‘2dm1
L
e o [ Qubn o) + JRERRAEE
( rod) 2 0 2e 0 "
in the set Ay = {(yn, bn) € V2, : LIy, by = 209,
Y, (2)] = [ba(2)| = 1 fa. 2 € N}, ).

Note that the constraints are imposed on particular degrees of freedom which
makes the method practical. We have the following existence and conver-
gence result.

Proposition 3.1 (Convergent approximation). For every pair (h,e) > 0
there exists a minimizer (yp,by) € Ay, for Irho’fi satisfying

lynllmz + [orllm < e

As (h,e) — 0 we have that every accumulation point of a sequence of discrete
almost-minimizers is a minimizer for Ioq in A.

Proof (sketched). We outline the main arguments of the proof and refer the
reader to [0, [I8] for details.

(a) Let (yp,bp) € Ap with I Glyn, bn] < . The coercivity of the discretized
functional follows from the fact that ¢, > 2¢¢ and the identity

Ch — Ct
Lo [y, br) = / lyp|* dz 1+/ 16,12 day

C
+ 2t [ 1T Py, ] dx1+/ Tnl(yp, - bn)?] day,
0

with the positive semi-definite matrix
Py, = I3 — (Qubn) ® (Qnbp).

The discrete coercivity and the continuity properties of the functional Iﬁ)’z
imply the existence of discrete minimizers.

(b) Given a sequence of discrete almost-minimizers (yp,bp)pe>0 one first
checks that accumulation points (y,b) as (h, ) — 0 belong to the continuous
admissible set A. Noting that by, — b strongly in L* we find that

Loy, b] < liminf 1™y, b
aly, ] &f,?filo Alyn, bn).

(c) It remains to show that Iroqly, b] is minimal. For this, we choose a smooth
almost-minimizing pair (¥, ) € A obtained from an appropriate regularlza—
tion of a mlmmlzmg pair and verify thaﬁ the sequence of interpolants (yp, bh)
satisfies limy, .y_0 Imd[yh, bn] = Loaly, ). O
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Remark 3.2. We note that the result of the proposition can be also be
established if the orthogonality relation y; - by, = 0 is imposed exactly in
the nodes of the triangulation. For an efficient numerical solution of the
minimization problem the approximation via a separately convexr term is
advantageous as this allows for a decoupled treatment of the variables.

3.2. Elastic plates. Constructing finite element spaces that provide con-
vergent second order derivatives and which are efficiently implementable is
significantly more challenging in two space dimensions. Among the various
possibilities is the discrete Kirchhoff triangle, cf., e.g., [25], which defines
a nonconforming finite element method in the sense that its elements do
not belong to H2. The space can be seen as a natural generalization of the
space of one-dimensional cubic C'! functions since the degrees of freedom are
the deformations and deformation gradients at the nodes of a triangulation
which are appropriately interpolated on the individual elements. To define
this finite element space we choose a triangulation 7, of w into triangles and
set

S (T = {wy, € C(@) : wy|r € Ps_(T) for all T € Ty,
Vwy, continuous at all z € Ny},

STy = {qn € C(@) : qu|r € Po(T) for all T € Ty, }.

Here, P3_ denotes the subset of cubic polynomials on 1" obtained by elimi-
nating the degree of freedom associated with the midpoint z7 of T', i.e., we
have

P () ={pe D) ipler) =5 Y [p(2)+ Vola) - (o~ 2)] ).

2eNL,NT

The degrees of freedom in S¥!(7;) are the function values and the deriva-
tives at the vertices of the elements. It is interesting to note that a particu-
lar basis for St (7;,) will not be needed. A canonical interpolation operator
7kt . CY(w) — SIY(Ty,) is defined by requiring that the identities

T (2) = w(z), VIEw(z) = Vuw(z)

hold at all nodes z € A},. The employed finite element spaces are depicted
in Figure [f

Crucial for the finite element discretization of the bending problem is the
definition of a discrete gradient operator

vh . Sdkt(ﬁl) N 82’0(771)2
which allows us to define discrete second order derivatives of functions wy, €
Skt via
D,%wh = VVjwy,.

Here we make use of the fact that V,w, € H(Q;R?). The discrete gradient
operator V), is for given w;, € S¥(7;,) defined as the unique piecewise
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Vi,

Sdkt (771) 82’0(77L)2

FI1GURE 5. Degrees of freedom of finite element spaces using
reduced cubic polynomials and quadratic vector fields. Filled
dots indicate function values, circles evaluations of deriva-
tives, and squares vectorial function values. One degree of
freedom is eliminated from the set of cubic polynomials.

quadratic, continuous vector field g, € S%9(7;,)? that satisfies the condition
qn(z) = Vuwp(2)

for all z € N} while the degrees of freedom associated with the sides of
elements are defined by the two conditions

1

qn(zs) -ng = i(th(zé) + Vwp(23)) - ns,

qn(2s) - ts = Vwp(2s) - ts,
for all sides S = [z}, 22] € Sy with normals ng, tangent vectors tg, and
midpoints zg = (2} + 2%)/2. For w € C*(w), we set

Viw = Vi Tk w.

With the discrete second derivatives we are in a position to state the finite
element discretization of the plate bending model:

C2b/ |Diyp|? dz’  in the set
w

(Pglate) Ah — {yh c Sdkt(ﬁl)S . Lglcate[yh] _ egtate)
[Vyn(2)]TVyn(z) = I fa. z € N}

To prove the correctness of this discretization we show that existing finite
element minimizers accumulate at admissible isometries, incorporate that
the bending energy is weakly lower semicontinuous, and use that isometries
can be approximated by smooth isometries which is a result proved in [47,
40].

Minimize Iglate [yn] =

Theorem 3.3 (Convergent approximation). For every h > 0 there exists
a minimizer yn, € Apn. If (Yn)n>0 i a sequence of almost-minimizers, then
IVynll < ¢, for all h > 0, and every accumulation point y € H'(w;R3)
of the sequence is a strong accumulation point, belongs to the continuous
admissible set A and is minimal for Ijate.

Proof (sketched). We follow the typical steps for establishing a I'-convergence
result provided in [7, [10].
(a) Using the boundary conditions included in the set Aj, it follows that the
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mapping 2z;, — || D?zp| is a norm on the subset of S!(7,)3 with functions
satisfying corresponding homogeneous boundary conditions. This leads to
a coercivity property and the existence of discrete solutions.

(b) The uniform discrete coercivity property implies that the sequences
(D2yp)n>0 and (Vyn)p>o have weak accumulation points & and Vy in L?
which are compatible in the sense that & = D?y. Moreover, we have that
y € A and weak lower semicontinuity of the L? norm shows that

Iplate [y] < llin;gf II})Llate [yh]

(c) Let y € A be a minimizer for I,jate. The continuity of the functional
I late With respect to the strong topology in H 2 in combination with the
density results for smooth isometries established in [40] allow us to assume
that y is smooth. We may thus define an approximating sequence of finite
element functions by setting y, = I,‘fkt [y]. Approximation properties of the

interpolation operator lead to the inequality

Iplate [y] > lim sup Iglate [ghL
h—0

which proves the statement. ([l

4. ITERATIVE SOLUTION VIA CONSTRAINED GRADIENT FLOWS

The practical solution of the finite element discretizations of the nonlinear
bending problems is nontrivial due to the presence of nonlinear pointwise
constraints and the corresponding lack of higher regularity properties. To
provide a reliable strategy that decreases the energy we adopt gradient flow
strategies. Our estimates show that these converge to stationary, low energy
configurations. We will always use a linearized treatment of the constraints
which is then discretized semi-implicitly. This makes the iterative scheme
practical. To illustrate the main idea, consider the following abstract mini-

mization problem in a Hilbert space X C L?(Q;RY):
Minimize I[y]
(M) : :
in X subject to G[y] = 0.

Here, we assume that the constraint is understood pointwise with a function
G : RY — R. The Euler-Lagrange equations for the problem are then
formally given by the identity

I'y;w] + (A, G'y;w]) =0

for all w € X with a Lagrange multiplier A € L!(Q). Note that the term
involving A disappears if w satisfies G'[y; w] = 0 and that this is sufficient to
characterize a stationary point subject to the constraint. The corresponding
gradient flow is formally defined via

Oy = —VxI[y] = AG'[y,-] subject to G'[y; ] = 0.
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Our corresponding time-stepping scheme uses the backward difference quo-
tient operator dia® = (a* — a*~1)/7 for a step-size 7 > 0 and determines
iterates via the linearly constrained problems

diy* = =V xI[y¥] = NFG'[y* 1, ] subject to  G'[y* L dy*] = 0.
We specify the meaning of the iterative scheme in the following algorithm.

Algorithm 4.1 (Abstract constrained gradient descent). Let y° € X be
such that G[y°] = 0 and I[y°] < co and choose T > 0, set k = 1.
(1) Compute y* € X such that

(dey*, w)x + I'ly"5w] = 0
for all w € X under the constraints dyy*, w € ker G'[y*71], i.e.,
G/[ykfl; dtyk] — O, G/[ykfl; 'lU] =0.

(2) Stop the iteration if ||dwy”|x < Estop; Otherwise increase k — k+ 1 and
continue with (1).

We remark that it is useful to regard dyy* rather than 3* as the unknown
in the iteration steps. In particular, we may eliminate y* via the identity
y* = y*~1 4 7d;y* with the known function y*~1. A geometric interpretation
of the iteration is that given an iterate y*~! the correction dyy* is computed
in the tangent space of the level set M*~1 of G defined by the value G[y*~1].
Note that we do not use a projection step onto the zero level set of GG since
this will in general not be energy stable. Figure [f]illustrates the conceptual
idea of Algorithm

k
yh1 Tdiy o yF

Mle—l
Yy Mk—2

FIGURE 6. Illustration of the iteration of Algorithm
corrections are computed in tangent spaces of level sets M’
of G defined by the values G[y’].

The following theorem states the main features of Algorithm i.e., its
unconditional energy stability with the resulting convergence to a stationary
configuration of lower energy and the control of the constraint violation by
the step size.

Theorem 4.2 (Convergent iteration). Assume that I is convez, coercive,
continuous, and Fréchet differentiable on X and G : R* — R is twice differ-
entiable with uniformly bounded second derivative, i.e., we have G"[r; s, s] <
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2cq|s|? for all ;s € RY. Then, the iterates of Algorithm are uniquely
defined and satisfy for L =0,1,2,... the energy estimate

L
Iy  + 7 ey I% < I[°).
k=1

Moreover, if || - ||i is a norm on X with the property |||z|?||x < cul|z||% for
all z € X then we have the constraint violation bound

max ||G(y" < Tcgepe

Jmax [GY)m < Teaeneo,

where eq = I[y°]. In particular, we have that ||diy*||x — 0 and Algo-
rithm terminates within a finite number of iterations. The output y* € X
satisfies the residual estimate

I'lytw
sup M < Estop-
wex\{oy  llwllx
Gy~ Lw]=0

Proof. (a) The existence of the iterates follows by applying the direct method
of the calculus of variations to the minimization problems:

1
Minimize 2z > 2—||z — "%+ 1[2]
T

subject to  G'[yF71; 2] = 0.

The solution is unique and the corresponding Euler—Lagrange equation co-
incides with the equation that defines the iterates in Algorithm

(b) Choosing the admissible test function w = dyy* and using the convexity
of I leads to

1 _
ldey* 1% + — (I1v*] - Ily* 1) < 0.
A multiplication by 7 and summation over k = 1,2,..., L prove the energy
stability.
(c) With a Taylor expansion of G' about the iterate y*~
identity 0G[y*~1; dyy*] = 0 we find that

I and the imposed

I
Gy = Gly" '] + 5T G diy®, dyy).

Repeating this argument and noting that G[y"] = 0 leads to the estimate

y4
Gl < cam® |diy" .
k=1

Applying the norm | - || to the estimate, using the triangle inequality, and
incorporating the assumed bound |||z|?||z < cp|z||% as well as the energy
bound proves the estimate for the constraint violation error.

(d) The estimate for I’[y";w] is an immediate consequence of the bound
”dtyLHX < Estop- O
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Examples of pairs of norms || - ||z and || - ||x that satisfy the assumed
estimate are the L' norm in combination with the L? norm or the L
norm together with a Sobolev norm in H® with s sufficiently large. It is
remarkable that the violation of the constraint is independent of the number
of iterations. An explanation for this is that the updates dyy* converge
quickly to zero in the gradient flow iteration.

4.1. Elastic rods. We apply the abstract framework for constrained min-
imization problems to the energy functional describing the bending-torsion
behavior of elastic rods. For a vector field y;, € S*1(T,)? we set

Fulyn] = {wn € S*1(Th)? : Lindylwn] = 0, yj(2) - wj(2) = 0 fa. z € Ni}
while for a vector field b, € S¥°(T;)? we define
Enlbn] = {vn € SYO(Th)? + Li2%[un] = 0, vn(2) - b(2) = 0 fa. z € Ny}

The functionals LrOd and L{)O » are the components of L{)Ocd corresponding
to the variables y and b, respectively. We generate a sequence (y}]‘;, b’fl)kzoy17,,.

that approximates a stationary configuration for Im’z with the following
algorithm.

Algorithm 4.3 (Gradient descent for elastic rods). Choose an initial pair
(y2,09) € Ay, and a step size T > 0, set k= 1.
(1) Compute dyy¥ € Fily kil] such that for all wy, € fh[ykfl] we have

(s wn)x + en(wnl” s wi) e ([wp) - by wh - 0~
= co([Qnby, '] [y 11", [Qnby 1] - [wn]”).
(2) Compute dtbk €&, [bk 1} such that for all vy, € Eh[bi 1] we have
(debfs, )t + co((bR),ri)+e (k] - Bk, [wk] - 7a)n

= co([Qnby ] - [WR)", Qurn - [y)")-

(8) Stop the iteration if
eyl + 11 b1+ < Estops

otherwise, increase k — k 4+ 1 and continue with (1).

Again, it is useful to view dty,lj and dtbi as the unknowns in Steps (1)
and (2) instead of yf = yi ! + 7dyyF and bf = bF~! 4+ 7d,bF. The algo-
rithm exploits the fact that the penalty term is separately convex while the
nonquadratic contribution to the torsion term is separately concave. There-
fore, the decoupled semi-implicit treatment of these terms is natural and
unconditionally energy stable.

Proposition 4.4 (Convergent iteration). Assume that we have

whlln < exllwn lrnlln < eillrally
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for all (wp,r1) € Vrod with L{)"Cd[wh,rh] = 0. Algorithm . s well defined
and produces a sequence (yh, bh)k_o,l,... such that for all L > 0 we have

L
h, k k h,
Losali bR+ 737 (e 12 + e IF) < Zigilof. 7).
k=1
The iteration controls the unit-length violation via

k k
Qmax )1 = 2y + oR* = 12y < Tewteon,

where eq, = Ir]zé[yg,b?l]. In particular, the algorithm terminates within a
finite number of iterations.

Proof. (a) To prove the stability estimate we note that the functional

Grlyn, bn] = Czt/OL(thh ~yp)” day
is separately convex, i.e., convex in yp and in by. Therefore, we have that
0,Glyn ™" by wh — w1+ Gy~ by < Galyn, b7,
OGnlyr, by bk — by + Glyh, b ' < Galyy, b,
which by summation leads to the inequality
OyGrlyy " o) s deyp] + OuGlys, by~ dibf] < diGrlyp, b

Similarly, the functional

1 L
Prclmtnl = 5 [ 2216k b)) o
€Jo
is separately convex and we have
Oy Puclyh, Oy~ ' deyi] + 0o Puclyh, bk; dibl] = di e[y, bF)-

By choosing wy, = dyy¥ and r), = d;bf in the equations of Steps (2) and (3)
of Algorithm [4.3] we thus find that

I deyg |12 + || |13 +dt(7H[yh]”H2 H[b’“] 1%) + de Prclyp, b))
+ T<5|Hdtyh1”rr? + S i) ?)
< OyGrlyy L 0 dyy] 4 ObGlyf, b dibE) < di Gy, bF).

Since

Ch
5 k1> + II[bk] I* — Ghlyr, 0h] + Ph.clyh. bi)

we deduce the asserted estimate.
(b) The nodal orthogonality conditions encoded in the spaces Fj, [yﬁ_l]

EnlbF™1 lead to the relations

sl ()17 = Iy ()P + 7l deyn] ()17,
Bh(2)* = b5 () + 7% dibl (2) .

rod [yh’ bk]

and
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By induction and incorporation of the stability estimate we deduce the as-
serted estimates for the constraint violation. O

We illustrate the performance of Algorithm[4.3]via a numerical experiment
showing the relaxation of a twisted initially flat curve which is clamped at
both ends. We plotted in the bottom of Figure [7] the total energy and the
torsion contribution defined by

Ct Ct

L L
n}ér[yhabh] = 2/ |b;1|2d$1 - 2/ (thh . y;{)2 dxy.
0 0

We observe that the curve quickly releases its large energy and becomes a
spatial curve attaining a stationary configuration with equilibrated curva-
ture after approximately 2000 iterations. The model parameters used in the
simulation were set to ¢, = 2 and ¢, = 1. We used a partition into 1006
subintervals corresponding to a mesh-size h = 1/80. The step-size T and the
penalty parameter € were chosen proportional to h.

4.2. Elastic plates. We next apply the conceptual approach for solving
nonlinearly constrained minimization problems outlined above to the case
of approximating bending isometries. For this we recall that the discrete
bending energy is given by

Tl = [ DR 0o
with the set of admissible discrete deformations defined as
Ay, = {Z/h e ST, . Lﬁf‘te[yh] _ g{;lcate’
(Vyn(2)] Vyn(2) = I f.a. z € N, }.
Using the linearized isometry operator
L°[B]=A"B+BTA

we define the (shifted) tangent space of the set of discrete isometric defor-
mations Aj, at a deformation y; via

Falyn] = {wn € ST(T)? : LY [wy] = 0,
%0, [Vwp](2) =0 fa. z € Nj}.

We then decrease the bending energy for given boundary conditions by it-
erating the steps of the following algorithm.

Algorithm 4.5 (Gradient descent for elastic plates). Choose an initial y) €
Ay and a step size 7 >0, set k= 1.
(1) Compute dy¥ € Fy, [nyl] such that for all wy, € ]:h[y}lfl] we have

(deyl, wy)« + (D3yF, Diwy,) = 0.

(2) Stop if ||diyf|l« < estop; otherwise, increase k — k + 1 and continue
with (1).
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FIGURE 7. Snapshots of an evolution from an initially flat
but twisted curve colored by curvature after different num-
bers of iterations (top): the curve equilibrates its curvature
to relax the initially dominant bending energy, afterwards de-
forms into a spatial helix, and finally attains a large station-
ary configuration. The total energy decreases monotonically
while the contribution due to torsion increases (bottom).
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The iterates (y’]j)k:0717,_. will in general not satisfy the nodal isometry
constraint exactly, but the violation is again independent of the number of
iterations and controlled by the step size 7.

Proposition 4.6 (Convergent iteration). The iterates (y,’i)k:(]’l“_, of Algo-
rithm [{.5] are well defined and satisfy for every L > 0 the energy estimate

L
h L k h
Iplate[yh] +7 Z Hdtthz < Iplate[ylg]‘
k=1
Moreover, if |Vwp|ln < cxllwnlls for all wy, € S*Y(T)3 with Lﬁiate[wh] =0,
then we have the constraint violation bound

max (Vo) TViE = Bl gy < ereon,

—Useens

_ T1h 0
where eq p, = Iplate [y5].

Proof (sketched). (a) Since for any yF € S (T;,)? we have that F, [y} ]
is a nonempty linear space the Lax-Milgram lemma implies that there exists
a unique solution y,’f e Fy [yf_l].

(b) The energy decay property is an immediate consequence of choosing
wp, = dtylli and using the binomial formula

2(Di27,y]’§7 Dlzzdty]"f) = dt”DIszilg”Q + T|’Di2zdtyi]ﬂ|2-

(c) The error bound for the isometry violation follows from the orthogonality
defined by the linearized isometry condition and the energy decay property
as in the proof of Proposition 1.2 O

Figure [§] illustrates the discrete evolution defined by Algorithm via
snapshots of different iterates. The clamped boundary conditions imposed
at the ends yp = {0, L} x [0, w] of the strip w = (0, L) x (0, w) with length
L =10 and width w = 1 are defined via the operator

1
Lgcate[y] = [y|’YD> Vy|'YD]

and functions yp € L%(yp;R?) and yp € L?(yp;R3*?). These functions
are constructed in such a way that the segment {L} x [0, w] is rotated and
mapped onto the fixed opposite segment {0} x [0, w]. In this way the forma-
tion of a Mdbius strip is enforced, we included a small linear forcing term
to avoid certain nonuniqueness effects. We observe that the nonsmooth
choice of the starting value with large bending energy does not influence
the robustness of the iteration and that within less than 10.000 iterations
a stationary configuration for the stopping parameter egiop = 5 - 10~3 and
evolution metric with || - ||, = || D - || is attained. We also observe that we
obtain a satisfactory stationary shape for coarse triangulations and that the
energy decreases monotonically as predicted, with a small violation of the
isometry constraint indicated by the quantity

xolun] = (V) TV — Ilrge



28 S. BARTELS

which appears to be nearly independent of the iteration. We finally remark
that we observe concentrations of curvature at boundary points correspond-
ing to certain singularities discussed in [15].

5. LINEAR FINITE ELEMENT SYSTEMS WITH NODAL CONSTRAINTS

The discrete gradient flows devised in the previous sections lead to linear
systems of equations in the time steps that have a special saddle point
structure. In particular, they are given in the form

A BT [z] [f
® 5 S E-L
with a fixed positive definite symmetric matrix A € R™"™ and a matrix

B € RP*™ that changes in the iteration steps. The matrix B is of full rank
and block diagonal, i.e.,

-
by
with vectors b; € R\ {0} for i = 1,2,...,p and n = pf. We note that

the solution x € R™ of the linear system of equations above is equivalently
characterized by the system

A =2"f

for all z € R” belonging to the kernel of B, i.e., subject to the conditions

x,z € ker B.
To obtain a simpler, unconstrained system of equations we choose for each
i =1,2,...,p a set of orthonormal vectors (cj,ci,...,c}) C R that are
orthogonal to b;, i.e., we have
N o A
{b;}— = span {012, chy e ,c’@}.

We may then represent the kernel of B by the image of the matrix C' €
RPEP(E-1) defined by

C:
& ... &

The matrix C defines an isomorphism C : RP(~1 — ker B and we may thus
reformulate the linear system of equations as

(R) CTACZ =CTf.

With the solution ¥ we obtain the solution x of the orginal system via
x = CZ. Since the columns of C are linearly independent the matrix C
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FIGURE 8. Snapshots of the iteration to minimize bending
energy of an elastic strip with boundary conditions leading to
the formation of a M&bius strip colored by its mean curvature
(top); stationary configurations for different triangulations
(middle); energy decay and constraint violation throughout
the iteration (bottom).
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has full rank. Hence, the symmetric matrix A= CTAC is positive defi-
nite and the linear system of equations A7 = f can be solved efficiently
with a preconditioned conjugate gradient scheme. The construction of suit-
able preconditioners has been discussed in [45] and the main issue in their
justification is to understand how accurate the approximation

(CTAC) '~ CTA™C
is. Straightforward manipulations show that the solution = of the saddle-
point system satisfies

ct=A'f - A'BY(BAT'BT)"'BA Y.
With the equvialent formulation (CT AC)Z = O f and = C7 we find that
x=C(CTAC)™ICTf.
Since C is orthogonal in the sense that CTC = L1y it follows that
(CTAC) ' =CTAlCc - CT(A'B"BA™'BT)"'1BA~!C.
This justifies the approximation (CTAC)™! ~ CTA™!C if the second term
on the right-hand side is small. Another relation is obtained by formally

applying the Neumann series

[e.9]
T'=> (I-T)
j=0
to the product T' = o(CTAC)(CTA~'C) with a suitable parameter 0 < o <
1 to deduce that

(CTAC) ' =p(CTATIOYI+(I-T)+(I-T)*+...).

Accepting the approximation (CTAC)™' ~ CTA~!C the next step is to
choose a preconditioner P for A, i.e., P approximates A~! and the multi-
plication by P is inexpensive, and use the matrix P=CTPC as a precon-
ditioner for A. Noting that C' is orthogonal this is justified by the spectral
norm estimate from [45],

|cTA™lC —CcTPC|| < ||A7! = P|.

A further discussion of related preconditioners in the context of micromag-
netics can be found in [41]. We illustrate the construction of the bases of the
null space and the performance of different solution strategies in the context
of harmonic maps into spheres.

5.1. Application to harmonic maps. Harmonic maps are vector fields
with values in a given manifold which are stationary for the Dirichlet energy.
In the case of the unit sphere, the vector field satisfies a pointwise unit-
length constraint. Already this simple case illustrates analytical difficulties
when dealing with constrained partial differential equations. In particular,
harmonic maps are nonunique even for fixed boundary values and may be
discontinuous everywhere, cf. [50]. Partial regularity results can be proved if
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a harmonic map is energy minimizing, cf. [56]. These observations underline
the importance of computing harmonic maps with low energy. We aim
at applying the concepts of the previous sections to the approximation of
harmonic maps and consider the following model problem defined with a
function up € C(9;RY) with |up(z)| = 1 for all 2 € 9Q which is the trace
of a function up € H'(Q;RY):

1
Minimize 2/ |Vul>dz  in the set
Q
A={ue H(QGRY) : [u(z)* =1fae z€Q, ulpn =up}.

Following [1I, 6] we discretize the admissible set A by piecewise affine vector
fields and impose the unit-length constraint in the nodes of the underlying
triangulation. This leads to the following discrete minimization problem:

(th)

Minimize ;/Q |Vuy|?dz  in the set

Ap = {up € ST lup(2)]? =1 fa. 2z € Ny, uplog = up i}

For a function uj, € S0(7;)? with nonvanishing nodal values we define
Fnlup] = {wy € SPOTE  wp(2) - upn(z) =0 fa. z € N, wplan = 0}.

With a gradient flow approach and a linearized treatment of the nodal con-
straint we are led to the following algorithm.

(Pl

Algorithm 5.1 (Gradient descent for harmonic maps). Choose u) € Ay,
and T >0, set k= 1.
(1) Compute dtuZ S fh[uﬁ_l] such that for all wy, € Fp [ul,z_l] we have

(deuf, wp)y + (Vul, V) = 0.
(2) Stop if HdtquH* < estop; Otherwise, increase k — k + 1 and continue
with (1).
The Lax—Milgram lemma shows that the iteration is well defined. Because
of the orthogonality condition we have that
k k—1 k k—1
Jub (2)* = |y, (2) + Tdpuy (2) P > Jug, ™" (2)?

which by induction gives [uf(2)| > -+ > |[ul(z)| =1 for k =0,1,..., K. If
the restriction of the inner product (-,-)s to S¥0(73)? is represented by the
matrix M then the linear systems in the iteration can be written as

M+71S BT] [VF]  [-SU*!

B 0 A 0
with the vectorial finite element element stiffness matrix .S and the constraint
matrix o1
up ()7
k—1
uy (22)7

k—
Uy, l(zp)T
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To define the matrix C' that provides an isomorphism from RP(4—1) onto
the kernel of B we need to compute for a given vector b € R%\ {0} an
orthonormal basis (ca,. .., cq) of its orthogonal complement. We proceed as
follows: if b is parallel to e; then we choose the remaining canonical basis
vectors (eg, ..., eq); otherwise, we set

@ z) b+ if d =2,
oy, Cq) = )
2T N (bx e, bx (bxer)) ifd=3,

where b denotes the rotation of b by /2, followed by the normalization
Cj :Ej/‘gj’ fOl“jIQ,...,d.

Example 5.2. Let Q = (—1/2,1/2)® and define up on I'p = 9Q for x € 0N

via
T

up(z) = —.
]

The employed triangulations Ty result from £ uniform refinements of a refer-

ence triangulation of S into six tetrahedra. The starting value u% e SYO(Ty)3

is defined by generating random nodal values of unit length.

Table [2| compares the following general strategies to solve the linear prob-
lems in the iterative solution of harmonic maps:

(1) Solve the original indefinite saddle-point system with a direct
solution method for sparse systems.

(2) Solve the reduced positive definite system with a direct solution
method for sparse linear systems.

(3) Solve the reduced positive definite system (]ED with the precondi-
tioned conjugate gradient method using a diagonal preconditioning
of the full system matrix CTAC.

(4) Solve the reduced system with the preconditioned conjugate gra-
dient method using the preconditioner CT(Li L] )~1C with the in-
complete Cholesky factorization A = LiCLiT: computed once.

We measured the average time needed for different discretizations to solve
the linear systems of equations using strategies (1)-(4). We always chose
the step size 7 = h, the stopping parameter e,c; = 108 for the relative
residuals in the preconditioned conjugate gradient scheme, and the stop-
ping criterion egop = h¢/10 in Algorithm We employed the H' inner
product to define (-, -), and used MATLAB’s backslash operator as a model
direct solver for sparse linear systems. From the obtained numbers we see
that the preconditioner particularly designed for the structure of the con-
strained problems with changing constraints clearly outperforms all other
approaches. However, it does not lead to mesh-size independent iteration
numbers for this example with a nonsmooth solution. We also remark that
we did not observe a further improvement when additional terms in the Neu-
mann series were used with a damping factor ¢ = 1. In a two-dimensional
setting with a smooth solution the complete Cholesky factorization led to
mesh-independent iteration numbers.
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saddle, direct | reduced, direct reduced, pcg reduced, pcg
#N; | (backslash) (backslash) (diagonal CTAC) | (incompl. Chol.)
125] 74x10 ° 32x10% [84x10° (11.9) [ 3.0x10° (6.0)
729 | 1.5 x 1072 6.5 x 1073 1.9 x 10~% (25.4) | 7.4 x 107° (10.2)
4913 6.0x 101 24x10° T [92x10 % (525) | 3.9x 10 * (19.9)
35937 | 3.4 x 10! 8.3 8.1 x 1073 (105.9) | 3.2 x 1072 (38.8)
274625 - E 11x10 T (2121) | 5.9 x 10 2 (76.1)

TABLE 2. Average runtimes in seconds and average it-

eration numbers of the preconditioned conjugate gradient
scheme (pcg) per iteration in parentheses for solution strate-
gies (1)-(4) for the constrained linear systems of equations
arising in the iterative approximation of harmonic maps on
triangulations 7; of the unit cube with mesh-sizes hy ~ 27¢,
£=2,3,...,6.

6. APPLICATIONS, MODIFICATIONS, AND EXTENSIONS

We address in this section the application of the developed methods to
the simulation of extended problems. In particular, we devise a numerical
method for simulating bilayer plates, discuss how injectivity can be enforced
in the case of elastic rods, and investigate a model that involves the thickness
parameter and thereby allows for describing situations in which low energy
membrane and bending effects occur simultaneously.

6.1. Bilayer plates. An important class of applications of nonlinear plate
bending is related to composite materials, i.e., structures such as bilayer
plates which are made of two sheets with slightly different mechanical fea-
tures that are glued on top of each other. The difference in the mate-
rial properties, e.g., concerning the response to environmental changes such
as temperature, allows for externally controlled large bending effects. In
bimetal strips one of the metals contracts while the other one expands lead-
ing in combination to the formation of rolls with prescribed curvature.

Hi—

[ —— -
[ ——

FIGURE 9. Schematical description of the bilayer bending

effect: the upper sheet contracts while the lower one expands

leading in combination to a large isometric deformation.

The preferred curvature is defined by the difference in elastic properties
of the involed materials and is explicitly visible in the dimensionally reduced
model identified in [53]. Following that work we consider a thin plate 25 =
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w X (—=d/2,6/2) and the inhomogeneous energy density

W((1+da)"'F) for z3 >0,

Wi f’F =
bt (23, F) {W((l —ba)"'F)  for x5 <0,

with a material parameter o € R. The energy density W is assumed to
satisfy the standard requirements stated in Section [2| so that Wy, is min-
imal for deformation gradients F which are multiples of rotations with
det F = (14 6a)® > 1ifzz3 > 0 and det F = (1 — da) < 1 for z3 < 0
corresponding to expansive and contractive behavior in the upper and lower
sheets, respectively. It has been shown in [53] that for deformations with
energy proportional to 63 a limiting, dimensionally reduced problem is given
by the following minimization problem:

N Minimize Iyyly] = / Qplate(1] — alz)dz’  in the set
bil w
A= {ye H*(w;R?) : (Vy)Vy = I, Lil[y] = 1}

Here, Qplate is the reduced quadratic form introduced in Section which
is applied to the difference of the second fundamental form I and a mul-
tiple of the identity matrix with a factor given by half of the jump in the
material difference divided by 4. This material mismatch introduces a term
that is similar to so-called spontaneous curvature terms in the context of
biomembranes described via the Helfrich-Willmore model. Note that in the
definition of Wiy the difference is 26a and its proportionality to the thick-
ness ¢ of the plates is important to avoid delamination effects. The reduced
model prefers deformations y that define surfaces with mean curvature «
and vanishing Gaussian curvature due to the isometry constraint. Hence,
rolling effects in one direction occur. In [54] global minimizers for Iy; have
been shown to be given by cylinders with radius » = 1/a. Recalling that
the quadratic form @Qpate is given by the scalar product

<M7 N>plate =caM:N+c tI‘(M) tI‘(N),
we do not have the property that the integrand is proportional to |D?y|? as

in the case of a single layer or two identical materials corresponding to the
case a = 0. Instead we infer

Qplate(II - aIZ) = Qplate(II) - 2a<lla 12>plate + a2Qplate(I2)-

Because of the isometry condition the first term is proportional to |D?y|?
while the third term is a constant ¢, which is irrelevant for the minimization
process. For the second term on the right-hand side we have

—2a(I1, Is)plate = —2a(c1 + 2¢2) tr(11).
Therefore, using I1;; = —0;0;y - (O1y X O2y) we have
Qplate(II - aIQ) = Cb|l)2y|2 + 20csc Ay - (813/ X 629) + Ca-

Convergent finite element discretizations and iterative strategies for the nu-
merical solution of the bilayer plate bending problem have been devised in
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the articles [14] [13] extending the ideas described in the Sections[3.2/and
The iterative scheme of [I4] is unconditionally stable but requires a subit-
eration, i.e., the solution of a nonlinear system of equations in every time
step, which limits its practical applicability, while the scheme used in [13] is
explicit and efficient but can only be expected to be conditionally stable. We
devise here a new semi-implicit scheme with improved stability properties.
The set of admissible deformations Ay, and the tangent spaces Fp[yp] are
defined as in Section and we set

Apvp, = tr D}ZL’Uh

for a function vy, € SY(7;,) with a componentwise application in the case of
a vector field. The discretized energy functional describing actuated bilayer
plates is therefore given by

C ~
Ilyn) = Eb / |Dhyn|® dz’ + acge / Z ' [Anyn - (Oryn x Bayp)] da’.
w w

A uniform discrete coercivity property of this discretization has been es-
tablished in [14]. The new iterative minimization from [16] uses an explicit
treatment of the spontaneous curvature term.

Algorithm 6.1 (Gradient descent for bilayer plates). Choose yf) € Aj, and
T>0, setk=1.
(1) Compute dyyf € FylyF™"] such that for all wy, € Fulyy '] we have

(dtyﬁ,wh)*—i—cb(D,%y}’f, D,%wh) = —QCqc / ffll’o [Ahwh-(ﬁlyﬁ_lxagyﬁ_l)] da’

w
— Cse / f}lL,O [Ahyﬁfl . (813/571 X Ogwp, + O1wy, X 82y271)} da’.
w
(2) Stop if ||deyFll« < estops otherwise increase k — k + 1 and continue
with (1).

We show that the iteration of Algorithm[6.1]is energy stable on finite time
intervals under a moderate condition on the step-size resulting from the use
of an inverse estimate. To formulate it, we first note that we assume that
the boundary conditions imply a Poincaré type estimate

[V wp||n < cp||Djwy ||

for all wy, € S¥U(T;,)3 with LPw,] = 0. With this estimate one verifies
that the mesh-dependent estimate

IVwn L < Cinyl 10g hin || Djwn ||,
holds for all wy, € S¥(7,)3 with LP![wy] = 0 and with the minimal mesh-
size hmin-
Proposition 6.2 (Convergent iteration). The iterates of Algorithm[6.1] are
well defined. Assume that we have

[Dfwnlln < exllwnl«



36 S. BARTELS

for allwy, € S™(T,)? with LY wy] = 0. Then there exist constants cyi, chy >
0 such that if T|10g hmin|? < ¢y for L=10,1,...,K < T/7 we have

L

I{}il[yf[;] + (1 = cpi|log hmin|)72 IIdty;’iHi < I}?ﬂ[yg],
k=1

and

omax VATV — Bl < 2rch | 1og hun Peon

where eq p, = I{}il[yg].

Proof. We argue by induction and assume that the estimate has been estab-
lished for L — 1. Choosing wy, = dty,’f and using Hoélder’s inequality shows
that for £ < L we have

cp
||dtyfl§H3 + EdtHDizzyi]ﬂF

< acse|| Andeyi I ll0rys 1)l O2y |l Loe
|A k—1 b k—1 o ||Ood k:| b k—1 || d k‘|
+acsel| Anyy, n (11019 lege 102deyy I + 110295 Ml 2ge |01y |In) -

Absorbing terms involving dty,"; on the left-hand side and noting that terms

involving y,’ffl are bounded because of the bounds for £ < L — 1, we find
that

T Cp Cp k—
§Hdty’;§||3 + gllDiyﬁlli < SIDRys IR +re < .

Here, we also used that the discrete energy is coercive. With this interme-
diate estimate and the orthogonality condition encoded in the definition of
fh[yf_l] we infer with y¥ = yz_l + TdpyF that

[Vyh()]TVyi(2) = [V ()T Yy~ (2) + 72 (Vi ()] T Ve (2)
and hence with the inverse estimate we obtain the suboptimal estimate that
AR Lyl < cr|log huin) *e0,n < .

To obtain the energy bound we note that a discrete product rule shows that
the discrete time derivative of the spontaneous curvature term is given by

dy / f}ll,o [Ahyllz . (813/,]: X 82yﬁ)] dz’
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Comparing this expression with the right-hand side of the equation in Step (1)
of Algorithm with wy, = dty}’f leads to

cp
Ideyi |17 + deIly[yR) + T;\IdtD%y;’ill2
= ey / fi’o [Ahdtyﬁ . (81y§ X agyl,fb — 81y,li_1 X 823/,’2_1)] da’
w

+ acse / Iy° [Apyr - (Oudeyf x B2 (yf — yit)] do’

< cl|Andeypln (1019h |l Lse T O2deyhlln + 10195 e 71 O2duyi 1n)
+cllAnyy HInTllO1dey ||| O2deyy | 5o -

We use the estimates H(?jdty,'jHLzo < c|10g hmin|||deyf ||« and H(?jy,li_éHLzo <c
for j = 1,2 and ¢ = 0, 1, to bound the right-hand side by 7| 10g Amin|¢”’||dyL ||.
This leads to

(1 — "' 1og huin|) | deyi |12 + de Il lys) < 0

and proves the asserted energy estimate. With this bound we also obtain
the improved bound for the constraint violation error. O

The good stability properties of the newly proposed numerical scheme
are confirmed by a numerical experiment whose outcome is visualized in
Figure The setup uses a rectangular strip of length L = 10 and width
w = 4 that is clamped at one end. The spontaneous curvature parameter is
a = —1 and we have ¢, = 1 and ¢;c = 1. The figure shows snapshots of the
evolution on a grid with medium mesh-size and stationary states for different
triangulations with mesh-sizes h proportional to 2%, ¢ = 1,2, 3. The step-
size was always set to 7 = h/20. The stopping criterion was chosen as
Estop = 1073, Because of the extreme geometry and the large deformation
the asymmetry of the underlying triangulations is reflected in the numerical
solutions but this effect disappears for smaller mesh-sizes. The theoeretical
results about the energy monotonicity and controlled constraint violation
are confirmed by the bottom plot of Figure

6.2. Selfavoiding curves and elastic knots. A strategy for finding use-
ful representatives of knot classes, i.e., closed curves within a given isotopy
class with particular features, is to minimize or decrease the bending en-
ergy within the given class via continuous evolutions defined by a gradient
flow. To ensure that the flow does not change the topological properties
of the curve, appropriate terms have to be included in the mathematical
formulation. To this end we add a self-avoidance potential to the bending
energy that prevents the curve from self-intersecting or pulling tight, i.e.,
we consider flows determined by functionals

L
cp
1o =3 [ WP s+ 0Ty
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FicGure 10. Iterates in a bilayer bending problem with

clamped boundary condition on one end of the strip. The
plate immediately bends everywhere and evolves into a mul-
tiply covered tube (top); discretization effects like asymme-
tries disappear for finer triangulations (middle); the energy
decreases monotonically and becomes stationary (bottom).
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in sets of curves satisfying periodic or, e.g., clamped boundary conditions.
We refer the reader to [46] for a general discussion of appropriate functionals.
A functional that turned out to have several advantageous features is the
tangent-point functional proposed in [39]. It is for a C! curve y : [0, L] — R3
defined via the tangent-point radius r(x, z) which is the radius of the circle
that is tangent to y in y(x) and intersects the curve in the point y(z). For
curves that are parametrized by arclength we have

T'y(.’IJ,Z) _ 1 ’y(.’L‘) — y(Z)‘

2 |y'(x) x (y(z) —y(2))l
which follows from investigating the geometrical configuration sketched in
Figure If 2z — 2 then we have that ry(x,z) converges to the inverse of
the curvature of the curve y at z. If otherwise y(x) — y(z) for fixed = # 2
then the radius converges to zero as depicted in Figure An alternative
choice is the use of the Menger curvature which is discussed in [59)].

ry(z, 2)

FIGURE 11. The tangent-point radius ry(x, z) of a curve y
is the radius of the circle that is tangent to y in y(x) and
intersects the curve in y(z).

The tangent-point functional TP is for an exponent ¢ > 1 defined via

20 (L orL 1
TPly] = / / ———dzdz.
q Jo Jo ry(w,2)?

The exponent has to be suitably chosen so that singularities corresponding to
a vanishing tangent-point radius are sufficiently strong to lead to an infinite
value of the functional. Thereby, an energy barrier is defined that separates
different isotopy classes. The functional TP has important and remarkable
features.

Remarks 6.3. (i) If the arclength-parametrized curve y € C1([0, L]; R3) is
injective then TP[y| is finite if and only if y € W*~1/%4(0, L;R3), cf. [22].
(it) For all M > 0 and q > 2 there exists a constant cprg > 0 such that
for all arclength-parametrized curves y € C1([0, L];R?) with TP[y] < M we
have the bi-Lipschitz estimate |x — z| < carqly(x) —y(2)] for all z,z € [0, L],
cf. 23]. In particular, TP is a knot energy in the sense that for a family
of curves (yx)ken converging pointwise to a curve with self-intersection, the
values TPlyx| blow up, cf. [63] 46} [60] 23].

(iii) The functional TP is twice continuously differentiable with bounded
variations and L' integrands, cf. [23, [17].
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B e Ny

ry(x,2) (z,2 —>1//~€y()
asy()%y() as z — x

FiGURE 12. Situations in which the tangent-point radius
approaches zero leading to a singularity in the tangent-point
functional TP (left and middle); as z — z the tangent-point
radius approximates the inverse of the curvature of y at x
(right).

To decrease the total energy I'°' of a given initial curve yy within its

isotopy class we use a discretization of the evolution
Oy, w)s + eu(y”, w") + TP [y;w] = 0

subject to the linearized arclength conditions 0y -y’ = 0 and w' -y = 0.
The discretization uses the ideas outlined in Sections [3.1] and 1] with an
explicit treatment of the potential.

Algorithm 6.4 (Gradient descent for selfavoiding curves). Choose an initial
y2 € Ay, and a step-size T > 0, set k = 1.
(1) Compute dyy¥ € fh[yk_l] such that for all wy, € ]:h[ylli_l] we have

(deyr s wn)s + en ()", wh) = —0TP [yy ™' wa).

(2) Stop the iteration if ||diyf ||« < estop; otherwise, increase k — k+ 1 and
continue with (1).

The explicit treatment of the potential has several advantages. First, we
obtain linear problems in the time steps. Second, we avoid the inversion of
fully populated matrices. Third, the assembly of the vector on the right-
hand side can be fully parallelized without communication costs. Finally,
we do not change the stability of the iteration compared to a fully implicit
time stepping scheme since the potential does not have obvious convexity
properties. Using the differentiability properties of the functional TP and
assuming that the flow metric is the H? scalar product, it has been shown
in [I7] that the conditional energy decay property

L yw] + (1= epr)7 ZHdtth*_ L [yp]
k=1

holds for all 0 < L < K < T/7 with a finite time horizon 7" > 0. This
inequality implies the convergence of the iteration to a stationary configura-
tion. Since the total energy is bounded uniformly, the values of the potential
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remain controlled so that in case of a sufficient resolution no self-contact or
topology changes can occur.

The good stability properties and corresponding selfavoidance behavior of
the numerical scheme are illustrated by the snapshots of configurations and
the corresponding energy decay shown for a generic setting in Figure We
observe that the curve relaxes to a curve with equilibrated curvature and
which is nearly flat. While the total energy decreases the (unscaled) tangent-
point functional increases. In the experiments we used the model parameters
c, = 10, o = 1073, ¢ = 3.9. The initial curve belongs to the knot class 81,
cf. [51], and has a total length L =~ 45.45 which is accurately preserved
during the evolution. To compute the evolution we used a partitioning of
the reference interval into 551 subintervals. The step-size 7 was chosen
proportional to the mesh-size h.

6.3. Foppl-von Karman model. The nonlinear bending model discussed
in the previous sections is not suitable to describe certain phenomena such
as the formation of wrinkles which occur for very small energies. In order
to describe these effects in a dimensionally reduced model it is essential to
involve the thickness parameter § > 0 as this number determines the oscil-
lating or nonsmooth behavior of deformations. A model that captures such
effects is the Foppl-von Karman model which can be identified via different
scalings of the in-plane and out-of-plane components of a three-dimensional
deformation when § is small. It determines a planar displacement u : w — R?
and a deflection w : w — R as a minimizing pair for the energy functional

52 1 [ -
It [u, w] :2/ D2w2dx+2/ 5(u) + Vw @ Vw|? d

in a set A of admissible pairs contained in the product space H'!(w;R?) x
H?(w). Here, we use the symmetric gradient

&(u) = 2sym(Vu) = (Vu)" + Vu
and the dyadic product
Vw ® Vw = (Vw)(Vw)T,

where Vw is understood as a column vector. We refer the reader to [20),
27, 35, [37] for justifications of this minimization problem as a simplification
of three-dimensional hyperelastic material models. It has been shown rig-
orously in [44] [62] that the presence of the parameter ¢ leads to minimizers
with wrinkling patterns whose geometry is determined by the parameter 9.
This is done by identifying optimal scaling laws of the energy in terms of 9,
cf. [20, B0] for further examples. Only a few numerical methods for mini-
mizing the Féppl-von Karman energy are available, cf. [28] for an abstract
investigation.
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FiGURE 13. Snapshots of an evolution from a polygonal

initial curve after different numbers of iterations. The curve
relaxes to a configuration that is close to a multiple covering
of a flat circle (top). The total energy decreases monotoni-
cally while the contribution of the tangent-point functional
remains controlled (bottom) so that the curve preserves the
isotopy class defined by its initial configuration.
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To minimize the energy for given boundary conditions we follow [12] and
again adopt a gradient flow appraoch defined by the system

(Ow, v)* = —~? (D2w, Dzv) — 2(\Vw]2Vw + &(u)Vw, Vv),

(&tu,z)T = —(e(u),e(2)) — (Vw ® Vw,&(z2)).

Here, (-,)« and (-,-); are inner products on H?*(w) and H'(w;R?), respec-
tively, and we used the identities [a®a|? = |a|* and M : (a®b) = (Ma)-b =
(Mb) - a for a symmetric matrix M € R?*? and a,b € R?2. The tempo-
ral discretization of the system decouples the equations via a semi-implicit
evaluation of different terms. In particular, given (u*~!,w*~1) we compute
(uF, w") such that

(dtwk,v)* = 2 (D2wk, D2v) - 2(|Vwk|2Vwk + (W Vw12, V),

(dtuk,z)T = —(5("),2(2)) — (V" ® Vo, &(2)),

for all (v, z) satisfying appropriate homogeneous boundary conditions. The
k=1/2 ig defined for subsequent approximations w* and w*~! via

Wh1/2 %( E b,

average w

The unconditional stability and energy decay of the iteration follows from
choosing v = dyw* and z = dyu* and exploiting a discrete product rule,
cf. [12] for details. The problems in the time steps determine minimizers
of certain functionals and if 0 < 7 < 7 then these functionals are strongly
convex and minimizers are uniquely defined. Correspondingly, we expect
the Newton scheme to converge provided that the step-size 7 is sufficiently
small.
For a full discretization we use the set of admissible pairs

Ap = {(un, wp) € SY(Th)? x S™(T3) : Lc[un, wp] = lyc]
and the corresponding homogeneous space
Thw = {vn € S™(Th) : Lucwlvn] = 0},
Fhu={2n € 8 (Th)? : Luculzn] = 0}.
To avoid an unnecessary small uniform step-size 7 we instead use variable

step-sizes (T )k—0,1,... that are adjusted according to the performance of the
Newton scheme using the following rules:

(i) decrease 7, until Newton scheme terminates within Ny, iterations,
(ii) set 7x4+1 = min{27y, 10"} for next time step.
The parameter r > 0 defines an upper bound for the step-sizes and avoids

a numerical overflow. The ideas lead to the following algorithm.

Algorithm 6.5 (Gradient descent for Foppl-von Kdarman functional). Choose
(ul, w?) € Ap, an integer Nyax > 0, stopping tolerances esop,en > 0, and
an initial step-size 71 > 0, set k = 1.
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(1a) Repeatedly decrease Ty, until the Newton scheme terminates within Niax
steps and tolerance ey to determine dtwﬁ € ]-'2@ such that

(dtwlli, Up)x = —~? (D%wﬁ, D%vh)
- 2(|Vw,lf|2Vw,]§ + g(uﬁ_l)VwZ_lﬂ, Vop),-

for all vy, € ‘F}(z),w'
1b) Compute dyuf € FP  such that
( h hyau

(de(up), E(zn); = = (E(up), E(zn)) — (Vwh © Vawy,E(zn)),,

for all zp, € ]:Ig,u‘

(2) Stop if ||dew ||« + ||diE(uf)||+ < estop min{1, 7 }; otherwise, define
Tht1 = min {27, 10"},

increase k — k41, and continue with (1).

Note that in the algorithm a stopping criterion is used that is propor-
tional to the step-size which is important in the case of small step-sizes.
To illustrate the performance of the algorithm and features of the mathe-
matical model we follow [12] and consider the compression of a plate along
one of its sides. Particularly, we let w = (—1/2,1/2) x (0,1) and compress
the side {0} x [—1/2,1/2] by 10 percent which defines the boundary data
for the in-plane displacement u. We use homogeneous clamped boundary
conditions along the same side for the deflection w. The results shown in
Figure [14] confirm the formation of wrinkling structures. These depend on
both the numerical resolution and the thickness parameter. Moreover, the
energy decay shown in the bottom plot of Figure indicates that these
are only obtained within a reasonable number of iterations if an adaptive
step-size strategy is used.

7. CONCLUSIONS

We have addressed in this article the accurate finite element discretiza-
tion and reliable iterative solution of nonlinear models for describing large
deformations of elastic rods and plates. To avoid unjustified regularity as-
sumptions we have adopted the concept of I'-convergence and thereby proved
convergence of approximations. To compute stationary configurations of low
and possibly minimal energy we have used gradient flow discretizations that
are guaranteed to decrease the elastic energy and preserve inextensibility
and isometry constraints appropriately. These two concepts leave a theoret-
ical gap in the sense that the framework of I'-convergence is concerned with
global energy minimizers while gradient flows can only be expected to deter-
mine stationary configurations. However, I'-convergence goes beyond global
energy minimization and gradient flows typically avoid unstable critical con-
figurations. These properties are convincingly confirmed by our numerical
experiments which did not employ any a priori knowledge about expected
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FIGURE 14. In-plane deformation and bending energy den-
sity |D?wp,| of the numerical approximations for the Foppl-
von Kédrman model with compressive boundary conditions for
different triangulations with mesh-sizes h = 27, £ = 6,7,8,
and fixed 6 = 1/200 (top); for 6 = 1/40, 1/160, and 1/640
on a fixed triangulation with A = 2=7 (middle); energies and
step-sizes for uniform and adaptive time-stepping (bottom).
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solutions. The state of the art of reliable methods for computing nonlinear
bending phenomena leaves open several aspects such as the development of
optimal preconditioners, adaptive refinement of stress concentrations, deter-
mination of convergence rates, effective combination with membrane effects,
or simulation of realistic dynamic models open. We believe that the meth-
ods presented in this article can be useful in investigating them in future
research.

Acknowledgments. The author wishes to thank his coworkers in various
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