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Curved folding

Nature & Art: Unfolding of a ladybird’s wings, curved origami

Source: University of Tokyo,
The Sydney Morning Herald

Aldrovanda vesiculosa
Source: Axel Korner

Source: Jun Mitani,

Curved-Folding Origami Design

Flectofold construction
Source: Axel Korner
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Differential geometry

Isometries: Piecewise smooth isometry y : w — R?

(Vy)'Vy =Dy

Folding arcs: Folding curve b : | — @ maintains //iﬂ
geodesic curvature x under isometric deformation " T

Darboux frames: Normals n’ define Darboux frames

rf = [fy',nz,fy’ x n‘]€S0(3), y=yob

Folding angle: Since frames share tangent
r* = R(0,7)r"

Curvatures: Geodesic k = (r{)" - rs and normal uu* = (r{)’ - r{ curvatures and
torsion 7% = (r}) - r{ related via, unless 6 € 277,

K sin (g) = +4 cos (g), =71

Related: Simpler version in [Duncan & Duncan '82]
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Real-life verification

Implications: For deformed plate along crease C
» if k = 0 then either unfolded or folded back or @ constant and =0
» if k # 0 then either unfolded or x* # 0 and 0 uniquely defined

Related: Periodic kirigami structures (e.g., maps and deployable structures)
P [Liu, Choi, Mahadevan '21] 17 patterns define periodic tilings of the plane

P [James & Liu '22+] Origami structures with curved tiles between creases
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Modeling

3D hyperelasticity: Energy functional for deformation y : Q — R*

I3d[y]=/QW(x,Vy)dx—/Qf-ydx

with isotropic and objective density W : R3*3 — R>q

W(lzx3) =0, W(QFR)= W(F) VQ,R € SO(3)

Prepared material: Material softer along arc C C w

N

Model reduction: Q = w x (—§/2,§/2)

» narrow region Cs, soft material Cs

» Vy discontinuous along C

For isometry y € H*(w \ C;R*) N Wh(w; R?)

1
/fold[y]: 2/\ ‘D2y|2dx—/f-ydx
w\C w

Proof: [B., Bonito & Hornung '22] following [Friesecke, James & Miiller '02]
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Discontinuous Galerkin method

Discretization aspects:
» fourth order problem with pointwise nonlinear constraint
» approximation of curved interface with gradient discontinuity

Conceptual dG approach: Discrete energy functional

1
In[yn] = 5/ |D/%Yh\2d><—/ fyn dx

+ 2 [ ntiinlfas+ 2 [ vl ds
2 Je 2 Jere,

with constraint
(Vayn) Viyn = oxa Vxg € Qp

Analytical difficulties: Parameter selection and interface accuracy
» optimal consistency avoiding overpenalization
» approximation order for approximated interface

» choice of quadrature points to avoid locking

Related: dG for 2nd order interface problems [Cangiani, Georgoulis & Sabawi '18]
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Simple dG for a linear model

Linear model: Small deflections, no isometry condition
1
hin[u] = 5/ |D?ul? dx —/ fudx, wue H'(w)NnH(w\ C)
w\C w

Euler-Lagrange equation: Biharmonic problem away from C
Au=f inw\C
Interface conditions: Along interface C
[ul =0, 9,Vu=0, [0,Au] =0
DG method: For curved partition 7 with interface Cy (= C)
(f,vn) = (D2u7 Dth)B(w\c,,)

+ {0V ul, [Vavil) 2evc,) + Vvl [VUl) i2e\ ¢,

— ({0 aul, [val)i2e) — ({OnBrvi}, [ul) 2

+ (T VUl IVaval) 2o ey + 0 (b [ul, [val) i2(e)
Lax-Milgram: For appropriate BCs and 70,71 sufficiently large

Hup e Vi, an(un,va) = (F,ve) Yvh €V,
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Error estimates

Curved elements: Isoparametric ¢ : T — T with [Lenoir '86, Ern & Guermond '21]

HDszHLOO(?) <chy, 2<s<k+1

» Interpolation estimates from [Bonito, Nochetto & Ntogkas '21]

Discretization: For C = C,, standard procedure gives

[|u — uplldc < hk_l”““"’k“(W\C) for k > 2
T Al o for k =2

Interface approximation: For u € H*(w\ C) and ux € H*(w\ Ch)
1Dk (u = @)l < ch*~* (| Dhi| + [ Vi)

Idea of proof: Map ux from Q\ G, to Q\ C via tx|r = ux o @7
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Experiments: Effect of crease

Test 1: Two sides clamped, no vs. quadratic interface

0266

Conclusion: Crease significantly affects bending behavior
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Experiments: Convergence rates

Test 1: Linear interface approximation, quadratic elements

4 u—unllac
100 F[ = B T,

o |02 1%,y 4
- h b
100

107!

1072 10t 10°

Test 2: Quadratic interface approximation, quadratic elements

- -l
10" F = 1AV [un] I, 1
o |2 nunllly :
- h
10" =
107! 1
1072 10t 10°

Meshsize b

Observation: No difference for quadratic vs. linear crease approximation
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Discrete Hessian

Discrete Hessian: From [Ern & DiPietro '10, Pryer '14, Bonito, Nochetto & Ntogka '20]

Halys] = Diyn+ > be(lyl) = > re([Vayal)

ec& ecE\Cy

with local lifting operators
/ be(¥) : Thdx = /{divh Th} - netp ds, / re(¢) - Thdx = /{Th}ne -¢ds
Consistency: For test function ¢ with supp ¢ not intersecting C
/Hh(yh) fodx = / yh - div Div ¢ dx — /[[yh]] Div[p—Zn¢] - ne ds
w w &

+ [ 19mllo-Tadlne ds+ [ (Be(lynl) - Re(ITmal) : [6-Tnd] dx,
£ w
with sum of green terms vanishing by definitions of b. and re

For h — 0 and Hx(ys) bounded in L? and w.r.t. || - 4

/wz/):¢dx=),m/ldHh(yh):qbdxz/wy~divDiv¢dx
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Discrete folded isometries

Discrete energy: With discrete Hessian
1
bl = 5 [ 1Hhom)Pdx = [ fndde
V1 —1/2 2 70 .—3/2 2
+ ?Hh [Vaynlllizene,) + 5”’7 Dynlllioe)

Relaxed isometry: For suitable tolerance and quadrature points

‘V}/h(X)TV}/h(X) _H2><2| <en Vx€Q

Well-posedness: Unconditional existence of discrete minimizers from coercivity

aolyslze < Ihlyn]

for all v0,71 > 0 (fixed) with

1/2 3/2

2 2012 = 2 = 2
yaldg = I Dhynll” + 1A~ “[Vayalllzuer e,y + 1A~ “Tyalllizue)

Stability: If /5[ys] < c then ||ys||ss < ¢’ and weak limits y satisfy

1Ty] < liminf Ix]yn]
h—0
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Iterative solution

Gradient descent: Compute tangential corrections d;y” € F[y" '] via

(dty"7 W)* + oz(DQy"7 D2W) =0

for all w € F[y""!], with linearization of [G]* = GG A
L dVy"
Fll={we W :Vw'Vy+Vy Vw =0}, vyn—1< ;Tdtvyn

set y" = y" L 4 7d;y"
Proposition [B. '13]. If [Vy°]* = Lrx2 and ||[Vw|| < c.||w]|.
() 1"+ Zldy 2 < 1",
(i) NVy"P = laxelln < Erlly°]:

» unconditional stability and well-posedness, choose w = d:y"
» no projection — progressive violation of isometry constraint

[Vy'P = [Vy" P+ PdVy'T = =Taxa + 72 ) _[d:Vy'T
=1
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Experiments

Test 1: Curved arc on rectangular plate with compressive BCs

Challenges: Choice of initial deformations, instabilities, lack of regularity
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Variational convergence

Methodology: Lack of Euler—Lagrange equations, use '-convergence
» Stability, i.e., if Is[ys] is bounded then there exists y € H2 (w \ C)

Yh— Yy and /[y] < liminf lh[}’h]
h—0
» Consistency, i.e., for all y € H2, (w \ C) exists (yh)n>o
yh—y and [[y] = lim ls[ys]
h—0
Theorem [De Giorgi '75] Convergence of (almost) minimizers

Approximability: Density of smooth folded (nearly) isometries as [Hornung '08]
for unfolded isometries or [Bonito et al. '21] approximate isometries

Smooth minimizers: If y € H*(w \ C) then yj, = Ty satisfy

nyh — D2y strongly in LQ(w\ C) = Iy = 1ly]

Optimality: Density result determines choice of parameters
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Babugka's plate paradox

Babusgka’s plate paradox: Solutions on
polygonal domains of linear bending problem /
not convergent to solution on curved domain \
for simple support (free normal on boundary)

S —A%y, =1

\ n|ow, =0

Uy /> u
Clamped BC: No failure for ulg., = Vu|s, = 0 (density of C5°(w))
Critical identity: Variational interpretation [Bonito '22+]
/ |D?ul® dx = / |Au|2dx+/ K| Vul|® dx
w w ow

with curvature k = 0 for piecewise linear boundary
Isometries: Developable surfaces characterized by |D*y|? = |Ay|? = H?

Questions: Babuska's paradox in view of isometries
» Consequence of incorrect linearization ?

» Interpretation of interface condition for folds?
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Switching and material failure

Observation: Cardboard box shows material fatigue

Explanation: No finite energy path among isometries

Foppl-von Karman model (no fold): Different scaling of in-plane deformation
and deflection [Friesecke, James & Miiller "06]

2
Ievie[u, w] = 77/ |D2W|2dx+%/ |€(u)+VW®VW|2dx—/ fv dx

Experiment: Quasistationary switching via f between spherical states for
compressive BCs

Analysis: Break of symmetry [Conti, Olbermann & Tobasco '15]
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Back to insects

Question: Relation to thin sheet folding of insect wings?

[Haas & Wootton '96] Hindwing folding of cockroach Diploptera punctata
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Source: [Haas & Wootton ‘96]
Source: [Haas & Wootton ‘96]

Interpretation: Discrete curvature realization of flapping mechanism
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Summary

» Large deformation folding from 3D hyperelasticity
» Characterization of admissible folds

» DG method suitable for 4th order curved interface problem

» Ongoing and future work:

> Density result for folded isometries
> Fast iterative solution, initial configurations

> Nonlinear variant of Babuska’s plate paradox 7

» A source of inspiration:
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