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Introduction

“Harmony and Harmonicity — If you fall in love
with harmonic functions your mathematician’s soul
will never come to rest unless you comprehend the
origin of their irresistible appeal and beauty. And if
you are bent on spaces, manifolds and maps you start
researching for the geometric habitat of harmonicity.”

— Misha Gromov, May 2000, Preface of [EF01]

Geometric partial differential equations and their analysis as well as numerical simulation have
recently attracted considerable attention among pure and applied mathematicians. Motivated by
interesting applications such as general relativity, micromagnetics, liquid crystal theory, biophysics,
and medical image processing, significant progress has been made in the mathematical understand-
ing of evolutionary and stationary partial differential equations from, into, and between surfaces
within the last two decades. While the properties of solutions of partial differential equations with
values into surfaces with symmetries such as the unit sphere are now relatively well understood,
only few results are available in the general case. This thesis aims at contributing to the devel-
opment and analysis of approximation schemes for such problems. In the remaining part of this
introduction, we present geometric partial differential equations as mathematical models of certain
physical processes, discuss analytical properties of solutions, indicate difficulties in the numerical
approximation, and summarize the main contributions of this work.

Mathematical models leading to geometric partial differential equations

Micromagnetics. A good understanding of magnetic material behavior at small scales is impor-
tant for the development of new storage media. The magnetization field of a ferromagnetic body
occupying the domain © C R? describes the orientation of the elementary magnets in an averaged
or statistical sense and is in a constant temperature scenario modeled as a unit length vector field
m: 2 — S2. Following the argumentation of Landau and Lifshitz [LL35], the actual magnetization
field minimizes the energy functional

ELL(m):A/ |Vm|2dx—|—Ka/g0(m)dx—|—% ‘Hind‘QdCE—/Hext'mdx
Q Q R3 Q

among all possible magnetizations. The factors A, K,, juo are given constants, the function ¢: §% —
R is an anisotropy energy density that models preferred directions of the magnetization, and H.:
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represents an applied magnetic field. The induced magnetic field H;,, generated by the magnetized
body € is given by H;,q = —VU where the scalar function U solves

—AU = ualdivm

in the distributional sense in R®. The micromagnetic energy E*F is capable of describing var-
ious fascinating phenomena such as thin film magnetization patterns observed in practice; the
article [DKMOO05] surveys recent analytical developments in this direction. The computation of
stationary points of E*F is a difficult task owing to the non-convex side-constraint m(z) € S?
for almost every x € (). Popular numerical strategies penalize the constraint or employ projec-
tion methods to overcome this problem; we refer the reader to [Pro0l, KP06] for an overview
of numerical methods in micromagnetics. Stationary points of EX" can also be detected through
the Landau-Lifshitz-Gilbert dynamics defined by the time-dependent, non-linear partial differential
equation
oym = —m x VELE (m) — ym x (m x VELL(m)),

with the Gateaux differential VE* of EXL, see [Vis85]. The precise mathematical properties of
solutions of this evolutionary geometric partial differential equation are not entirely understood,
see [Mel05, Ko05] for partial regularity results, and numerical simulations can provide valuable
insight [BKP07]. While the Landau-Lifshitz energy EIL i widely accepted as an appropriate
mathematical model of certain micromagnetic effects, more realistic models have to take tempera-
ture variations into account and then the unit sphere may not be the right target manifold.

Liquid crystals. Another interesting energy functional that acts on vector fields with values in
a surface arises in liquid crystal theory. In a mathematical modeling due to Oseen [Ose33] and
Frank [Fra58], see also [Vir94, dGP93], the vectorial quantity u: @ — S? models the orientation
of the rod-like molecules that constitute the liquid crystal which occupies the domain Q C R3. A
penalization of high energy states such as bend, splay, and twist configurations and consideration
of certain symmetries lead to the functional

EOF(u) = / k:1|divu|2 + k:2|u . Cur1u|2 + k:3|u X Cuﬂu‘2 + (ko + /€4)(‘Vu‘2 _ (divu)z) de.
Q

Low energy configurations are preferred and this naturally leads to searching for stationary points
of the energy functional E?¥. The mathematical model captures important effects of liquid crystals
such as point singularities, but it cannot predict other important phenomena such as line singu-
larities. This latter deficiency can be overcome by replacing the target manifold S? by the real
projective plane RP? which identifies opposite points on S? and thereby respects the head to tail
symmetry of certain liquid crystals, see [Jos86, EL80, Bal07] for related analytical aspects.

Biomembranes. A much less understood energy functional associated to a geometric partial
differential equation, is the Willmore energy [Wil93] of surfaces, defined for a sufficiently smooth
submanifold S by

EY(S) = %/SHQ ds

for the mean curvature H of S. We refer the reader to [KS02a, KS02b] and [DD06, Rus05, CDD'04]
for related analytical and numerical aspects. The Willmore functional gives the elastic bending
energy of the surface S which is the unknown in the model. Slightly more general models in
biophysics incorporate “spontaneous curvature” defined by a constant Hg in the model and then

iv



an optimal S models the shape of a membrane. A simple mathematical description of the shape of
a membrane and its interaction with the surfactants in the two lipid bilayers is due to [FG97] and
seeks stationary points of the functional

EFY(S,Q7,Q7) :%/gKM(H—HQ)2+2ﬁgK+aK: (@t — Q) +B|VQ + 8|vQ|* ds.

In this model, Q* = nt ® nt — Isy3 for nt € S? are the order parameters corresponding to the
director fields n* of the upper and lower sheet of the bilayer, K is the Gaussian curvature of S,
K a curvature tensor, and «, 8 are given constants. This energy generalizes mathematical models
from [Can70, Hel73, Sei97] by combining the Willmore functional with a simplified liquid crystal
energy and coupling the unknown quantities through the third term in the functional.

The first two described mathematical models defined through the functionals EXY and E9F
reveal that partial differential equations that define functions with values in a surface have important
applications and that the unit sphere as a target manifold may be too restrictive in some situations.
The Willmore functional is beyond the scope of this work but the coupled energy EXC motivates
to study energy functionals that are defined on surfaces.

Harmonic maps between surfaces and their properties

In the so-called equal-constant setting k1 = ko = k3 = k4 in liquid crystal theory or in models
of ferromagnetic bodies of small diameter, the aforementioned energy functionals E9f and ELF
reduce to the Dirichlet energy

E(v) = %/M |VMU‘2 ds. (1)

Here we replace the physical domain €2 by a submanifold M C R™ and introduce the tangential
gradient Vj; on M. Given another compact submanifold N C R™ without boundary which serves
as the target manifold, a weakly differentiable vector field u: M — N is called a harmonic map
into N if it is stationary for £ with respect to compactly supported, tangential perturbations. This
is true if u is a weak solution of the non-linear partial differential equation

—Ayu = An (u) [Varu; Vagul (2)

with the second fundamental form Ay on N see, e.g., [Str00, FMS98] for a derivation of (2).

The existence of global minimizers for (1) and hence of harmonic maps follows with the direct
method in the calculus of variations for non-empty sets of admissible vector fields. The related
problem for an open domain M C R™ and N = R leads to harmonic functions with all their
well-understood properties. When N has a boundary and its interior is non-empty then (1) can
be understood as a variational inequality for which existence, uniqueness, and regularity as well
as numerical approximation have been investigated intensively in the literature. We will focus
on the case that N is a surface, i.e., restrict to sufficiently smooth, compact submanifolds N
without boundary which excludes variational inequalities and harmonic functions. The simplest
choice of such a surface, namely N = S"~! C R", the (n — 1)-dimensional unit sphere in R",
already reveals a variety of intriguing phenomena captured by the mathematical model (1): If
M = B;(0) C R™ is the open unit ball in R™ and N = S™~! then harmonic maps are known to
be smooth if m = 2, see [Hél91, Mor66]. In higher dimensions the picture changes drastically. For
m > 3 harmonic maps into the sphere are partially regular if they are energy minimizing or, more



generally, stationary with respect to spatial variations [Eva9l, Bet93a, Har97]. Those results are
sharp in the sense that (a) the function z — x/|z| is an energy minimizing harmonic map into the
sphere if m > 3 [Lin87, BCL86, JK83, SU82| and (b) there exist harmonic maps into S™~! which
are everywhere discontinuous if m,n > 3 [Riv95]. For general, compact C? target manifolds N
without boundary it is still known that harmonic maps into N are smooth if M is two-dimensional,
see [Hé191, HEI02, Riv07].

Of particular importance for this work are weak compactness results for harmonic maps. Given
a bounded sequence of harmonic maps into S™" !, it is known and straightforward to show that every
accumulation point of the sequence is again a harmonic map into S™"~!, see [Sha88] for relevant
identities. For submanifolds N without symmetry this is only known if M is two-dimensional and
N is compact, C? regular, and without boundary [Bet93b, FMS98, Riv07].

Most of the approximation schemes devised below are motivated and based on gradient flows of
harmonic maps. The L? gradient flow of a harmonic map and its suitability of defining a topological
homotopy to smoothly deform a given surface into another one, have been studied intensively within
the last two decades. In general, topological changes have to be expected and finite-time blow-up of
weak solutions is known to occur even for two-dimensional domains M. The survey article [Str96]
provides an overview of related results.

We remark that harmonic maps between surfaces are also used to compute closed geodesics,
that they arise in Teichmiiller theory and rigidity assertions for Ké&hler manifolds, and that they
have applications when looking for conformal or harmonic parameterizations of surfaces. For more
details and examples of other applications we refer the reader to [EL78, EL95, Jos84, Jos85, Hil85]
and references therein.

Difficulties in the approximation of harmonic maps

The properties of harmonic maps outlined above indicate that approximation schemes have to be
developed carefully in order to deal with the limited regularity. The three major difficulties in the
numerical approximation are that numerical schemes have to (i) cope with the critical nonlinearity
in the right-hand side of (2), (ii) satisfy the constraint w(z) € N appropriately, and (iii) lead to
approximations of low energy.

The first issue (i) can be effectively solved by noting that Ay assumes values in the normal
bundle of N and restricting to test functions that are tangential along the unknown w. This results
in the equivalent weak formulation of finding a weakly differentiable w: M — N such that

(Varu; Vagv) =0

for all smooth vector fields v: M — R™ satisfying v(z) € Ty, N for almost every x € M and
where (-;-) denotes the inner product in L?*(M). The practical realization (ii) of the constraint
u(x) € N is by no means a straightforward task. Even for the simplest case N = S"~! one easily
verifies that a continuous, piecewise polynomial function wy, satisfies wy(x) € S™~! for almost
every x € M, ie., |lw,| = 1 almost everywhere in M, if and only if wy, is constant. Therefore,
approximation schemes relax the constraint and finite element approximations are only required
to assume their nodal values in N. In this way, the constraint may be satisfied almost nowhere
but for a bounded sequence of such finite element functions every accumulation point satisfies the
constraint almost everywhere. Ginzburg-Landau approximations provide another way of imposing
the constraint in a relaxed, practical way. This, however, requires the introduction of a small
penalization parameter and the resulting regularized problem does usually not show the desired
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sharp topological effects. Moreover, error estimates for the approximation of Ginzburg-Landau
equations may depend exponentially on the inverse of the penalization parameter. Finally, the
problem (iii) of computing harmonic maps of low energy can be solved by discretizing gradient
flows of harmonic maps and choosing discretization parameters such that discrete energy laws are
satisfied.

So far we have not addressed the discretization of the possibly non-flat domain M. Following
the work of [Dzi88] this can be effectively done and analyzed by approximating M with a polyhedral
surface. The tangential gradient V), along the approximate, Lipschitz-continuous surface M, is
then defined only piecewise but can be shown to provide a good approximation of the continuous
tangential gradient Vj; by making use of lifting operators which associate to a given function
v: M; — R a function v: M — R.

Combining the ideas of employing test functions that assume their nodal values in the tangent
space of N and imposing the constraint u(z) € N only at the nodes of a given triangulation 7j of
M, with vertices N}, and a subordinated lowest order finite element space S'(7)", we are led to
the following definition: The vector field uj, € S'(7})" is called a discrete harmonic map into N
subject to the boundary data up if up|r, = up s, up(z) € N for all z € N}, and

(Vg un; Var,vp) = 0

is satisfied for all vector fields v, € S'(7;)" such that vy|p, = 0 and vy(z) € Ty, ()N for all
z € Nj,. Here, (-;-) denotes the L? inner product on Mj, and we included Dirichlet conditions on
the possibly empty subset I'p C OM; we always assume that M has either a polyhedral boundary
which is matched exactly by OM}, or M is a closed surface without boundary.

This formulation of the problem is still difficult to solve directly owing to the constraint on uy
and the fact that the nodewise restriction on the test functions is defined through the unknown
up. The major goals of this work are to discuss how to reliably and efficiently compute discrete
harmonic maps into N and to investigate whether they accumulate at weak solutions of (2) as the
maximal mesh-size h of a sequence of regular triangulations (’]}L) o tends to zero.

The approximation of harmonic maps into spheres started with the work [LL89] that studied
point relaxation methods. An energy decreasing iterative algorithm that linearizes the constraint
in each step has been introduced and shown to converge in a continuous setting in [Alo94, Alo97,
AG97]. Convergence of a finite element discretization of that algorithm on weakly acute triangu-
lations has been established in [Bar0O5a]. The authors of [VO02] discuss parametric approaches for
the approximation of p-harmonic maps into spheres that lead to unconstrained discrete problems
and successfully employ them to denoise color images. Convergence of projection and penalization
approaches to local strong solutions is proved in [Pro01] and a careful analysis of the dependence of
error estimates on penalization parameters in the approximation of Ginzburg-Landau type equa-
tions can be found in [FP03, Bar0O5a. An interesting saddle-point formulation for the computation
of discrete harmonic maps into spheres that leads to a separately convex optimization problem has
been proposed in [CDO03|. Various methods for the discretization of the harmonic map heat flow
into spheres have recently been developed and analyzed in [AJ06, BBFP07, BP07, Alo07]. For
numerical algorithms for the related problems of approximating minimal surfaces and conformal
structures of surfaces we refer the reader to [Dzi91, PP93, GY02, DH99, DH06| and references
therein.

Apart from the convergence result in [MSS97] of discrete harmonic maps on planar, regular
lattices to harmonic maps into compact C* submanifolds N C R™ without boundary, the author
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is unaware of algorithms or approximation results for discrete harmonic maps into general target
manifolds.

Contributions of this work

Motivated by the definition of a discrete harmonic map into a given surface N and generalizing work
of [Al097, Bar05b, BBFP07, BP07] for N = S™"~!, we employ the following iteration to compute

discrete harmonic maps of low energy. We denote by § L(73,) the subspace of S'(7},) consisting
of functions that vanish on I'p if this set is non-empty or have zero integral mean otherwise; my
denotes the orthogonal or nearest-neighbor projection onto N which is well-defined in a small,
tubular neighborhood of N provided that N is C?.

Algorithm A. Input: triangulation 75, damping parameter x > 0, stopping criterion ¢ > 0.

1. Choose uY € S (7;,)" such that ul|r, = up s and u)(z) € N for all z € M}, \ I'p. Set
1:= 0.

2. Compute wi € gl(%)" such that wi (z) € Tyi ()N for all z € N, and
(Var,wh; Vag,vn) = —(Vag, uh; Vg, vn)
for all vy, Gg’l(’]}L)" such that vp(2) € Ty )V for all z € V.
3. Stop if HVthzH <e.
4. Define ui € SY(7,)" by setting
U (2) = o (o (2) + e (2)
for all z € NV},

5. Set i:=1i+ 1 and go to (2).

Output: uy = u’h .

Algorithm A can be derived by discretizing the H! gradient flow of harmonic maps into N and
then x is a time-step size while w,i1 serves as an approximation of the time-derivative. Another
motivation of the iteration results from regarding w}'l as a correction of the given approximation uﬁl
and a linearization of the condition u} (z) + kwi () € N. In the latter derivation,  is a damping
parameter rather than a time-step size. In both cases the steps of the algorithm can be summarized
by the loop:

linearize —— update — project

The damping parameter x is needed to guarantee that the nodal values of the update u}l + muz
belong to Us, (N) so that the final step in the loop is well defined. The following theorem states that
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the iteration converges if Kk = O(h). We always suppose that M is a smooth, compact, orientable
hypersurface in R™ which is either without boundary or a polyhedral subset of R™~! x {0}. For
brevity, we let d = m — 1 denote the dimension of M. The k-dimensional target manifold N C R"
is assumed to be compact and without boundary but not necessarily orientable.

Theorem I. Suppose that d < 4 and N is C3. There exist h-independent constants C',C" > 0 such
that if kK < C'hypin and € > 0 then Algorithm A is feasible and terminates within a finite number
of iterations. The output uj satisfies uj,(z) € N for all z € Ny, VMhu;‘lH < C'”HVMhug

, and
(VMhuh; Vthh) = Resp(vp)

for all vy, € SE(Tp)™ such that vp(z) € Tyx ()N for all z € Ny and a bounded linear functional
Resp: Sh(Tp)™ — R which satisfies {Resh(wh){ <e HVthhH for all wy, € SL(Tp)™.

The assumptions and assertion of Theorem A can be significantly improved if N = 9C for a
bounded, open, convex set C C R™ and if 7, is weakly acute, e.g., if d = 2, T}, consists of triangles,
and sums of angles opposite to inner edges in 7; are bounded by 7 whereas angles of triangles
opposite to boundary edges do not exceed m/2. In this case, using that 7y : R” \ C — N is non-
expanding, k can be chosen of order one and we have C” = 1. It is remarkable that Algorithm A
is globally convergent. While this guarantees that any choice of u% will lead to a discrete harmonic
map into IV, it also explains that the iteration can be very slowly convergent. Nevertheless, once
a good approximation of a discrete harmonic map is available then local schemes such as Newton
iterations can be employed and we devise a scheme based on a combination of global and local
iterations which performs very efficiently in practice.

The proof of Theorem I exploits the fact that Algorithm A can be understood as a discretization
of the H' gradient flow of harmonic maps and that 7y is C? with Drn(p)|r,ny = id|7,n for all
p € N. Proving convergence of a sequence of outputs of Algorithm A to a harmonic map into N
as h,e — 0 is more involved and we provide a positive answer if M is two-dimensional and the
sequence of triangulations satisfies a restrictive angle condition: (’Z}L) hso 18 said to be logarithmically
right-angled if for every € > 0 there exists hg > 0 such that for all 0 < h < hy and every triangle
K € 7, with inner angles ag ; € [0,7], j = 1,2,3, we have minj—; 3 3log h;in cosag j| < €.
Sufficient for this is that for all h > 0 each K € 7, has a right angle. This notion of structured
triangulations permits us to prove the following result which guarantees that a bounded sequence

of outputs (u,’;) of Algorithm A accumulates at harmonic maps as h — 0.

h>0

Theorem II. Suppose that d =2 and N is C*. Let (’]}L)h>0
angled triangulations and for each h > 0 let up, € S'(Tp)" satisfy up|ry, = upp and up(z) € N for
all z € Ny, Assume that for each h > 0 there exists a linear functional Resy,: 811) (7)™ — R which
satisfies |Resh(wh)‘ < 6(h)HVthhH for all wy, € S(Tp)™ and such that

be a sequence of logarithmically right-

(VMhuh; Vu, vh) = Resp(vp)

for all vy, € SL(Tp)™ satisfying v(z) € Tz ()N for all = € Ny. If HthuhH < C, upyp — up n
L*(Tp;R™), and e(h) — 0 as h — 0 then every weak accumulation point u € WL2(M;R") of the

lifted sequence (ﬂh)h>0 C WL2(M;R") is a harmonic map into N satisfying u|rp, = up.

The asymptotic right-angled condition allows the usage of highly graded, locally refined triangu-
lations but is restrictive in case of non-flat surfaces M. We show however that the condition is not
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necessary if the lifted sequence (ﬂh)h>0 is uniformly bounded in W27 (M;R") for some positive
o. In view of this result, the angle condition appears to be a technical deficiency of the method
of proof rather than a necessary condition. If N = S"~! is the (n — 1)-dimensional unit sphere
then M does not have to be two-dimensional and any sequence of regular triangulations leads to
the assertion of Theorem II. We note that the existence of a harmonic map into N is implicitly
assumed by requiring that a sequence of lifted initial discrete vector fields (172) is bounded in
WL2(M;R").

The proof of Theorem II follows ideas from [FMS98, MSS97] and employs a discrete moving
frame to rewrite the discrete Euler-Lagrange equations as an equivalent Hodge system. A discrete
Coulomb gauge of the orthonormal frame leads to connection forms that are discrete divergence-free
if the underlying triangulation is right-angled. Therefore, on general triangulations a discrete Hodge
(or Helmholtz) decomposition of the connection forms that makes use of non-conforming finite
element spaces leads to non-vanishing gradient contributions. To show that corresponding terms in
the Hodge system vanish as h — 0 we require the sequence of triangulations to be logarithmically

h>0

right-angled. The limit of the remaining part can be, owing to a Jacobian structure, identified with
weak concentration and compensation compactness principles based on results in [Lio85, Miil90,
CLMS93] together with the fact that the set of (discrete) harmonic fields on M is finite dimensional.
This non-trivial and critical limit passage implies the theorem.

We remark that a more direct weak compactness result recently given in [Riv07] may lead to a
sharper result than Theorem II since it avoids the use of a moving frame and only requires N to
be C? regular. The repeated use of the product rule, however, makes it difficult to adapt the proof
to the finite element setting considered here.

Overview of the thesis

The outline of this work is as follows. In Chapter 1 we provide a variety of tools for the development
and analysis of numerical algorithms. Weak compactness results are the key towards proving con-
vergence of discrete harmonic maps and are discussed and appropriately adapted to finite element
settings in Chapter 2. Various local and global, fully practical iterative schemes that compute dis-
crete harmonic maps are devised and analysed in Chapter 3. Implementation issues together with
numerical experiments that study the efficiency as well as the reliability of the proposed algorithms
and investigate important effects such as finite-time blow-up and (discrete) geometric changes are
reported in Chapter 4. Short MATLAB realizations of some routines are displayed in Appendix A;
a summary of frequently used notation is provided in Appendix B.
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Chapter 1

Analytical and numerical tools

Finite element methods for the approximation of partial differential equations on surfaces have
become popular in recent years, cf., e.g., [Dzi88, BMNO04, Car04, DR04, DDE05, BGNO7|. In this
chapter we introduce Sobolev spaces on hypersurfaces and finite elements on discretized surfaces
and we develop various tools for their analysis such as weakly acute triangulations of surfaces and
Helmholtz decompositions of discrete tangential vector fields. In addition, we define orthogonal
projections onto surfaces which are not necessarily the boundaries of convex domains and we discuss
basic tools from differential geometry required in our analysis below. For readers familiar with these
techniques we provide a brief overview over the main results from the chapter in the first section
and refer to the corresponding parts of the chapter for references and details.

1.1 Overview of provided tools

Given a smooth, connected, compact, orientable hypersurface M C R%! which is either flat or
has no boundary, the definition of Sobolev spaces on M is based on the concept of the tangential
gradient on M. For a smooth function ¢ : M — R and an extension ¢° of ¢ to an open neighborhood
of M, the tangential gradient is the column vector

V= V¢© — (Vo© - p)p

defined with the unit normal vector field p on M. For a (not necessarily tangential) vector field
on M, its tangential gradient is the matrix whose rows coincide with the tangential gradients of its
components. For an approximation M of M consisting of d-simplices called elements contained
in a set 7j, the discrete tangential gradient Vi, ¢y, is defined on each element separately. A
bijective transfer operator P, : My — M allows to introduce a lifting operator that associates
to a given function ¢ on M) a function qu’h on M and stability of this operator holds in various
norms. The space S(7,) consists of all 7j,-elementwise affine, globally continuous functions on M,
and £°(7},) denotes the set of all 7,-elementwise constant functions. The finite element stiffness
matrix corresponding to the Laplace-Beltrami operator on Mj, is defined through the nodal basis
(-1 2z € Ny) of SY(T3,) by
Kz7z/ = th(Pz . VMthZ/ dSh
M,

for all pairs of nodes z,2" € Nj,. If d = 2 then the off-diagonal entries in the matrix (KZvZ')z,z/eNh
are non-positive if the sum of every pair of angles opposite to an inner edge E € &£, does not exceed



7 and if all angles opposite to boundary edges are bounded by /2. We say that the triangulation
Ty, is weakly acute if K, ,» < 0 for all distinct pairs z, 2" € Nj,.

Important for the analysis of our numerical schemes is also a discrete product rule which asserts
that given two functions vy, wy, € S'(7;) and the nodal interpolant Zj, [vhwh] of their product, it
holds that

th [thh] = A(vh)Vthh + A(wh)Vthh

with a matrix A(v,) € R4+ that approaches v,I as the maximal mesh-size h tends to zero.
The matrix A(wp) is symmetric for d = 2 if and only if every triangle in 7 has a right-angle.
Well-known inverse estimates also hold for finite elements on surfaces and the most important ones
are

— —d —1/r
V30,00l g,y < Chmtallonlle@anys — Inllzrany < Chotl ™ nll Lo,

for all v, € S*(7,), piecewise polynomial functions v, € L>(M},) (with uniformly bounded poly-
nomial degree), the minimal mesh-size hy,ip,, and 1 < p < r < oo. For two-dimensional surfaces
M}, a Helmholtz decomposition of discrete tangential vector fields in £°(7)3, i.e., of mappings
wp, € L9(73,)? such that wy, - up = 0 almost everywhere on M), with a unit normal vector field sy,
on Mj,, is required as a technical tool and guarantees that there exist a, € SYNC(7},), by, € SY(Tp,),
and Hj, € £°(7;)? such that

Wh = VMhah + Curthbh + Hy,.

Here, SYVY(7},) is the non-conforming finite element space containing all 7j-elementwise affine
functions on M, that are continuous at midpoints of interelement boundaries in 7. The vector
field Hj, belongs to a subset of £°(7;,)% whose dimension is bounded h-independently and is called
the set of discrete harmonic fields on Mp. Results on the well-posedness of the nearest-neighbor
projection

mn: Usy(N) — N

in a tubular neighborhood Uy, (N) of a submanifold N C R™ generalize the well-known fact that
for boundaries N = 9C of convex sets C the orthogonal projection 7y : R® \ C — N is well-
defined and non-expanding, i.e., Lipschitz-continuous with Lipschitz constant 1. We also discuss
the concept of parallelizable manifolds N, which guarantee existence of continuous orthonormal
bases of the tangent bundle T'N. Parallelizability can always be assumed for C* surfaces N and
leads to another equivalent characterization of harmonic maps. We also analyze weak accumulation
points of continuous, discrete vector fields assuming their nodal values in a surface N and show
that the limiting object has values in N almost everywhere. Finally, we prove two auxiliary results
from measure theory, which essentially state that the set of linear combinations of Dirac measures
is a closed subset of C'(M)* with respect to the strong topology.

1.2 Sobolev spaces on hypersurfaces

Differential operators and Sobolev spaces on Riemannian manifolds and hypersurfaces have been
introduced and analyzed in [Heb96, Aub82, HK03, GT01]. Here, we assume that M C R™ is a
compact, smooth, orientable, (m — 1)-dimensional submanifold in R™ and provide the definitions
necessary for our purposes. For brevity, we set d:= m — 1. In order to avoid technical difficulties in
the definition of traces of functions on curved surfaces we assume that either M has no boundary
or M is a compact subset of R? x {0} with Lipschitz continuous boundary. The adjective “smooth”
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stands for C'*° and this property of the submanifold M is assumed for simplicity. We note however
that all results discussed below can be established for C* submanifolds M or for sufficiently regular
curved submanifolds with regular boundary as well.

We say that ¢ € C(M) is differentiable along M if for every smooth local parametrization
f of M the function ¢ o f is differentiable. Given a smooth, i.e., C*°, function ¢ : M — R we
let ¢¢ denote a differentiable extension of ¢ to an open neighborhood of M (e.g., by extending ¢
constantly in normal direction) and define the surface gradient or tangential gradient Vs of ¢
along M as the projection of the gradient of ¢¢ onto the tangent space of M by

Viri= Vo — (V6 p).

Here V¢¢ denotes the usual full m-dimensional gradient of ¢¢ and p is a unit normal to M. For a
vector field 1p: M — R, V) is applied to each component of ¥ and then V¢ denotes the matrix
whose rows coincide with the transpose of the surface gradients of the components of ©. One easily
verifies that this definition is independent of the employed extension ¢¢ and we remark that in
coordinates the surface gradient can be computed without an extension of ¢ and is given by

d
Vo =Y g70;(¢0 f)oif,

ij=1

where f : Q — M for Q c R? is a local C1 parametrization of M and ¢ are the entries of the
inverse of the matrix with entries g;;:= 0;f - 0;f for 1 <1i,j <d.

Throughout, we let ds denote the surface area element on M and (-;-) the scalar product
in L?(M;R"™), the space of all square integrable, vector valued Lebesgue functions on M with
corresponding norm || - ||. For a real number p > 1 we let W1P(M) denote the completion of
C°°(M) under the norm

6llwrnan = (1612 ar + [IV318]12020) P

We denote by Wol’p(M) the closure of C2°(M), defined as the set of all functions in C*°(M)
which have compact support in M, under the norm || - [lyy1,p(apy- If OM = @ then we clearly have

WhP(M) = VVO1 P(M). As a consequence of the compactness of M, we notice that classical Sobolev
embeddings are valid.

Theorem 1.2.1. [Heb96, Proposition 2.4, Theorems 3.5, 3.6; p. 10-24] (i) For p > 1 the space
WLP(M) is reflexive.
(ii) For any 1 < q < d such that 1/p =1/q —1/d and all ¢ € WY9(M) we have

¢l e (ary < Cd™'p(d = D)|6llwraan,

in particular, for p = dq/(d — q) we have p(d —1)/d < d*/(d — q).
(iii) For 1 < q<d and 1/p > 1/q — 1/d the embedding W'4(M) — LP(M) is compact.

As in the Euclidean situation, the following Sobolev-Poincaré estimate is valid.

Theorem 1.2.2. [Heb96, Proposition 3.9, p. 26] For p,q such that 1 < g <d and 1/p=1/q—1/d
there exists a constant C > 0 such that

¢ — EHLP(M) < CHVM(bHLq(M)

for all ¢ € WY9(M) with integral mean ¢ = W Joy ¢ ds.
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The theorem implies ||¢—$||L2(M) < CHVMQSHLQ(M) for all ¢ € WH2(M) owing to compactness
of M. If OM # { then, by assumption, M is flat and we have that [¢[[12(ar) < C’HVMQBHLQ(M)

for all ¢ € WOI’Q(M), cf., e.g., [Ada75]. If M is flat and we are given a closed subset I'n C OM
of positive surface measure then we denote by Wé’p (M) the set of all functions in W1P(M) whose
traces vanish on I'p.

The following lemma shows that the components of the surface gradient of a product of two
functions behave as if they were independent. This is not surprising since Vs coincides with the
outer derivative for scalar valued functions.

Lemma 1.2.3. For a € H' (M) let Dya, Dya, ..., D,,a denote the entries of the vector field Vya,

i.€.,
Vuma = [Qla,QQ(z, ...,Qma]T

For a,b € HY(M) N L®(M) we have ab € H*(M)N L*®(M) and, for v =1,2,....,m,
Q,Y(ab) =aD.,b+bD.a
almost everywhere on M.

Proof. Let af,b® be differentiable extensions of a and b to an open neighborhood of M. Then, by
definition of the surface gradient, we have

[Dy(ab), Dy(ab), ..., D, (ab)]* = Vas(ab)
= V(a°) — (p® ) V(ab®)
=aVb® +bVa® — b (p® p)Va® —a(p® p)Vb°
= aVyb+ bVya
— a[Dyb, Dob, ..., D,,b] " +b[Dya, Db, ..., D, b] "

almost everywhere on M, which proves the asserted identity. O

1.3 Triangulations of hypersurfaces

Given the hypersurface M as in the previous section, we consider a polyhedral hypersurface defined
through a set of non-degenerate d-simplices 7}, such that M}, := Uge7, K is a compact, orientable, d-
dimensional, Lipschitz continuous submanifold in R”. We require that M}, has either no boundary
or is a subset of R% x {0} with polyhedral boundary. In the latter case we assume that M = Mj,. We
suppose that 7}, is a regular triangulation of Mj, i.e., KN K’ is either empty or an entire subsimplex
of K and K’ for all distinct K, K’ € 7;,. We also suppose that the set of nodes N},, which consists
of all vertices of elements in 7}, is contained in M. Hence, M), serves as an approximation of M.
In fact, by employing local parametrizations of M we verify that

dist(My,, M):= sup dist(z, M) < Ch>.
€My,
Here h:= maxgc7, hix with hi := diam(K) for all K € 7j, is the maximal diameter of elements in
7. We assume that 7j, satisfies a minimum angle condition and that each K € 7}, is the image of
the scaled reference element
[/(\';: hK CODV{/Z\(), /2’\1, couy Ed},
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under an affine bijection F : K — K. The vertices 20,21, .o, 24 € RY of K are assumed to satisfy
zo = 0 and (2)1:1 coincide with the canonical basis vectors in R%. The following assumption
provides a tool to establish relations between M and M), and we will always assume its validity.

Assumption (T). There exists a continuous bijection Py: My, — M such that Py|x € C*(K) is
a diffeomorphism between each K € Ty, and K := Py(K) (i.e., Py and P, U admits twice and once
continuously differentiable extensions to open neighborhoods of K and K, respectively) with

IDPhll oo (10 [1D*Phll oo (169 HDP;;lHLoo(f() <C.

For smooth surfaces without boundary and for sufficiently small h we may use the orthogonal
(or nearest-neighbor) projection onto M to define Py,.

Remark 1.3.1. There exists a tubular neighborhood Us,, (M) of M such that the orthogonal pro-
jection

v Usy (M) — M
is well-defined and smooth. If My, C Us,, (M) and if h is sufficiently small, Py := | n,, satisfies
the requirements of Assumption (T), cf. Section 1.6 and [Dzi88, DDO07] for details.

We remark that (I~( ' K € ’Z}L) defines a partition of M and each K is parametrized by the

mapping Xk := Pp o Fi : K — K. The operator P, provided by Assumption (T) allows to lift
functions defined on M}, onto M.

T

>

Figure 1.1: Transformations between K , K, and K.

Definition 1.3.2. The lifting v: M — R of v € LY(Mjy) is defined by
vi=1vo 73,?1.

We let dsj denote the surface area element on Mj, and for functions f,g: M), — R’ we set

(f;9):= | f-gdsp and  |f||l==(f; )V

My,

Lemma 1.3.3. Given v € L*(M,) and K € T;, we have
/ vdsy, = /~ 7 ((Qn/Q) o Xi') ds,
K K
where Q}QL :=det gy, and Q*:=detg for g, := (D]—"K)TD]-"K and g:= (DXK)TDXK, respectively.
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Proof. Given v € LY(My) and w € L*(M) we have

/vdsh:/vo}}(@hdiﬁ, /~wds:/onKQdEE.
K K K K

For w:=7v ((Qh/Q) o Xgl) the second identity yields that

ﬁﬁ((@h/Q)oXKl)ds:ﬁ(’17oXK)(Qh/Q)Qd§:/Avo}"Kth’x‘
K K K

and this implies the assertion. O

The limited regularity of M}, motivates the elementwise definition of the discrete surface gradient
on Mh-

Definition 1.3.4. Given ¢ € C(My,) such that ¢|x € C1(K) for all K € T;, we set

Vi, @1k = Viar, 0|k — (Vg |k - 1wk ) i i

for all K € Ty, where up|k is a unit normal to K C My, and ¢¢ a differentiable extension of ¢ to
an open neighborhood of K.

The following lemma is taken from [Mek05]; similar results can be found in [Dzi88, DD07]. We
include the proof since some of the estimates therein will be useful in the sequel.

Lemma 1.3.5 ([Mek05]). Let v,w: My — R be Tj,-elementwise differentiable and globally contin-
wous functions with their liftings v,w: M — R from Definition 1.3.2. Then

Vs, v - Vag,wdsy, — / Vutv - Vywds = / (FpVm0) - Vyywds
M, M M

with Fy, € L (M; R4 independent of v,w and

sup |[Fp(z)] < Chg.
reM

Proof. Let K € 7, and define v: K >R through v:= v o Fx. Set Gp:= DFk and use that the
column vectors of Gy, are tangent vectors to K, i.e., GJ. (uy o F(Z)) = 0. Then

Vo = GE ((Vo®) o Fi) = GE [(Vo© — (Vo - ) n) © Fr| = G [(Var,v) © Fi .
To keep notation short we omit the transformations and simply write
Vo = G} Vv

for the previous identity. The matrix G € RE+D*(@+1) j5 defined by appending the unit normal
ur as an additional column to Gy, i.e.,

GZ = [Gh ,u,h] .
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Since Ff is a regular parametrization of K, the matrix Gy, has full rank and its columns are tangent
vectors to K. Thus, the matrix G¢ is invertible and we set D¢ := (G¢)~!. The matrix Dy, is then
obtained by deleting the last row of Dj. We thereby obtain the identities

Vu

Vi, = (G4D5) Va0 = DgT [ .

] =D} Va.

Set G:= DXk, G¢:= [G u], D¢:= (G®)~!, and define D by deleting the last row of D¢. Then, in
fact, DT = [DT u]. Arguing as above, we infer that
Vo=G'Vyv  and Vo =DTV3,
A combination of the previous identities reveals that
Var,v = (GDy,) ' Vi@

and, upon incorporating Lemma 1.3.3,

/Vth-Vthdsh:/~ ((GDh)(GDh)Tvm).va(Qh/Q)ds
K K (3.1)
= /;( Vv - Vaw ds + /;( (Qn/Q)GDEDLGT = L4y 1)x(d+1)) Vart - Variw ds.

Since

ol [ D DG Dy
sy = (G7) G = [ T } (Gl = [ JTG 1 }

and
D

1:[GM][MT}:GD+M®M

Lgs1)x @+ = G(G)~
we have that DG = Ijxq, GD = I(g41)x(@+1) — # @ i, and GD is symmetric. Therefore
GDD"G" = GD(GD)" = G(DG)D = GD = I(g1)x(as1) — 14O -
Employing this identity in (3.1) and using that (,u ® ,u) Viyrw = 0 we observe that

_ _ 1 _
/Vth-Vthdsh:/~VMU-Vdes+/~éGT(QhDhDZ—QDDT)TGVMU-Vdes.
K K K

Setting

1
F:= éGT(QhDhDE - QDD")G

it only remains to prove the bound for Fj, in order to complete the proof of the lemma. With the
identities proved above, one verifies that g=! = (GTG)~! = DD and ggl = (GEGh)*1 = DhDE.
Therefore,

QuDyDj, — QDD' = Qug,' — Qg ' = (Qn — Q)g;,' + Qg (g —gn)g ™.
Uniform bounds for G, and (through the assumptions on Py, also) for G imply

lg— g1l = |GTG — G Gy| = |GT(G — Gp) + (G — G,)'Gy| < C|G — Gy.
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Since

Q-0 Q- Q%L detg — det gy,

— h = = s
Q+ Qn Q+Qn

since the determinant is continuously differentiable, and since the fact that Fg is the nodal inter-

polant of X implies

(3.2)

sup |G, — G| = sup [VXg — VFk| < C’hHDQXHLOO(f(),
TeK TeEK

we verify the asserted estimate. O

Remark 1.3.6. Owing to the minimum angle condition guaranteed by the assumed regularity of
the triangulations and Assumption (T), the matrices D and Dy, are uniformly bounded.

The following lemma provides stability estimates for the lifting operator in various norms,
cf. [Dzi88] for similar results.

Lemma 1.3.7. For 1 < p < 0o and v € LP(M}) we have
O Mollrat) < 7l poiary < Cllvllzoiany,
and, if v| € CY(K) for all K € Ty, then
CNV0l oag,y < V30 o ary < CIVMLY | oo, -
If K € Tj, and v|x € C*(K) then
HDJ\Q/fthL2(K) < C(HDMﬁHH(f() + HVMﬂup(k))’

2 . 2.
where Dy v := (QhﬁQh,év)%5:172,___,(”1 and Dyv:= (Q,YQ(S’U)
noting the components of Vyy, and Vyr, respectively.

=12, dy1 With Dy and D, de-

Proof. The first estimate follows directly from Lemma 1.3.3 by replacing v by |[v[P with 1 < p < occ.
For p = oo the estimate is an immediate consequence of the definition of v. For K € 7} and v such
that v|x € C*(K) we have, as in the proof of Lemma 1.3.5,

Vv = (GDy)' Ve and Vi = (GiD)' Vi, v. (3.3)

Uniform bounds for G, Gy, D, and Dy imply the second estimate of the lemma. The identities
in (3.3) also imply that
d+1

h T ~
Dhv =" (GDy)_;Dso.
j=1
With Lemma 1.2.3 we thus verify that

Var, Dl = (GD,)" Vs [Dl]
d+1 - T
— 3" (6Dy)" Vi [(GD,)" D, 7]
6=1

d+1
=Y (GDy)" [D55Va (GDy) s + (GDy). ;D5 VD).
6=1

Using that G, Dy, and Vj;G;; are uniformly bounded we verify the assertion. U
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Remark 1.3.8. For the particular choice P, = mar|nm, the third estimate of the previous lemma
can be improved in the sense that a factor h can introduced in front of the L?> norm of the gradient,
cf. [Dzi88].

1.4 Finite elements on triangulated surfaces

Given a regular triangulation 7; that defines an approximation M} of the hypersurface M as in
the previous section, we let N, C M denote the set of all nodes in 7}, (vertices of elements) and &,
the set of all (d — 1)—-dimensional subsimplices of elements in 7}, i.e., edges of triangles if d = 2 or
faces of tetrahedra if d = 3. We define hi := diam(K) for all K € 7}, and set h:= maxger, hi.
Analogously, we write hp := diam(E) for all E € &,. The lowest order C°-conforming finite element
space S1(7;,) subordinate to the triangulation 7y, consists of all globally continuous, 7,-elementwise
affine functions and the space £°(7},) is the set of 7;—elementwise constant functions on Mp,, i.e.,

SY(Ty) = {¢n € C(My) : ¢p|x affine for all K € Ty, },
L0(Ty,) = {v), € L°(My,) : vy|k constant for all K € 7, }.

The nodal basis (p.: z € N}) of S'(7},) consists of the hat functions ¢, € S'(7},) which satisfy
¢v.(2) =1 and @, (2') = 0 for all distinct 2,2’ € Nj,. We set w,:= supp p, and h,:= diam(w,) for
all z € NVp,.

For a function ¢ € C (M) its nodal interpolant Z,¢ € S'(73) is defined by

Iho:= Z ¢(Z)90z-

ZENh

We also define an interpolation operator acting on continuous vector fields on M} by applying
7y to each component of the vector field. A routine application of the Bramble-Hilbert Lemma
[Cia02, BS02] shows that there exists a constant C' > 0 such that for every ¢ € C(M,) with
bl € C*(K) for all K € Ty, the interpolation error satisfies for each K € 7,

h}zH‘ﬁ - I’ﬂbHL?(K) + h;(IHVMh (¢ - IW) HL?(K) = CHDJQWWHLQ(K)' (4.4)

In the following subsections we provide important tools used below.

1.4.1 Weakly acute triangulations

Some triangulations enable discrete monotonicity arguments. The following lemma defines such a
class known as weakly acute triangulations [Cia02] introduced here on two-dimensional surfaces.

Lemma 1.4.1. Suppose that d = 2 so that T;, consists of triangles. Assume that for all K, K' € Ty,
such that K N K' = E € &, that the sum of the inner angles o and o of K and K' opposite to E
satisfy a + o < w. Assume that for all E € &, and K € T}, such that E = K N OMj, the inner
angle « of K opposite to E satisfies o < w/2. Then for all distinct z,z" € N, we have

Kz7z/ = th(Pz : VMh(Pz’ dSh <0. (4.5)
Mp,



Proof. Since the intersection of the support of ¢, and ¢,/ is non-trivial if and only if 2,2’ € E for
some F € &), we may restrict to this case. Assume first that £ = K N K’ for distinct K, K’ €
T;,. After appropriate translation, rotation, and dilation we may assume that 2 = A, 2/ = B,
K = conv{A4, B,C}, and K’ = conv{A, B, D} with A = (0,0,0), B = (1,0,0), C = (£,—n,0), and
D = (a,b,c) for &,n,a,b,c € R such that £ > 0 and if ¢ = 0 then b > 0, cf. Figure 1.2.

Figure 1.2: Two elements K, K’ € 7, sharing an inner edge F = conv{z,z'} €
&, where z = A and 2’ = B.

One directly verifies that
T T
thSDZ|K = [_1 (1 _5)/77 0] ) thSDZ’|K = [1 5/77 0] ) HQ(K) :77/2

To compute the surface gradients on K’, assume that b # 0 (the case b = 0 is actually simpler, since
then Vyy, = [61 0 83], but leads to the same formula given below), set D’:= (a,b,0), and define
the tetrahedron K':= conv{A, B, D, D'}. Then, extending ¢, and ¢, in such a way to functions
¢ and ¢, that they are affine on K’ and vanish at D', we infer

Vellp =[-1@@-1/b0]",  Veilz =[1 —a/bo]".

Since the unit normal to K’ is (up to a sign) given by up|g = [O —c b]T/5, where §%:= b2 + 2,
the definition of the surface gradient shows

1 2 0 0 -1 1 —62
VMhSOZ’K’ = (I3><3 — Ur & /,Lh)v@; = 5—2 0 b2 bc (a — 1)/b = 5—2 b(a — 1)
0 be 2 0 cla—1)

and a similar calculation shows Vi, p./|x = 6% (6% —ab —ac]T. Noting also that H?(K') = §/2 we
find

1
H(K) Vi, @zl - Vian, i = 5l = 1+ €01 = €)/n),
1
HQ(K/)VMhQDz|K/ . thSDZ’|K’ = 55( -1 + (1(1 — (Z)/62)
The trigonometric identity cot a = cot(ay + @) = (cot o cot ag — 1)/(cot ag + cot ) implies

cota =n(1-£&(1—8&)/n?), cot/ = 5(1 —a(l —a)/6?)
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so that we verify, upon combining the previous identities,

1
/ Vi, @z - Vi, 2 dsp = —= (cot a + cot o).
KUK’ 2

Employing that cot a4+ cot @/ = sin(a+a’)/(sin asin o) proves the assertion for pairs of nodes that
are connected by an inner edge. The case of a boundary edge F C M}, follows from the above
calculations. O

The previous lemma motivates the following definition.

Definition 1.4.2. We say that a regular triangulation T, is weakly acute if K, ,» < 0 for all
distinct z, 2" € Ny,

Remarks 1.4.3. (i) By Lemma 1.4.1 a triangulation of a two-dimensional surface is weakly acute
if every sum of angles opposite to an inner edge is bounded by w and every angle opposite to an edge
on the boundary is bounded by w/2. The proof of Lemma 1.4.1 shows that this characterization is
sharp. For three-dimensional triangulations this is more involved, cf. [KK01, KK03]. A sufficient
condition is that all angles between faces of tetrahedra are bounded by /2.

(ii) A regular triangulation Ty, consisting of triangles can always be refined in such a way that the re-

sulting triangulation is weakly acute either by “edge-flipping” or performing a Delauney refinement,
see [She02].

Lemma 1.4.4. Let v, € S'(T3). Then, with K. . as in the previous lemma (where z = 2’ € Ny, is
allowed in (4.5)) we have

1
IVanon]” = =5 D7 Kewlon(z) —un()P
z2,2'ENy,

Proof. Notice that K, . = K/, and Zz/ej\/h K. . = 0 owing to Zz/ej\/h @, = 1. Hence,

[Vaon]® = Y Kewn(=)on(2)
z2,2'ENy,

= Y Keoon(2)(wn(2) —on(2))

z,2'eNp,

= % Z Kz,z’vh(z) (’Uh(zl) — Uh(z)) + % Z Kz,z’vh(zl)(vh(z) _ ’Uh(ZI))
z,2' €Ny, 2,2/ €N,
= —% Z K. . (vh(z') — vh(z))Q.

z,2'ENG,
This proves the statement. O
Remark 1.4.5. More generally, the proof of the lemma shows that we have
1
(Vaoni Vagn) = =5 D2 Ko (n(2) = vn(2) (wn(2) — wi (1)

2,2/ €N},

Jfor vy, wy, € SY(Ty).
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1.4.2 Discrete product rule

Below we will need the following discrete product rule for finite elements. We generalize the
argumentation of [BN04] to finite elements on non—flat surfaces.

Lemma 1.4.6. There exists a linear operator A : SY(T,) — LO(Tp,) Vx4 such that for all
vp, wy, € SY(T},) the identity

thIh [thh] = A(Uh)Vthh + A(wh)thUh
holds almost everywhere on My,. For all K € T;, we have
| A(vp) — UhI(d+1)><(d+1)HLoo(K) < ChKHthHLoo(K)-

Proof. Let K € T, and set v, := vy, o F, Wy, := wyp, o F, and fh [ﬁhﬁ}h] =1 [vhwh] o Fi. Then,
for v =1,2,...,d, the choice of K (cf. Section 1.3) implies
20)Wn(20)) /b

— wp(20)) /hi + %(@h(%) + @Wn(20)) (On(2y) — 0n(20)) /i

Here we used that K = hy conv{zp, 21, -.-, 24}, 20 = 0, and that the vectors z1, ..., z4 coincide with
the canonical basis of R%. Since

VYV, &n = DE§$h and Vén = G} Vs, on

(cf. the proof of Lemma 1.3.5) for all ¢5, € S'(7},) and 5;1 = ¢y, o Fk, the asserted identity follows
from

A(vp):= DYA @) G+ vn (i @ i)
for the diagonal matrix A () € R4 with entries given by (0n(20) + 0n(25)) /2 for v = 1,2,...,d
and for a unit normal uj of K. Arguing as in the proof of Lemma 1.3.5 we infer that
T
Ligs1)x(dr1) — tn ® o = GpDy, = (GDy) " = Di Gy

Therefore, we have

| A (vn) — vaT(gs1)x (d+1) | Lo iy = 1A (vn) — v Dy G — vn(p ® #n)|| oo ()

= HDE (K(ﬁh) - ”hIdxd) GEHLOO(K)'

For v =1,2,...,d the function

z— A" (0,) —0(T)
vanishes at ¥ = %(?y + 30). A discrete Poincaré estimate and a transformation argument thus
imply the asserted estimate since |Gy|, |Dp| < C uniformly in h. O
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Lemma 1.4.7. Suppose that d = 2 and let A : S'(T) — L°(T,)3*3 be as in the previous lemma.
Then, for v, € SY(Ty,) and K € T, we have

HA(Uh) — AT (Uh)HLOO(K) < Cvr:nli’rig | cos ak | ”UhHLOO(K)a

where ag ~, v =1,2,...,d + 1 are the interior angles of the triangle K. In particular, A(vy)|k is
symmetric if K has a right angle.

Proof. For K = conv{zy, 21, 22} we can scale K so that the transformation Fr: K — K is given
by Fi(Z) = 20 + G,Z for € K and the matrix G, € R3*2 is given by

Gi =[5! (21— 0) A ()]

where hp, = ‘Zv - zo|. Then, if as in the proof of Lemma 1.3.5, up is a unit normal to K,
Dj = [Gh Mh] 71, and Dy, is obtained by deleting the last row of D¢, we have with

A(vy) = DEK(@h) GF + vppn @ pp
that

A(vy) — AT (vy) = DYA(9,)G], — G, A(9,) Dy,
= (DE — Gh);&(i)\h)GE + Gh;&(@\h) (GE — Dh).

We then notice, using the definition of Df and realizing that it is uniformly bounded, that
T
Dy — G| < C|Df, — [Gh ] |

= C|Df, (Lag1yx(art) — [Gh 1] [Gn pn] )|
< C|I(d+1)x(d+1) — [Gh pn] [Gh Mh]T‘-

From the definition of Gy, and the fact that uj is orthogonal to K we find

1 cosag 0

h Hh h Hh = COS K
(G pn) (G pun] 10
0 0 1

where aj is the inner angle of K between the vectors z; — 29 and zo — zg. Since we can interchange
the role of the nodes we verify the assertion. O

Definition 1.4.8. A sequence of triangulations (’Z}L) consisting of triangles is called logarith-

mically right-angled f

h>0

-1 ; . —
in Sug inf |cosag | =0,

lim log h
h—0 Ke h’y—l,2,3

where o, 7= 1,2,3, are the interior angles of the triangle K € T,.

13



1.4.3 Inverse inequalities and reduced integration

We will frequently employ the following inverse inequalities.

Lemma 1.4.9. Suppose that d > 2 and Ry < 1. For v, € SY(71,), a Tp,—elementwise polynomial
function ¥y € LP(Mpy), and 1 < p <r < oo we have

[ Vaza 0| 1oy < Chtlvonll o)
(K)

and
nll ety < Choa M= i oo

and
1—-d/2
lonlloe ) < Cho 108 ool Va0 2 01,

where C' depends on the polynomial degree of iy, .

Proof. The first estimate follows directly from a compactness and a scaling argument. For the
proof of the second estimate we also employ a local scaling argument and the fact that |[vp || 1r (k) <
nll e (ar,) for K C My, to verify that if 7 < oo we have

r r —rd(1/p—1/r r
len i = > Inllie@ < C S b PV [l

KETh KeTh
—rd(1/p—1 d(1/p—1
< Ol e ol 5ty Do 10nloaey < Choin ™ onl o,
KETh
The case r = oo follows from obvious modifications. The Sobolev estimate of Theorem 1.2.1

guarantees that for 1 < ¢ < d and p = dg/(d — q) we have
ol Loy < CllvnllLoany < C(d = @) IVarnllzaary < C(d = @)™ I Vag,vnll Lo,

where we also used stability properties of the lifting operator provided by Lemma 1.3.7. For
g=d— ‘log hmm‘*l we have p = |log hyinldg and by the second estimate of the lemma with

r=00
1 hmzn —1 hmzn -1
lonllzoe a2y < Choth ™™D o | oag,y < Ch "™ o | oag,.
where we used ¢ > 1 in the last inequality. We notice that if hy,;, < 1 then log hynin = —|1og hmin|
and hence
log hmin _
hmlz:g - = exp (\ 10g hmin| | log hmm]) = exp(1).

The combination of the previous estimates with the inverse estimate
1—d/2
HthvhHLd(Mh) < Chypin HthvhHm(Mh)
as above proves the third estimate and completes the proof of the lemma. O

The following definition introduces reduced or numerical integration which enables control over
nodal values of finite element functions.
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Definition 1.4.10. For functions or vector fields ¢,¢ € C(Mh;Rg), ¢ € N, we define the discrete
inner product on 7y by setting

WW%:/:@wwd%—Ej@ U(2),
ZENh
where (3, := th p, dsy. We also define

12

I6lln:= (6:9),,
One directly shows that the estimates

[6nll < ll@nlln < Clignll
are satisfied for all ¢;, € S'(73). Results on nodal interpolation imply that

| (o3 vn), — (¢n;0n)| < Chllnll || Vaz, v

for all ¢p,, 1y € S'(T3)¢. We remark that owing to the assumed minimum angle condition we have
for ¢, € SY(73)" and 1 < p < oo that

CHnlpary < Y MR < Cllgnllh o as, ) (4.6)
ZENh

For proofs of the estimates we refer to [CT85, GR92].
Remark 1.4.11. Reduced integration has a stabilizing effect immediately illustrated in one space

dimension [BCPPO04J: For a partition of the interval (0,1) into intervals K; = [zj_1, zj] of length
hj=z;j—zj_1 forj=1,...,J and 0 = 29 < z1 < ... < 25 = 1 we have

1
(vh; wh)h = (vh;wh) + 6/ hQThv;Lw;L dzx,
(0,1)

for all vy, wy, € SY(Ty,) where ht,|Kk; = hy.

1.5 Decomposition of discrete tangential vector fields

As a technical tool we will need to decompose discrete tangential vector fields on surfaces into
a (discrete) divergence-free and a rotation-free part. This requires the use of non-standard, non-
conforming finite element spaces. Related results are given in [AFW97] but since the author is
unaware of a reference for the assertions in a periodic or non-flat setting required here, short proofs
of the results are included.

1.5.1 Discrete Helmholtz decomposition on the two-dimensional torus
We assume that d = 2 and consider a flat, periodic setting first, i.e., we let

M = M;, = T? =R?/Z7°. (5.7)
0 i)
0x1’ Oxo
application of V to an elementwise differentiable function. Moreover, we will consider [0, 1]? as the
fundamental domain of T?.

In this case we write V) = V = ( = (01, 02) and we use Vi, to denote the elementwise

15



Definition 1.5.1. A triangulation 7;, of T2 is a regular triangulation of [0,1]? such that for each
node z € [0,1] x {0} U {0} x [0,1] there exists a node 2’ € [0,1] x {1} U{1} x [0,1] satisfying either
z=2"+(1,0) or z = 2" 4+ (0,1). Such two nodes are identified and we set

Su(Th) = {vn € S"(Th) : val(0.1)x {0} = Val(0,1)x {1} and Vrl{o1x(0,1) = Vnl{1}x(0,1) }-

Two edges E,E' € &, such that E = E' + (1,0) or E = E' + (0,1) are identified and all edges
E € &, are called interior edges.

1
V4 Z
0 1

Figure 1.3: Example of an admissible triangulation of T2. Nodes and edges
along the shaded sides can be eliminated via identification with nodes and
edges on the opposite sides.

In the following we assume that 7}, is a regular triangulation of T? in the sense of the previous
definition.

Definition 1.5.2. (i) For v € C1(T?;R) the vectorial curl of v, denoted Curlv, is defined by

0 -1

Curlov:= (— 821),811))T = [ 1 0

.

(ii) For 1) = (¢1,7/)2) € CY(T?;R?) the scalar curl of 1, denoted curle, is defined by

0o —1]"
curly:= 0119 — Ortp = div [ L0 ] .

(iii) For w € LY(T?;R) such that w|x € C*(K) for all K € Tj, the Tj-elementwise vectorial curl of
w, denoted Curly, w, is defined by elementwise application of Curl, i.e., for each K € T, we have

(CurIThw)\K := Curlw|g.

The finite element space introduced in the following definition is known as the (non-conforming)
Crouzeix-Raviart finite element space, cf. [CR73].

Definition 1.5.3. For each edge E € &, let zg denote the midpoint of E. Then, define

SQNC('];L):: {Uh c LOO(’]I‘Z): vp| K is affine for all K € Ty,

and vy, s continuous at zg for all & € Eh}.
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Lemma 1.5.4. Given ay, € S#(ﬂl) and by, € S#NC(EL) we have
(Vah; CurlThbh) =0.

Proof. A Tp-elementwise application of Stokes’ theorem, the identity curl Va, = 0, and the fact
that the tangential component of Vay, is continuous across E for each FE € &, show

(Vah;CurlThbh) = Z {/ (CurIVah)bhdx—i—/ (Vah-TK)bh dt}
Ker, S K oK

-3 /E (Van - ) [ba] dt.

Eegy,

where Tg,Tg are unit tangent vectors to 0K for K € 7, and to E € &, respectively, and [bh}
denotes the jump of by, across an edge E € &,. Since by, is continuous at zg we have fE [bh] dt =0
for each E € &,. Upon noting that Vay, - 75 is constant on each edge E € &, we verify the assertion
of the lemma. O

Definition 1.5.5. The space of discrete harmonic fields is defined by

H#(%;RQ)ZZ {Hh € EO(%)Q : (Hh; Curlfhwh) =0 for all wy, € S#NC(%)
and (Hh; Vvh) =0 for all vy, € S#(’]}l)}

Lemma 1.5.6. It holds dim Hy(7,;R?) = 2.

Proof. In this proof we do not identify edges or nodes that could be eliminated through periodicity.
Obviously, the dimension of £%(7;,)? equals 2 card 7;,. We let En,» and N, 4 be the sets containing
the edges and nodes on the sides [0, 1] x {0} and {0} x [0, 1] that can be eliminated via identification
with edges and nodes on the opposite side of (0, 1)? according to periodicity. Since each edge belongs
to two nodes we have that

card &, 4 = card Nj 4 — 1.

Moreover, we have

dim S;%(']?l) = card NV}, — card NV}, »

and
dimS#NC(’Z}l) = card &, — card & 4.

The condition that
(Hh; Vvh) =0

is satisfied for all vy, € S}#(’]}L) imposes dim 53.1# (75,) —1 linearly independent conditions on a function
Hy, € £°(T)?. Indeed, suppose for a contradiction that there exists v} € S#('Zﬁ) with

(wh; Vv;;) =0
for all ¢y, € £°(7,)%. In particular, for ¢, = Vo it follows HVU;;H = 0, which implies that v is
constant and thus the assertion on the number of linearly independent conditions. Similarly, using
that Curlg, wy, € £°(7;,)? for all wy, € S#NC(’Z}), we find that the condition
(Hh; CurlThwh) =0
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for all wy, € S#NC(']?I) imposes dim S;’Nc(’lﬁ) — 1 linearly independent conditions. It remains to
show that the two conditions are mutually linearly independent. If the second condition depends
on the first one then there exists wy € S#NC(’E) such that

(¢n; Curlgwy) =0

is satisfied for all ¢y, € £°(7;,)? with (wh; Vvh) = 0 for all v, € S}#(’]}L) Since Curlz, wy satisfies
(CurlTth; Vvh) =0 for all vy, € 8?1# (71,) we deduce that wj is constant and this implies the linear
independence. The converse statement is analogous.

On combining the above identities and using Euler’s identity

card N}, — card &, + card 7;, = 1

we find that
dim Hy (75 R?) = 2card 7, — (dim Sy (7;) — 1) — (dim S;™(7,) — 1)
= 2card 7j, — card NV}, + card N}, 4 — card &, + card &, 4 + 2
= 2card 7j, — card NV}, — card &, + 2card &, 4 + 3

= 3card 7}, — 2card &, + 2card &, 4 + 2
=2.
Here we used
3card 7}, — (card &, — card Eh#) = card &), — card &, 4
in the last identity. For a proof of the latter equation notice that both sides equal the dimension

of SyN(Tp). O

With the preparations of the previous lemmas we are able to provide the following orthogonal
decomposition of two-dimensional, 7j-elementwise constant, periodic vector fields.

Proposition 1.5.7. Let w, € L°(T3)?. Then there exist uniquely defined a € S#('Z?l), by, €
SQNC(%), and Hy, € Hy(T,; R?) such that th apdz =0, th bpdz =0, and

wp, = Vay, + Curly, by, + Hy,.
Moreover,

lonl® = [[Van]|* + |Curkzbu]|” + |17

and
(wh; Vvh) = (Vah; Vvh)

for all vy, € S#(’Z}l)
Proof. Let ay, € S;% (71) be the uniquely defined function that satisfies th apdx =0 and
(Vah; Vvh) = (wh;Vvh)

for all vy, € S#(’Z}l) Let by, be the uniquely defined function in S#NC(’Z}) such that th b,dz =0
and
(CurlTh by; CurIThwh) = (wh; CurIThwh)
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for all wy, € S#NC(’]}L). Define Hj, := wp, — Vay, — Curly, by,. Then, using Lemma 1.5.4 and the
definition of by, we find

(Hh; CurIThwh) = (wh — Curly, by; CurIThwh) — (Vah; CurlThwh) =0
LNC .
for all wy, € 8§47 (7). Similarly, we deduce that
(Hh; Vvh) = (wh — Vah;Vvh) — (CurlThbh;Vvh) =0
for all vy, € S#(’Zﬁ) This proves that Hj, € Hy(75;R?). With the above identities we verify that

lwall® = (wn; Vap) + (wn; Curlg, by) + (wi; Hy)
= [[Van||* + [|Curlg, ba||* + || i,

which finishes the proof of the lemma. ]

A so-called averaging or recovery operator Ay : L'(T?) — S#(’Z}l) is defined in the following
lemma and allows to approximate a discontinuous function g, € L'(T?) by a continuous function
Anon € S;#(']?l) We refer to [Car99, CBO02] for related assertions and estimates.

Lemma 1.5.8. Given f € L'(T?) define A, f € S#(’Zﬁ) by

Anfi= S fpe, fom Hz(wz)l/ fda.
ZENh w

z

There ezists C' > 0 such that for all wy, € S#NC(’Z%) we have
[Jwn — AhwhHLQ(wz) < ChZHVthhHB(@)
for all z € Ny, and @, = Uyen;, nw,wy, and
17, (wn = Anwn) || < C[[ Vg wn]
where hg, € L>(My,) satisfies hg, |k = hi for all K € Ty,. Here, Vi, wy, is defined elementwise.
Proof. The first estimate follows from a compactness argument: Let z € N}, and suppose that

wy, € S#NC(’]}L) is such that Vi, w5, = 0. Then wy, is constant on @,. By definition of &, we
deduce that Ajwy, is constant on the smaller set w, and in particular

[[wn — Ahwh”m(wz) =0.
A compactness and a scaling argument then provide the first estimate. The second estimate is
an immediate consequence of the first one upon noting that the coverings (wzz z € Nh) and
(CJZ: z € Nh) have finite overlaps and that C~'hg < h, < Chg for K € T}, and z € N}, such that
K Ccuw,. O
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1.5.2 Decomposition of tangential vector fields on triangulated two-dimensional
hypersurfaces

We briefly indicate necessary changes in the above discussion to define a discrete Helmholtz decom-
position on triangulated hypersurfaces without boundary. Throughout this subsection 7; denotes a
triangulation that defines the hypersurface M} which serves as an approximation of the submanifold
M as in Section 1.3.

Definition 1.5.9. For each edge E € &, let zg denote the midpoint of E and define
Sl’NC(’]}L):: {vh € L°°(My,): vp|k is affine for all K € Ty,

and vy, s continuous at zg for all B € Sh}.
For wy, € SYNC(T},) we define the Tj,—elementwise constant, tangential vector field Curlyg, wp, on
Mh by
Curlyg, wi| k= pn |k X Var, wa| K,

for each K € Ty, and where pyp is a unit normal to My defined on each K € T,. Moreover, we
define the set of discrete harmonic fields on M} by

'H(’]}L;R‘?’):: {Hh € EO(’]}L)?’: Hy, - up = 0 almost everywhere on My,

(Hh; Curthwh) =0 for all wy, € SLNC(’Z}L),
(Hh; Vthh) =0 for all v, € 51(7?1)}

As in the flat situation we have the following orthogonality.

Lemma 1.5.10. For aj, € S'(73,) and b, € SYNY(7,) we have
(VMhah; Curthbh) =0.

Proof. The identity follows from a 7j-elementwise integration by parts on Mj; we refer the reader
to [DDE05, CDD'04, GT01] for details on integration by parts on surfaces with boundary. Using
that Vi, ap and Curlyy, by, are tangential vector fields and that the derivative of aj along an edge
FE € &, is continuous we have

(Vag,an; Curlag, by) = —(pn % Vg, an; Vg, br)

— Z /Kdith(uh X Vg, an )by dsp, — Z

KeTy, KeT,

= Z /aK <thah . (,Ufh X ‘uzo))bh dt

KeT,

= Z/ (Vag, an, - T ) by, dt
0K

KETh

= > /E (Vag,an - 1) [bn] dt,

Eegy,

/aK (Mh X VMhah) . ,uﬁobh dt

where 1f° = Ti X pp| ik denotes the co-normal to K on 0K and [bh} the jump of by across an edge
E € &,. Since [bh] has vanishing integral mean we verify the assertion. O
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The dimension of the discrete harmonic fields on M}, depends on the topology of M), through
the Euler characteristic of My. In the following proof it is important to notice that Hth ahH =0
and HCurthbhH = 0 for ap € S'(7;,) and by, € SHNVC(7;,) imply that aj, and by, are constant on
M;,.

Lemma 1.5.11. Suppose that M and My, are topologically equivalent in the sense that their Euler
characteristics Xpr and Xy, coincide. Then, the dimension of H(Tx;R3) equals 2 — X .

Proof. The proof follows the lines of the proof of Lemma 1.5.6 with the difference that
dim S'(7;,) = card \V;, and dim SYNVC(7,) = card &,
and that Euler’s identity reads [Sta86]
card N}, — card &, + card 7y, = X, = X
Therefore,
dim H(75; R?) = 2card 7, — (dimSl(’E) -1) - (dimSl’Nc(’E) -1)

= 2card 7;, — card N}, — card &, + 2

=3card7y, —2card &, +2 — X

=2—Xy.
For the last identity we used that the identity

3card 7;, — card &, = card &;,.

holds since both sides of the equation equal the number of degrees of freedom in SHNC(73,). O

Remark 1.5.12. For the two-dimensional sphere we have Xpr = 2 while for a two-dimensional
torus we have Xy = 0.

The following proposition then follows as Proposition 1.5.7.

Proposition 1.5.13. Let wy, € L°(T3,)3 such that wy, - i1y, = 0 almost everywhere on Mj,. Then there
exist uniquely defined aj, € SY(Ty), by, € SVNY(Ty,), and Hy, € H(Ty; R3) such that th apdz = 0,
th bpdz =0, and

Whp = VMhah + Curthbh + Hy,.
Moreover,

leonl® = [[ Vs, on|* + | Curlag,bu]|* + | Ha ]

and

(wn; Vg, vn) = (Vag, an; Vag, vn)
for all vy, € S*(Tp,).

Proof. The proof follows the lines of the proof of Proposition 1.5.7. U

Remark 1.5.14. We remark that other discrete decompositions of tangential vector fields are
possible, e.q., if wp belongs to the lowest order Raviart-Thomas finite element space then wy, can be
decomposed into the discrete gradient of a Tp-elementwise constant function, the vectorial Curl of
function in S'(T), and a remainder which belongs to a finite dimensional set, cf. [AFW9S].
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As in the flat, periodic case we can define a recovery operator.

Lemma 1.5.15. Given f € L*(M},) define Anf € SY(T1,) by

Anfi= 3 fopss  fom HQ(wZ)_l/ fde.

2N, we
There exists C > 0 such that for all wy, € SYNC(T},) we have
[Jwn — AhwhHm(wz) < CthVthth(@z)
for all z € Nj, and &, := Uy, rp.wy, and
17, (wn = Awwn) || < C[Vag wll,
where hr, € L™(My,) satisfies ht, | = hx for all K € Ty,

Proof. The proof follows the lines of the proof of Lemma 1.5.8. U

1.6 Projections onto surfaces and elementary differential geome-
try

For a convex set C C R™ it is well known that the orthogonal projection onto C is well-defined in
the entire space R™ and Lipschitz continuous with constant less than or equal to 1. In particular,
if N = 0C then the projection defines an operator my : R" \ C — N. If N is not the boundary of
a convex set then it is still possible to define an orthogonal (or nearest-neighbor) projection in a
small tubular neighborhood of N provided that N is sufficiently regular. We include a proof for
a compact, k—dimensional C* submanifold without boundary, £ > 2, in R™ which guarantees that
the projection 7y is C*~1.

Theorem 1.6.1. Let £ > 2 and suppose that N C R™ is a compact, k-dimensional C* submanifold
in R™ without boundary. There ezists 65 > 0 such that for allu € Us, (N):= {q € R" : dist(q, N) <
ON} there exists a uniquely defined element wn(u) € N such that

|u — 7 (uw)| = dist(u, N).

The mapping mn : Us(N) — N is C*~ reqular, satisfies Drn(p)lr,ny = idr,N for allp € N, and
Drn(p)v =0 for v € R™ such that v L T,N.

Proof. By compactness and continuity of IV there exists for every ug € R™ a pg € N such that
|ug — po| = dist(ug, N). We aim at deriving conditions that ensure that pg is uniquely defined and
depends in a differntiable way on ug. For a local parametrization f: Q — N such that f(&y) = po
for some &y € 2 we then have that & solves the minimization problem
1 2

min —fug — f(£)]

£eq
and the functions

Fj(uo, &)= —(uo — f(£)) - 0;f(§)
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vanish for j = 1,2, ..., k. If, in addition, the Hessian of G(§):= %|u0—f(§)|2, given fori,j =1,2,..., k
by
0;Fj(u, &) = 9, f(€) - 0;f(€) — (u — f(€)) - 005 f(€),

is positive definite, then &y is unique and the projection onto N is well-defined. Fix & € ﬁ, set
po:= f(&0), and let 1y denote a unit normal to N at p. Then, for s € R and ug:= pg + svy we have
Fj(ug,&) = 0. Moreover,

9iFj(uo, &) = 0 f(&o) - 95 f(€0) — svo - 0;0; f (&o)

and the first term on the right-hand side is (an entry of) the first fundamental form which is
positive definite while the second term on the right-hand side is the second fundamental form
which is uniformly bounded by some xy > 0. Therefore, we have

0iFj(uo,&0) > (C — skn)di;

in the sense of bilinear forms and where & is the largest absolute eigenvalue of the second fundamen-
tal form. Hence, the matrix (BiFj(uo, 50))z‘7j:1,27...7k is positive definite for s sufficiently small, i.e.,
s < dny = C/kn. The implicit function theorem guarantees that the function g : ug — &g satisfies
g € C*~1. The projection 7y is then defined by 7y := fog. Since g(p) = p for all p € N we imme-
diately observe that D7y (p)|7,ny = idr,n for all p € N. Moreover, since u — f(g(u)) is orthogonal
t0 Tp(g(u)) N, we find that Dmy (p)v = 0 for v € R" such that v | T, N. Finally, to guarantee global
well-posedness of the projection, it may be necessary to decrease dy appropriately, depending on
the ratio of the geodesic and the Euclidean distances, cf. the left plot of Figure 1.4. U

Remark 1.6.2. The proof of the theorem shows that dn is given (up to constants depending on the
global geometry of N) by dn = (maxl-:m,___,k max,ec N ]m(p)])fl, where k;i(p), i = 1,2,..., k, denote
the principal curvatures of N at p. This estimate is optimal in the sense that wn(0) is not defined
if N ={peR?: |p| =1} is the unit circle in R?, cf. the right plot of Figure 1.4.

N

Figure 1.4: Small Euclidean but large geodesic distance between points p, ¢ € N
(left) and undefined projection onto N at ¢ (right).

Remark 1.6.3. The proof of the theorem shows that if the distance function dist(-, N) is known
explicitly then the operator wyn can be evaluated through the identity

7wy (u) = u — dist(u, N)Vdist(u, N)

for allw € Us, (N).
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Figure 1.5: Choice of the damping parameter wy in Lemma 1.6.4.

Lemma 1.6.4. Let N and 6y be as in Theorem 1.6.1. There exists wy > 0 such that for allp € N
and all 7 € T,N, s € R with || < 1 and |s| < wy we have p+ sT € U, (N). If N = 9C for a
convex set C C R™ then (p + 57') 1s well-defined for all s € R and we set wy := o0 in this case.

Proof. The proof follows from a Taylor expansion of a local parametrization f: Q — N. For & € O
such that f(£) = p and e € R¥ such that Df(&)e = 7 we have |e| < C and

f(& + se) = f(&) + sDf(&)e + O(s?).

Since f(&y + se) € N we verify that

dist (f (&) + sDf(€)e, N) < | f(&) + sDf(€o)e — f(&o + se)| = Cs™.

Hence, for s sufficiently small we verify the first part of the lemma. The statement for N = 9C is
obvious. O

Remark 1.6.5. A careful inspection of the proof of Lemma 1.6.4 shows that a mazimal wy is up
to generic constants given by wy ~ Oy & (maxizm,___,k max,e N ]m(p)\)*l

The following definition guarantees that there exist continuous, unit vector fields that define an
orthonormal basis of 7, N for all points p on the submanifold N.

Definition 1.6.6. We say that the compact, k-dimensional C* submanifold N C R™, £ > 2, is
parallelizable if there exist continuously differentiable unit vector fields ey, es,...,ex: N — R™ such
that for all p € N the vectors (el(p), €2(p), .oy €k (p)) form an orthonormal basis for T,N .

Remark 1.6.7. Not every compact, C? submanifold N is parallelizable, e.g., the two-dimensional
unit sphere S? is not parallelizable. A construction in [HEIO2] shows however that every compact C*
s/ybmamfold N without boundary can be isometrically embedded into a parallelizable C3 submanifold
N.

Lemma 1.6.8. (i) Let N be as in Theorem 1.6.1 and suppose that N is parallelizable. Then there
exist compactly supported, continuously differentiable vector fields €1,€s, ...,€r: R™ — R" such that
ei(p) =€;i(p) for allp e N, 1 <i <k, and e; as in Definition 1.6.6.

(ii) If N is also orientable then there exist compactly supported, continuously differentiable vector
fields Uy, ..., Up: R™ — R™ such that the vectors

El(p)a EQ(p)v ) ek(p)7 ﬁkJrl(p)? ooy Vn(p)

form an orthonormal basis for R™.
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Proof. Owing to the assumptions in (i) on N there exist vector fields eq, eg, ..., ex: N — R™ so that
the desired properties are satisfied in an open neighborhood of N. Choose py € N and define the
non-smooth extension 7y : R™ — N of the projection ny : Us, — N by setting 7 (u) := po for
u € R"\Us,. Then, let x : R>¢ — [0,1] be a continuously differentiable function such that x(s) =1
for s < d9/2 and x(s) =0 for s > 3dp/4, and define

€;(u):= x(dist(u, N))e;j (Tn(u)).

This function is continuously differentiable in R and has compact support. We proceed analogously
for the functions vy, £ = k+1, ..., n, in the second statement to complete the proof of the lemma. [

Lemma 1.6.9. Suppose that N is C?. There exists a constant C > 0 such that for all p,q € N
and v € R™ satisfying v L T,N and |v| =1 we have

(p—q)-v<Clp—q*

Proof. We may suppose that p,q belong to a parametrized neighborhood in N, since otherwise
they have a positive distance greater than some € in which case the statement is immediate with
C = ¢y, For alocal parametrization f : QO — N and &, & € Q such that f(&) =pand f(&) =q,
a Taylor expansion provides

q=f(&)
= f(&) + Df(&)(& — &) + O(|& — &%)
=p+ Df(&)(& — &) + O(|&1 — &)

Notice that Df(&0)(&1 — &o) € T, N and hence the result follows upon testing the identity with v
and noting that [& — &| = |f~1(p) — f1(q)] < Clp — q|. O
1.7 Equivalent characterizations of harmonic maps

We recall the definition of a harmonic map into a submanifold N and discuss equivalent weak
formulations. For questions concerning existence of harmonic maps we refer the reader to [Hél02,

Jos84, EL95, EF01].

Definition 1.7.1. A wvector field u € WY2(M;R") is called a (weakly) harmonic map into N if
u(x) € N for almost every x € M and if it is stationary for the functional E : WH2(M;R") — R,

1
v+—>—/ | Vol ds,
2J/m

with respect to perturbations of the form wxn(u+ @) for vector fields ¢ € L>°(M;R™)NWH2(M;R")
that are compactly supported in M.

We include the following proposition from [FMS98] which is adopted to harmonic maps on
hypersurfaces.
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Proposition 1.7.2. Suppose that N is a compact, parallelizable, k-dimensional C? submanifold in
R™ without boundary. A vector field u € W12(M;R"™) such that u(x) € N for almost every x € M
s a harmonic map into N if and only if one of the following equivalent conditions is satisfied:

(i) for allv € Wol’z(M;R”) such that v(x) € TyyyN for almost every x € M we have

(Vamrw; Vo) = 0;

(i) if (ei)i:m’m’]C C WY2(M;R"™) are such that the vectors e'l(x),e2(x),..'.,ek(x) form an or-
thonormal basts Jor Ty N for almost every x € M and if V' := Yoo e"Vyu® and wY =
Son_y e Ve then we have

k
(9 V) + ) (W - 97;n) =
7=1

for alln € WEHA(M)NL®(M) and i = 1,2, ..., k;
0
(i) for all w € WOI’Q(M;]R") N L>*(M;R™) we have

(VMu; VMw) = (AN(u) [VMU; VMu] : w),

where An denotes the second fundamental form on N given by

n m

AN (w)[Varu; Varu] = Z Z AN,g(Qvu;Qvu)ﬁg ou
{=k+1~v=1

with Ay ¢(X,Y) =X - Dy7' and 7%, ¢ =k +1,...,n as in Lemma 1.6.8.

Proof. Suppose that u is a harmonic map into N. Then, considering perturbations wu;:= 7wy (u+t¢)
for ¢ € C°(M;R"™) with ¢ sufficiently small it follows that

= ‘tzO (VMu; Vurn(u+ W))

N E‘tzo{(vMU; Vi) + (Vs Viy [Dry (u)¢]) + o(t)}
= (Varu; Vi [Dry (w)6)),

where we used that 7y (u +t¢) = u+tD7ry(u)d + o(t). If ¢(x) € Tyy(z) N then Dry(u)d = ¢ and
the identity in (i) follows from a density argument as in [FMS98] The implication that if (i) is
satisfied then u is a harmonic map follows from the same identity since Dy (u(z)) () € Ty N
for almost every = € M.

Equivalence of (i) and (ii) can be seen as follows: for v = ne® with n € VVol’2 (M)NL>(M) we have,
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using Qﬂ/u(az) € Tyy(z)N for almost every x € M and employing Lemma 1.2.3,

m m k
(VMU; VMU) = Z (Q,YU;Q Z Z ej -Q,Yu)ej;vi)
y=1 v=1j5=1
m k m k n
:ZZ( - D u; el ZZ ej’aQyu“;ej’Bvaﬁ)
=1 j=1 v=1j=1 a,f=1
k n k n
= Z Z (ej’O‘VMuO‘; ejﬂVMv Z e] *Vyu® ej’BVM( e ’B))
j=1a,0=1 j=1a,0=1
k n k n
= Z (ej Opu®; ne’ Bet ’ﬁ + Z e]’aVMua; ej’ﬁei’BVMn)
j=1o,B=1 j=1la,p=1

I
] =

(975 9w) + (9% Varn).

<.
Il
-

To establish equivalence of (i) and (iii), choose w € Wol’z(M;R") N L (M;R™) and let 7; and fy

be such that
v+ 3
=k+1

where 7! = 7 o u. Writing wll:= ijl nje] we have, using D u - vt =0, that

Ms

(Varw; Vagw) = (Vg Vypwll) + (Du; D., [1e0"])

H
i
L

Ms

(D, u; peD., %)

—
2
Il

—_

Ms

= (VMu; VMwH) + (DVU;WDEE -Q,Yu)

—
2
Il

—_

>
=k+
= (VMu; VMwH) + Z
—k+
>
—k+

Ms

= (Vamu; VMwH) —l— (An,e[Du; D ul; )

I
A

k+17
= (Varw; Varwll) + (AN (u) [Varu; Vasul; w),

where we used that €’ - ¢/ = §;; almost everywhere on M. If (i) is satisfied then the first term on
the right-hand side vanishes which establishes (ii). Conversely, if (ii) holds true then the identity
reduces to (Vasu; Vasw!l) = 0 which is the statement given in (i). O

Remark 1.7.3. The condition of item (ii) in the proposition is satisfied if N is parallelizable. As
noted in Remark 1.6.7 if N is C4 then there exists an isometric isomorphism J: N — N with a
parallelizable C® submanifold N. It is proved in [HEIO2, Lemma 4.1.2] that u: M — N is weakly
harmonic if and only if Jou: M — N is weakly harmonic, see also [HéI91, CTZ93]. Therefore,
we may assume that N is parallelizable provided it is C*.
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1.8 Weak limits of discrete vector fields into surfaces

The following lemma shows that if a given sequence of finite element functions (uh) o attains its

nodal values in a surface and if the sequence converges weakly in W12 then also the weak limit
attains its values in the surface almost everywhere. We let M and M} be as in Section 1.3 and
adapt arguments from [MSS97] to the current setting.

Lemma 1.8.1. Let N C R™ be a compact, continuous submanifold. Suppose that ('dh)h>0 s a

bounded sequence in WH2(M;R"™) such that for each h > 0 the function uy, is the lifting of a
function uy, € SY(T,)"™ which satisfies up(z) € N for all z € Ny,. Then, every weak accumulation
point u € WH2(M;R™) of the sequence satisfies u(x) € N for almost every x € M.

Proof. For h > 0 and K € 7}, fix zx € N} such that 2z € K. Given § > 0 define
Zh#;:: {K c 'EL : Huh — uh(zK)HLoo(K) > 5}

Then, the inclusion
Ah(g—{xth dlst(uh >5}C U K
KeXp,s

implies

H (Ans) < > HUK

KEEh Fy

Using the Poincaré estimate ||vp||e (k) < Chic||[Vup|| 1o (k) which holds for all vs, € 8(7},) such
that vy (2x) = 0, we verify that

D2 MUK < 30 HAUK)S = wn )

KeZh,g KETh

<C Z 072h3 HVMhuhHB(K
KETh

< CH267||Vag, un |72 o,
Hence, as h — 0 we have that H%(As) — 0. Let
gh75:: {x eM: dist(ﬂh(x),N) > 6}.

Then, by Lemma 1.3.3 we have

HY(Aps) = / X{we My, :dist(up, (z),N)>5} ASh = /M X {we M, dist (up (), N)>6} © Pr, ' QnQ@ " ds

My,

= / X{we M-dist (i (2),N)>6}@nQ ' ds > H(Ap,5) min QrQ "
M zeM

and for h sufficiently small we have Q,Q ' > 1 5, cf. the proof of Lemma 1.3.5. This implies that
also

HY(Aps) —

28



as h — 0. In other words, the non-negative function fj,(x):= dist (ﬂh(az), N), x € M, converges to
0 in measure. This implies, see, e.g., [Rou05, Prop. 1.13], that there exists a subsequence (which is
not relabeled) such that for almost every = € M we have

fn(x) = dist(up(z), N) — 0.

Since a subsequence of (ﬁh) converges weakly in W12(M;R"™), hence strongly in L?(M;R"), and
in particular pointwise almost everywhere we have by continuity of the distance function that

dist (@ (z), N) — dist(u(z), N)
for almost every x € M. This shows that u(x) € N for almost every = € M. O

Remark 1.8.2. If N = S"! then the assertion of the previous lemma follows from the nodal
interpolation estimate

i = 1) = | 2 = Za ]| < OB, 2| < 20T
A similar estimate can be derived if N is given as the zero level set of a function F € WL (R"; R*F),

The following lemma shows that if u, € S'(7;,)" satisfies up(z) € N for all z € A}, then the
partial derivatives of uj, are almost tangent vectors to N provided that N is C2.

Lemma 1.8.3. Suppose that N is a compact C? submanifold in R™ and let uy, € S*(T3)" be such
that up(z) € N for all z € Ny,. Let z € Nj, and K € Ty, such that z € K. For v € R" such that
v LTy, N and |[v| =1 we have

v Dy up < ChK|VMhuh‘2

on K forv=1,2,....,d 4+ 1 with a constant C' > 0 that only depends on N and the geometry of T,
but not on hg or uy,.

Proof. For K = Fi(K) set U, := uj, o Fx. We may and will assume that Fx (3) = zo. With the
notation of the proof of Lemma 1.3.5 we have for « =1,2,...,n

Vi, uy, = D} Vag
and, if e, € R™ denotes the y-th canonical basis vector in R,
Dy, upy = Vg up - ey = (DheW)Tﬁﬂz‘.
This yields that

n n
o oo T e
Dy, up - v = E Dy, up v™ = (Dhev) E Vg, v®.
a=1

a=1

Now, for each component (/9\552% of %ﬂ% for 6 =1,2,...,d we deduce
n R n
> Ostigr® =Y hi (@ (35) — U (20)) v = hi (n(3) — (%)) - v.
a=1 a=1
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Lemma 1.6.9 guarantees that (p —q) - v < C|p — ¢|? for p,q € N and v € R" satisfying v L T,N
and |v| = 1. Since v L Ty, z,)/N we thus infer that

n(%0)
hid (@ (%) — n(0)) - v < Chyt|[Gn(Zs) — @n(30)|” = Chi|dstin|” < Che |V |,

On combining the previous estimates, using that Dy, is bounded h-independently, and incorporating
the identity Vuy, = GEVMhuh with a uniformly bounded matrix Gy, we verify that

2
Qh,ﬁ/uh v < ChK|thuh|
which finishes the proof. O

Occasionally we will impose boundary conditions. The following lemma is a consequence of the
fact that every bounded linear operator is weakly continuous.

Lemma 1.8.4. Suppose that M C R%x {0} is a bounded Lipschitz domain with polyhedral boundary,

let I'p € OM be closed with H1(T'p) > 0, and let up € C(I'p;R™). Suppose that (ﬁl)h>0 is a

sequence of triangulations such that I'p is matched exactly by edges in E, N I'p for each h > 0.
Assume that Up p, € SY(Tp)" is such that up = Up p|r, and satisfies

Up,h — UD m L2 (PD; Rn)

as h — 0. If w, € SYTp)" satisfies wp|r, = up,, and the sequence (wh)h>0 15 bounded in

WL2(M;R™) then every accumulation point w € WH2(M;R™) satisfies w|ry, = up.

Proof. Since the trace operator T : W12(M;R") — L%(OM;R"™) composed with the restriction to
I'p is bounded and linear, it is weakly continuous and hence we have

up = hl,lm UD,h = hl’lino T(wh)‘FD = T(w)‘FD7

—0

where (h') is a subsequence such that wy — w in W12(M;R"?). O

1.9 Auxiliary results from measure theory

We conclude the chapter with two elementary results from measure theory. The first result states
that the space of linear combinations of Dirac measures is a closed subset of C'(M)* with respect
to the strong topology while the second one allows to identify the supports of the limits of certain
sequences in C'(M)*.

Lemma 1.9.1. Let M C R? be compact and let (FK)ZEN be a bounded sequence in C(M)*. If for
each £ € N the support of Fy is finite, i.e., Fy = JLil af ! for Ly € N and af € R, x§ e M,
j=1,2,..., Ly, and if Fy — F strongly as { — oo for some F € C(K)*, i.e.,

sup (Fy— F,n) — 0
n€C(M): |InllLoo (ar) <1

as ¢ — oo, then there exist (aj)jeN C R and (xj)jeN C M such that F = z;’il ajoz;. If

Z]Lil \af\s < Cy for some s >0 and all £ € N then z;’il laj|® < Ch.
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Proof. Riesz’ representation theorem, see, e.g., [Rud87, Theorem 6.19] for details, provides an
isometric isomorphism between C'(M)* and the set of regular Borel measures on M such that for
every G € C(M)* we have

sup (G,n) = sup Z |G(E%)], (9.8)
neC(M): |Inllpoe (ar) <1 {Ey: keN}eP(M) .2

where we identified G with the measure provided by the isomorphism and where P (M) denotes the
set of all countable, measurable partitions of M. The set

I':= U {x{,xé, ...,xél}
leN

is countable and we enumerate its elements as ' = {561, To,T3, } We set a;:= F({x]}) for j € N
and define F":= 3% a;0,; € C(K)*. To finish the proof of the first statement it suffices to show
that F is supported on I' since this implies I/ = F. Each F} is supported on I' and thus for every
measurable set A C M \ I" we have by considering the partition {4, M \ A} in (9.8) that

|F(A)| = [F(A) - Fu(A)] < sup (Fy — F,n)
nECM): nllpos (<1

and the right-hand side can be made arbitrarily small, i.e., F'(A) = 0. To prove the second part of
the lemma we first notice that for every x € M we have

[Fe({z}) = F({z})| =0

as h — 0. With Fatou’s lemma we then deduce that

Le oo
cy > ligrgigfz jal]® = 1i€rgglfz |Fy({a )|

> thlnf ‘Fg {x]} Z |F {%} Z |a;]°

which finishes the proof of the lemma. O

Remarks 1.9.2. (i) Strong convergence in C(K)* is a selective notion of convergence as, e.g., the
sequence of functionals 01,y does not converge to &g strongly in C([0,1])*.
(ii) The statement of the lemma is still true if the support of Fy is countable for every ¢ € N.

Lemma 1.9.3. Let M C R? be compact and let (Fh)h>0 be a bounded sequence in C(M)*. Suppose
that there exist C > 0 and L € N such that for each h > 0 and all n € C*(M) we have

L
|Fi(n)] < ChlIVnll + 3" o |n(zh))|
j=1

for Q? € R and x? € M for j = 1,2,...,L. Then there exist L' < L and 90; € R, y; € M,
j=1,2,..., L such that for a subsequence which is not relabeled we have

L/
By =7 Z 00y,
j=1
as h— 0. If s € (0,1] and ZJL:1 ]a?\s < Cy for all h > 0 then Z]L;I loj|* < Ch.
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Proof. Since Fj, is a bounded sequence in C(M)* there exists a weak limit F' € C(M)* of a
subsequence which we do not relabel in the following. Passing to another subsequence we may
assume that the L-tupels (ml,...,x}L‘) converge strongly to (ml,...,xL) € MY as h — 0. For
n € CY(M) with suppn C M \ {xl, ...,a:L} we have, owing to the assumptions on Fj,, that

|F(n)| < |F(n) — Fu(n)| + | Fra(n)]
L
< |F(n) = Fa()| + ChIVn| + > o |n(x])|-
j=1

The right-hand side vanishes as h — 0 owing to F}, —* F, convergence of (x’f, - x%) to (acl, . a:L),
and the fact that 1 vanishes in an open neighborhood of {xl, ey T L}. Therefore, we deduce that F
is supported on {xl, ...,xL}, ie.,

L/
F= Z 0j0y;
j=1

for appropriate L' < L, o; € R, j = 1,2,..,L', and {y1,...,yrr} C {@1,...,z}. We set ¢ :=
min; j—1. 1 |yi — yjl/2. For i € {1,..,L"} we choose n; € C'(M) such that {772 ‘ < 1 for all
x € M, n;(y;) =1 and n;(y;) = 0 for j # i, suppn; C B.(y;) N M, and HVmH < Ce~!. Then, for
each h > 0 we have

loil = |F(m)| < |F(m:) = Fu(mo)| + | Fa(mi)| < |F(mi) — Fa(ns)| + Che ™ + > o)
§=1,...,L, |yi—alt|<e

< (1) - Bl + ey 1)

j=1,...,L: \yif:v;?\ge

where we used [z]pn < [2]ps for (zj)jeN C R and [z]ps := (ZjEN ]Zj’s)l/S_ For each x? there is at
most one ¢ such that ac;‘ € B:(y;). Therefore, we deduce that

L L'
Z\QHSSZ‘F(W Fh771| +L/ Chz’;‘ +Z|Q
i=1 =1

Since the first two terms on the right-hand side vanish as h — 0 and the third one is bounded by
C1 we verify the assertion of the lemma. O
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Chapter 2

Convergence of discrete harmonic
maps

Stability of solutions of nonlinear partial differential equations is often expressed in terms of weak
compactness results: Given a bounded sequence of vector fields that satisfy the equation up to
a compact perturbation the question is whether weak accumulation points are exact solutions
of the problem under consideration. Such results are naturally linked to convergence of numerical
approximations but owing to the limited choice of discrete test functions, the results are usually not
directly applicable. In this chapter we prove weak convergence of sequences of (almost) discrete
harmonic maps into a given surface N when certain discretization parameters tend to zero by
appropriately modifying existing weak compactness results for harmonic maps. While this task is
relatively straightforward for harmonic maps into spheres it is essentially more involved when less
symmetry is available. In fact, convergence for a large class of target manifolds will only be shown
in two space dimensions.

2.1 Weak compactness results for harmonic maps

We briefly describe in this section weak compactness results on a continuous level which will be
adapted for the analysis of numerical approximations in the subsequent sections. For ease of
presentation we restrict in this section to the case that M C R? x {0} and write V instead of Vyy,
omitting the trivial last component.

2.1.1 Harmonic maps into spheres

Suppose that (W)EEN C WH2(M;R") is a bounded sequence of harmonic maps into S~ C R”,
the (n — 1)-dimensional unit sphere. Then, owing to Proposition 1.7.2 we have

(Vw; Vv) =0

for all v € W&’Q(M;R”) such that v(z) € T,,,(;)S™ ! for almost every 2 € M. We assume for the
time being that n = 3. Then, it is well known that for almost every € M we have v(x)-uy(x) = 0,
ie., v(z) € Tuz(x)SQ, if and only if there exists w(z) such that v(x) = w(x) X ug(z) and this defines
a vector field w € VVO1 ’2(M ;R3), provided that v is essentially bounded. For v = 1,2, ...,d we have

0y [uz X w] = ((%ug) X w + up X (8yw)
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almost everywhere in M and the properties of the cross product imply
Oyug - Oy [U,g X w] = Oyuy - [U,g X 8yw] = — [U,g X &/W] - O w.
We thus deduce that the identity
d
Z (uz X Oy Uy; (%w) =0
y=1

is satisfied for all w € VVO1 ’2(M :R3) and this equation provides an equivalent characterization
of harmonic maps into the two-dimensional sphere. Now, owing to the compact embedding of
WH2(M;R3) into L?(M;R3), one can perform a limit passage ¢/ — oo in the previous identity,
namely, we verify that

d
Z (u X Oyu; 8yw) =0
y=1

holds for all w € W&’Z(M;R:S) if u e W2(M;R?) is the weak limit of a subsequence (u)
Reversing the above argumentation with the cross product we find

L'eN”

d
(Vu; Vv) = — Z (u X Oyu; 8yw) =0.
y=1

Pointwise convergence almost everywhere in M of (Ug/) shows that u(z) € S? for almost every
2 € M and hence u is a harmonic map into S2.

To understand the less symmetric situation for n # 3 we notice that b-a = 0 for a,b € R with
la| = 1 is satisfied if and only if b = Xa holds with a skew-symmetric matrix X € so(n). For a
proof of this fact, let a,b € R™ be two such vectors and choose O € SO(n) such that Oa = e; is
the first canonical basis vector in R", set b’ := Ob, and notice that owing to 0T0o =1,,+,, we have
b -e; =0, i.e., the first component of b is zero. Let X’ be the matrix whose first column coincides
with b, whose first row equals —'T, and which has vanishing entries otherwise. Then, X’ € so(n)
and b’ = X'e;. Setting X:= OTX'O we verify

b=0TY =0TX'e; = 0TX'0Oa = Xa

and XT = (07X’'0)" = 0™X'T0 = —0TX'0 = —X, i.c., X € s0(n), which finishes the proof.
Therefore, if v € Wol’z(M; R™) N L>°(M;R™) satisfies v(x) € TW(:,J)S"*1 for almost every x € M
then

v(x) = Z ns(2) Xsue(x)

for n,s € W01’2( )NL®(M), s =1,2,...,n(n —1)/2, and a basis (Xs: s =1,2,...,n(n — 1)/2) of
so(n). Noting that d,uy - (X &/W) = 0 almost everywhere in M we deduce that

d d n(n—1)/2
0= Z (9 ) up; Oy v Z Z (&/W;Xsug(%ns).
y=1 y=1 s=1
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The passage to a limit in this equation is possible since no products of partial derivatives of wuy
occur. Arguing as above, we deduce that every weak accumulation point of the sequence (W) N
is a harmonic map into S™1.

We remark that in the language of differential forms the existence of X € so(n) such that
b = Xa is equivalent to the existence of ¢ € A?(R"), the space of alternating bilinear forms on
R™ x R"™, such that

b=x*"1(*cAa),

where * and A denote the Hodge duality operator and the wedge product, respectively. Employing
the facts that a-b = aAxb for a,b € A*(R™) and that aA (xcAa) = —(aAa) Axc =0 for a € AT(R™)
and ¢ € A2(R"), an equivalent characterization of harmonic maps into spheres is the validity of the

identity
d

i (8yu; 05 [¢ Au)) = Z (u A Oyu;0,9) =0

=1 =1

for all ¢ € WO1 )2 (M A2 (R”)), where we omitted the Hodge duality operator.
The discussion shows that weak compactness results for harmonic maps into spheres are conse-
quences of the identity
uNAu =0

or, equivalently, of the conservation law
div (u A Vu) = 0. (1.1)

Such identities have been employed in [RSK89], [Che89], and [Sha88| for the analysis of harmonic
map heat flow into spheres and wave map equations. The important fact about the identity (1.1)
is that derivatives of u enter linearly and not quadratically in the equation. The main reason for
validity of (1.1) is the symmetry of the target manifold S"~! and Noether’s theorem provides an
interesting generalization of (1.1) to targets with certain symmetries: If X is a Lipschitz continuous
tangent vector field on IV which is an infinitesimal symmetry of Aj; and u : M — N is critical for
the Dirichlet energy on M among such vector fields then

div(X (u)"'Vu) = 0.

We remark that X is an infinitesimal symmetry for A,y if it is a Killing vector field, i.e., Lxh = 0,
where h denotes the metric on N and Lx the Lie-derivative defined by X'; we refer to [Hél02, Raw84]
for details. In case of the unit sphere such vector fields are given by X: S"~1 — T.S"1 p s Ap
for A € so(n). The skew-symmetric matrices generate SO(n) which is a symmetry for As in the
sense that Ay Ru = RApu for R € SO(n) and v € WH2(M;R") such that v € S"~! almost
everywhere on M.

2.1.2 Harmonic maps into general targets

We next discuss the weak compactness result of [FMS98] for Lipschitz domains M C R? x {0}
and k-dimensional target manifolds N C R™ that are smooth, compact, and without boundary
but not necessarily orientable. This will serve as a guideline for the generalization of the weak
convergence result in [MSS97] for a finite difference method to finite element schemes for harmonic
maps introduced below. As above, suppose that (W) ten C WL2(M;R"™) is a bounded sequence
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of harmonic maps into N. Thus, for each ¢ € N we have uy(z) € N for almost every z € M,
HVWH < C, and

(Vw; Vv) =0
for all v € Wol’Q(M; R™) such that v(z) € T, ;)N for almost every x € M. By restricting to a cube
@ C M and reflecting u across the sides of () we may and will assume that each u, is periodic,
see [FMS98] and Section 2.3 for details about this argumentation. We choose an orthonormal frame
(62)i=1,2,...,k C WEY2(M;R™) for u, 'TN, i.e., we select vector fields ¢} € WH2(M;R"), i =1,2,...,k

such that for almost every = € M the family (ej(x)),_ is an orthonormal basis for T, )N

1,2,....k
This is possible if N is parallelizable which can always be assumed by a construction in [Hél02,
Lemma 4.1.2] if N is C4, see also [Hél91, CTZ93] and Remark 1.7.3. We then employ v = ne},

expand the rows of Vu in the basis (e}) B and argue as in the proof of Proposition 1.7.2 to

deduce that for wéj = eé’TVeﬁ and 79% = eg VU,g the identity

k
Z w” 19J + ( 2;V77) =0 (1.2)

Jj=1

is satisfied for all n € C2°(M) and each ¢ € N. With a good choice of the frame (ez) (i.e., using
“Coulomb gauge”, see Lemma 2.2.3 below) we have divw,’ = 0 so that ‘Uz = Curl b” + H” with
peri'(?dZic functions b” I/V1 2(M) and harmonic fields H;J € L?(M;R?) satisfying HCurl bZ]H
HH;JH = ||wy H Then, (1.2) can be written as

k
> {(Curldf - ofin) + (H7 - 9sm) |+ (9 V) = 0. (1.3)

Jj=1

Let u € WH2(M;R") be a weak accumulation point of the sequence (W) so that for a subsequence,
which we do not relabel in the following, we have uy, — u in W12(M;R"). By the compact
embedding of W12(M;R") into L?(M;R") we deduce uy; — u in L?(M;R") and in particular
that pointwise convergence holds almost everywhere in M. Therefore, we have u(x) € N for
almost every x € M since N is continuous. Since (GZ)ZGN is bounded in WH2(M;R") we have, if

necessary after extraction of another subsequence, e, — et in WH2(M;R") for i = 1,2,...,k and

using pointwise convergence almost everywhere as above we verify that the family (ei)@':1 5 plisan

orthonormal frame for u=!T'N. As another consequence of the compact embedding of W12(M;R")
into L?(M;R") and the fact that u,e’ € L>(M;R"™) we deduce that, as £ — oo,
wl =W =eTvel in L2(M;R?), ¢ =) =P TVu in L2(M;R?).
We also have that
b/ —= b7 in WYA(M),  HY — HY in L*(M;R?),

where strong convergence of the sequence of harmonic fields (Héj ) 0N follows from the fact that it
belongs to a finite-dimensional subspace of L?(M;R"). Therefore, we deduce that

W = Curlb¥ + HY,
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We want to pass to the limit in (1.3) as £ — oo to show that u is a harmonic map into N. This is
straightforward for the second and third term on the left-hand side of (1.3). To identify the limit
of the first term, we notice that by definition of 19? , we have

n
Curldy - 95 =) e#*Curlby - Vug
a=1
and the right-hand side has a Jacobian structure so that a result from concentration and compen-
sation compactness, see [Lio85], based on Wente’s inequality in a periodic setting implies that

Curlby - #) — Curlb - 9+ " 5,05,
teEN
in the sense of distributions; we refer the reader to [FMS98] for a detailed discussion. Here,

(xL)LEN C M and (SL) R satisfies ), . |s.| < 00. A combination of the limits identified above
implies that

1eN <

(wij . 19]';77) + (ﬁj;vn) = ZsLn(xL) (1.4)

k
=1 teN

J

for all n € C°(M). Since the left-hand side of (1.4) belongs to L'(M) + H~(M) which does not
contain Dirac measures, one can show that the right-hand side of (1.4) has to vanish identically,
ie., s, =0 for all . € N. Again we refer the reader to [FMS98| for details. Proposition 1.7.2 implies
that u is a harmonic map into N and concludes this outline of the compactness result into general
targets due to [FMS98].

The moving frame technique employed in the weak compactness proof is an elegant tool for
the analysis of harmonic maps into a large class of targets but seems restricted to two-dimensional
submanifolds M and is rather indirect. A new compactness result has recently been established
in [Riv07] and avoids the choice of a moving frame. Assuming here that for ease of presentation,
N is of codimension one with unit normal v, the result uses the fact that v € WH2(M;R") is a
harmonic map into the hypersurface N if and only if u(z) € N for almost every z € M and

—Au' = Z QI (1.5)
j=1

with Q% € R? given for 4, = 1,2,...,n and D:= v ou by
O A v Z S ZAvI 7

The vectors 29 are skew-symmetric in the sense that Q% = —QJ% This skew-symmetry is the
key to proving regularity and weak compactness results for harmonic maps from two-dimensional
submanifolds into compact C? submanifolds N C R” without boundary. This is an improvement
since the result by [FMS98] summarized above generally requires C* regularity of the target man-
ifold. It is interesting to note that the regularity result of [Riv07] based on the skew-symmetry of
Q% is optimal in the sense that weak solutions of (1.5) with symmetric 2% can have singularities,
see [Fre73] for an explicit example.

Though weak compactness results for harmonic maps into general targets are only known for
two-dimensional domains M and C? targets N, no counterexamples for failure of weak compactness
of harmonic maps are known.
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2.2 Weak accumulation of periodic discrete harmonic maps in 2D

We aim at adapting the weak convergence result for harmonic maps into general targets outlined in
Section 2.1 to a finite element setting following ideas in [MSS97] for the analysis of a finite difference
scheme on planar lattices. We assume in this section that

M = M, = T?

is the two-dimensional torus with fundamental domain [0, 1]2. This assumption allows to employ
Wente’s inequality [Wen69] which is needed for a critical limit passage. A reduction of the general
case M C R? x {0} to the periodic setting will be investigated below in Section 2.3; validity of the
result on two-dimensional curved surfaces is discussed in Section 2.4. We recall that the subscript
# indicates periodicity of discrete functions.

2.2.1 Discrete Hodge system

We begin with an equivalent characterization of discrete harmonic maps similar to the one given
in Proposition 1.7.2.

Definition 2.2.1. Let u; € 871#(’]71)” be such that up(z) € N for all z € Ny. Suppose that
(€.)i—10 & C 871%(’]71)" is an orthonormal frame for

u;LlTN:: {wh € S;%(']?l)" twp(2) € Ty ()N for all z € Nh},

e., for all z € Ny, the Uectors el,'L( ), i =1,2,....k, form an orthonormal basis for Ty ()N . For
i,j=1,2,...,k define wh ,wh, 79h € L2(M;R?) by
n
ZAT WV B=d60ve”,
a=1

and
n
: Z AT Y\ Vg, )= Z eil’aVu%,
where A is as in Lemma 1.4.6.

Up to error terms, the characterization of harmonic maps given in Proposition 1.7.2 holds also
in the discrete setting. Notice that we do not assume that N is orientable in the following lemma;
continuous unit normals are only required to exist locally.

Lemma 2.2.2. Suppose that uy, € S%E(’Z}l)” satisfies up(2) € N for all z € Ny and let (e},),_, , , C
S%E(’Z}l)” be an orthonormal frame for u,:lTN. Then, fori=1,2,....k and all ny, € S#(’Z}l) we hcwe

(Vuh; VIh [ he%])

Z w;f, k) + (9h; Vim) + A1 (uns €h,mn) + Ao (wn, €4, mn) + As(un, €f,mn),
7=1
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where the error terms Ay, Ao, A3 are defined by

A (unsehomn) =Y (Vu'; [A(mn) — ] Ver®),
a=1
- 2 k . . . . .
A (un, €)= ([Zn(eh @ &) — e, @ €] Osuns mosey, ).
1=1

2
Il

n

As(up, el mp) = (Zh, (Vﬁ ® Vﬁ)ayuh; MhOye}),

M)

y=1/¢=k+1

and where (v})) - S#(’]}L)" is such that for all z € N, the vectors

t=k+1,.m
e (2), ..., ef (2), yﬁ“(z), v (2)
form an orthonormal basis of R™.
Proof. Fix 1 <i¢ < k. Owing to Lemma 1.4.6 we have for a = 1,2, ..., n that
VI, [nhe’,;’o‘] = A(nh)VeZO‘ + A(eﬁ;o‘)Vnh.
Hence, it follows that

n

(Ve VI e} ]) = 3 (Vi VT )

a=1
n n n
= Z (Vug;maVe®) + Z (Vug; [A(ny) — np]Ver®) + Z (Vug; A(e;™) Vi)
a=1 a=1 a=1
n
= (Vui;naVeR®) + A (un, €h,mm) + (95 V).
a=1
The choice of the vector fields (e};)izl o and (uﬁ) il and properties of nodal interpolation

yield that

k n
Oyup, = ZIh e} ® e ] 0yup + Z In [vh ® vh| Oy,
j=1 (=k+1

almost everywhere in M. Thus, we deduce that almost everywhere in M we have
Oyup, - Ov€), = Z <Ih [e?1 ® e%]&yuh) - Oye€), + Z (Ih [Vﬁ ® l//l;] (%uh) - Oy€},.
j=1 (=k+1

For each j = 1,2, ..., k we rewrite the corresponding contribution to the first sum on the right-hand
side of the last equation as

(Ih [e] @ e]] (%uh) -0yl = <[efl ® e (%uh) - Oyep + <{Ih [e] @e)] — el ® efl}(%uh) - 0.el,
= (Oyun- ) (0eh - eh) + ({Tnleh @ eh] — el @ ] JOun) - Dl
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This implies that

n

> (VugsmVep®) =

]

((%uh; nh(%ez)

a=1 =1
= ZZ (Oyun - e} ;nn0yey, - €h) + Mg (un, €f,,mp) + As(un, e}, mp)
j=1~v=1
k N
= (e Vupimnel ' Vep,) + Ao (un, €, mn) + As (un, €, )
j=1
=> (97, - mn) + Ao (uns€h,mn) + As(un, €, )
j=1
and proves the lemma. O

2.2.2 Coulomb gauge for the orthonormal frame

The next lemma shows that an optimal choice of the frame (eﬁl)izl ok guarantees that wh is
discrete divergence-free for 1 < 4,5 < k up to perturbations. These perturbations vanish identically
if each K € 7p, has a right-angle, cf. Lemma 1.4.7.

Lemma 2.2.3. Let (eﬁ‘l)i:m’m’]C

k
. 1 9
(%)1:1,2,...,19 5 ;/W Wéﬂ dx

be minimal for

among all orthonormal frames (/671) R Jor uﬁlTN. Then,

i:1727---7

Jmax [|Veh]| < OV

and if wzj from Definition 2.2.1 is defined with such an optimal orthonormal frame we have for all

o € S4(Tp) that
(wh ) v¢h> = A4 (62, 6%’, Qbh) + A5 (62, egp ¢h),
where

n

M(chuchion) = 1 3 {(Ver [Alon) ~ AT(61)] V) ~ (Vel"s [A(6n) ~ AT(@n)] Ve") .
and

Ms(ehefotn) = 3 30 { (AT (65%) — )] Vel Von) + (A7 (") — A(ef)] Vel Vn) }.
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Proof. For the continuously differentiable vector fields (Ei)@':1 5 from Lemma 1.6.8 the family

(Ih [Ei ) uh] )ifl ok is an orthonormal frame for u;LlTN satisfying

— 54

IVZa[E o unl || < OV [e* o unll| < Cl[Vun]| | D& o gy < Cl[Vun]-

Since the optimal frame is minimal among all possible frames, we verify that HVehH < CHVuhH for
1 <i < k. Given any Sy € S} (’171)]”]“ satisfying Sp,(z) € SO(k), the family (€},),_,, , defined

by e} = Ih[zjzl Sh] h] is again an orthonormal frame for u, ITN. Hence, since (eh) =12,k is

kxk

minimal, the constant mapping Ix«x € S}#(’]}L) is minimal for

k k
1 a2
Sp 52/ (vzh[Zs;jégl” dz (2.6)
=179 j=1
among all S, € S#(’Z}l)“k satisfying Sy (z) € SO(k) for all z € Nj. Noting that Ty, ,SO(k) =
so(k) = {r € RF** : vl = —yifori,j = 1,2,...,k}, we have for all rj, € S#(’]}L)“k satisfying

ry(2) € so(k) for all z € N, that
1E koo a2
32 [, 1973 (=)l
=0 %=1 j=1
k
<Vez; VI [Z rﬁljei] >
j=1

n

(Vei"s VI [}/ e"])

0=

I
M= &=
i

@
Il
—

I
ﬁMw

-
S
Il

—
Q
Il

—

3

I
:MPT

-
&
Il

—
Q
I

-

[V AL V) + (Ve A Vi) }

3

I
ﬁMw

{(Vej; A () V)

S
<
Il

—
I

A

l\?lr—‘Q

+ 5 (Ve [A () - AT()]Ve™) + (AT () Vep™s Vi) |,

where Asym( ”) = {A(
where in M and that A(

Z) + Al (r )}/ 2. Upon notlng that rp is skew-symmetric almost every-
Z) depends linearly on rh , we infer that

k n
> 3 (Vef A 1)) =0
i,j=1a=1
Recalling the definition of wilj we thus deduce that
k 1 n )
> {@s V) + 5 0 (Ve [A () - AT ()] V) | = 0. (2.7)
i,7=1 a=1
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Given ¢y, € S#(’Zﬁ) and 1 < 4,5 < k, we define rj, € S#(’Z?l)]”k by setting rzj = op, r{f = —ap,
and rzj/ =0 for (¢/,5") & {(4,7), (j,7)}. Then, rp(z) € so(k) for all z € N} and (2.7) yields that

(wh ) V(bh) (wh ) v¢h> + 2A4 (eh7 eh7 ¢h)
or equivalently,
L 1, . .
(7 0n) = Aa(ch o) + 5 (@h + s Vin).

Notice that almost everywhere in M we have that
0=VI,| eh eh Zl'h ezaefla
—Z{ L)V + A(e) Ve )
- Z {AT (") Ve + AT (") vep" }

+ Z { (Ae") = AT ()] Ve + |A(eh”) - AT ()| veit

=uf ol = S {[AT() - Al Ve + [AT () - A vt}

a=1

The combination of the last two identities implies the lemma. O

2.2.3 Bounds on the error terms

We next incorporate discrete Hodge decompositions of the connection forms w;f in Coulomb gauge
and provide bounds on various error terms.

Lemma 2.2.4. For 1 <i,j <k let aff € S#(’Z}L), sz € fST;NC(%), and H;j € Hy(Tn; R?) be the
components of the discrete Helmholtz decomposition of w,zf according to Proposition 1.5.7. Define

by == Anbj] € SY(Tu). Then, for all iy € S}(Th) we have

M»

(Vup; VI, | nheh { CUT@j 'Ei;nh) + (H;Zf 'Ei;nh)} + (793;; Vi)

j=1

k
+ A1,2,3 (Uh, e%w nh) + Z A4,5 (6;17 e?—“ ,l/}h + Z {@1 Uh, eh7 eha nh) + 62 (Uh, eh7 eh7 Wh)}
j=1 j=1

where 1/)?1 =Gy [nhaﬁ] € S#(']}l)" satisfies [ro 1/)?1 dz =0 and

. — (197 . -
= (P nn;
(Vbn; Vop) = (95 1n; Vo)
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for all vy, € S#(']ﬁ)" We abbreviated A1 23:= A1 + Ao + Az and Ay5:= Ay + As with the error
terms from Lemma 2.2.2 and Lemma 2.2.3, respectively, and the additional terms ©1 and Oy are
given by

@1 (uhaelf;ae{pnh):: ([whj _wh] 19hvnh)
@g(uh,eﬁl,ei,nh) = ([CurlThbhj — Curlb’hj] -aj;nh).

Proof. Owing to the definition of azj and 1% we have

(Vay - Fhimn) = (Vails Vo) = (w)l; Vih) = Aas(eho e, ).

According to Lemma 2.2.2 we thus have

(Vun; VIn[nneh]) = D> (@7 - Trimn) + (95 Vn) + Az (uns €, mn)

j=1
= Z (wi? - Fhimn) + (95 Vi) + Aos (uns €ly,mp) + Z O1 (up, €}, €5, mn)
j=1 j=1
= S (OB - Fim) + (- Fim) } + (95 V)
j=1
+ A1,2,3 (Uh, 67]:7,7 77h) + A4,5 (e%w egp 1/1?1)
k
+ Z {@1 (uha 6%, 6%7 77h) + 62 (Uh, 62, e%a nh) }7
j=1
which proves the assertion. ]

Lemma 2.2.5. Suppose that there exists C > 0 such that for all h > 0 we have ||Vuy|| < C and
max;—12__k||Vel|| < C. For1 <i <k there exists fi € S#(’Z}l) such that for all ny, € S#(’]}L) we
have

k
(ffiz;nh) = A1 23 (un, €. mp) + Z {@1 uh,€h7€h777h) + 69 (umeh,ehmh)} (2.8)
7=1
and A
(i), < Cllnnll Lo (r2).- (2.9)

Moreover, for all ny, € S#(’Z}l) we have

(fhim )y < ORIV +.€ 2 ey s [9 by I, (210
zEN}, o

where for each z € N},

Th,z:= Max {Hv“hHm(wz)’ Hve}sz(wz)’ ) HCUTIThb;me@Z)}-
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Proof. One directly verifies that the right-hand side of (2.8) defines a linear functional on S#(’Zﬁ)
(in 75). Hence there exists fi € S;#(']?l) such that (2.8) holds for all 7y, € S#(’]}l) To prove the
asserted bounds for ffl we estimate each contribution to the right-hand side of (2.8) separately.
Without further notice we will use the assumed bound for HVuhH and HVeN.

(i) According to the definition and properties of the matrix A(nh) discussed in Lemma 1.4.6 we
have

Al(uha 6;'7,, 77h) < CthHLOO(TQ)a

as well as '
A1 (up, ep,nn) < ChHV??hHLoo(Tz)-

(ii) Since ]ei\ < 1 almost everywhere in T? we have

Ao (un, €fy,mn) < Clinnll o (r2)-

The interpolation estimate ||Zj, (ei ® ei) — ei ® eiHLQ(%) < CtheleLoo(wZ) VeiHLQ(wz) yields that

2k
Ao (up, eh,mn) = Z nn(z ZZ [Z( eh ®eh - eh ®eh}8 Up; P20 eh)

zZeNp, v=1j=1
<C Y ha]| Ve oo iz (2.
2€N},

(iif) Since |vf| < 1 almost everywhere in T? we have
As(un, €f,mn) < Clinnll o (r2)-

Lemma 1.6.9 implies that ‘I/]l; . (%uh‘ < ChK{Vuh‘Q on each K € 7}, so that

A3(uh’6;vnh) <C Z hZHve;'zHLoo(wz)’W%,z |77h(z)|
zGNh

(iv) With the definitions of Ezj, wilj, and 5?1 and Lemma 1.4.6 we verify that
@1 (Uh, 6%7,7 e‘]jp nh) = (w;g - w;ija nhagl)
= Z < Vel — ( )Ve{la,nhvﬂj>

< Cth”LOO(’]TQ)-

Incorporating the estimate of Lemma 1.4.6 we find that

O (uhae;’neianh Z 77h w, —wh 7@020]1)
ZENh
<(C Z N Hl;iX HA( ) e;{aIHL‘X’(wz) VeiHLQ(wz)HGiHLoo(wz) VuhHL2(wz)‘77h(z)’
ZENh ThEen
<C Y hel[Veh ] e a2l
ZENh
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(v) Owing to inverse estimates, Lemma 1.5.8, and the definition of bff we have that
HCurlTthj — Curl/gsz < CHCurlTthjH < CHw;le < C.
Therefore, we deduce that
O (up, €}, €}, ) = (Curly, b/ — Curlgﬁf;nhﬂ) < Clinnll Lo 12y
Using that .
curl (mﬁ%) = Z {Curl - [e) Vg 4+, [Curle)?] - Vuz‘}

a=1

we infer with a 7j,-elementwise integration by parts that

©9 (uh, eﬁl,eﬁ, nh) (CurlThb — Curl bh 777;119])

n

= - Z {(blhj — b7 Curlyy, - [e)*Vug]) + (b7 — b7y [Curle)®] - Vuﬁ)}

+ Z / b” b” mﬁi) TK dt,

KeTy,

(2.11)

where Tk is a unit tangent to OK for each K € 7. For the first term on the right-hand side
of (2.11) we have by Lemma 1.5.8 and with HCurlnhHLw(w) = HVnhHLOO(TQ) that

S (b~ B Curl, - [ ug])) < OBz (5 = B2) | 9] e e | 90|
a=1

< CthnhHLw(TZ)'

The second term on the right-hand side of (2.11) is estimated by

n

Z (b” b” M [Curle Vuh Z Znh sz —?)\Zj;goz [Curl e{z’a] Vu%)

o z2€N) a=1
<C Y Im@IY =5 oo (2)
ZGNh
<C Y ()| he|Curlg b7 | o (2)
ZGNh

Notice that the vector field nhﬁi =Nh Y ey eh “Vu§ has continuous tangential components across
interelement boundaries and sz is continuous so that the boundary contributions to the right-hand
side of (2.11) can be recast as

Z/ bZ] bU nhﬂh) TKdt Z/ b” nhﬁh) TEdt

KeTy, Ecé&y,

Since bilj € S#NC(’]]L), the jump [bm | across E is affine and vanishes at the midpoint of E where

sz is continuous so that [, [sz] dt = 0. This enables us to subtract an arbitrary constant cp € R?
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from the second factor and to employ a Poincaré inequality on E and discrete trace inequalities to
estimate a typical contribution to the right-hand side as

/E 59 () - 7 dt = /E B9 (T — cp) - e dt
< Chp|0[b§] /0t 2 h* |0 —
SCh}E/QHCW]TthJHHK thE/ZHV(nhag‘z)HB(KE) (2.12)

CEHL?(KE)

with Kg € 7}, such that £ C 0Kg. Noting that ‘V(nhﬁj)‘ < ‘Vﬁh‘ |19 ‘—|— |nh|‘Veh| |Vuh| we verify
with the above estimates that

3 / (b7 =B (4 0,) - 7 dt

KeTp,
< Ch|[ V| poo g2y + € > he| [V ey || oo oy | Comlz b | 12 . (2)]-
ZENh
A combination of the estimates derived in (i)-(v) proves the statement. O

2.2.4 Convergence as h — (0

With the preparations of the previous lemmas, we can investigate convergence behaviour of the
different quantities as the maximal mesh-size decays to zero.

Lemma 2.2.6. Let (ﬂl)h>0 be a sequence of logarithmically right-angled triangulations. Let ® €
L?(T?;R?) and let vy, := G, ® € S#(’Z}l) satisfy [ro pdz =0 and

(Vor; Vo) = (@3 Voy)
for all vy, € S;#(']?l) Then,
|Aa(eh, el on) |+ |As (e e, vn)| — 0
as h — 0.

Proof. Owing to the definition of A4 and Lemma 1.4.7 we have

Aa(ehsef ) < Cllen |l ]| A Gn) = AT @) ooy

< Cllelllleh]| sup min | eos os | lninll oo,

The inverse estimate of Lemma 1.4.9 guarantees that
HwhHLO‘J(T2 < CIOg hmlnvahH
and the definition of 1, provides the estimate
[Ven|| < (2.

The combination of the estimates and the definition of logarithmically right-angled triangulations
proves the asserted limit for A4. The same arguments lead to the assertion for As (where the
uniform bounds He’hH Lo (T2) < 1 may be employed for a more direct proof). O
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Lemma 2.2.7. Let 1 < i<k and f} € S#('Zﬁ) be as in Lemma 2.2.5. There exist (ti)LEN CR and
(yZ)LeN C T? such that Y, ey t112/3 < C' and for an appropriate subsequence (which is not relabeled)
and every n € C*(T?) we have

fth?? Zth yL

LteN

Proof. We define Fj, € C(T?)* as
Fh( ) (fhﬂz-hn)

Since Fj, is uniformly bounded in C(T?)* there exists F' € C(T?)* such that (for a subsequence) we
have Fj, =* F in O(T?)*. We fix § > 0 and define

Z&h:: {z €N, h. ]:I{lgxk HVe{lHLw(%) >4},

Then, using that hZHveiLHLOO(wZ) < CHV@{LHLQ(W for each 2z € N}, we infer that

cardz&h <672 g\; h2] I{l;ix HvehHLoo )
z€Np

k k
<oy Y IIVellia, < €2 Y |IVel|f < ¢,
ZENh 7=1 7=1

i.e., the cardinality of the set ) 5.5 18 uniformly bounded with respect to h and therefore, for an
appropriate subsequence which is not relabeled we have

Z&h — 25 = {ﬂf?,ﬂ?g, ....,x‘zg}

as h — 0. With F7:= Fh(apz) € R for each z € N}, we have
d
En(n) =Y Fin(=) = D Fin()+ Y Finlz) = E5i(n) + F (o).
2EN}, 2€851 2€NR\Zs,1

With the estimates of Lemma 2.2.5 we infer

‘Fgood ‘ < CthnHLw(’W) +C Z hzHVG;;HLOO(WZ)W?L,J"?(ZN
2€ENR\3s 1,

< CthnHLw(TQ) + 6|9l oo (12),

in particular we have (after passage to a subsequence) that F g’ZOd —* F (sgwd in C(T?)* as h — 0

with Ffmd € C(T?)* such that HF{?OOdHC(TQ)* < C6. For F44 we have that

[E55 ()| < CR||V|| ooy +C D7 i 2In(z)].

ZEZ(;’h

§
An application of Lemma 1.9.3 shows that for a subsequence we have Fg“,‘Ld —* Fé’“d = ZZJ 1 pL 8

as h — 0 for p? € R such that ZLL:(SI 1p°|?/3 < C independently of . We thus have
bad
1F = £ ooy < €.

Employing Lemma 1.9.1 we verify the assertion. O
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Lemma 2.2.8. Suppose that (uh)h>0 is a bounded sequence in W12(T?; R") such that uy, € S;% (Tp)"
for all h > 0 and up(z) € N for all z € N},. For each h > 0 let (eﬁl)i:12 . be an orthonormal
frame for u;LlTN which is optimal in the sense of Lemma 2.2.3 so that max;—12,  k HV@%LH < C.
Then, for every accumulation point u € W12(T?;R") of the sequence (uh h>0 and an appropriate
subsequence, which is not relabeled in the following, we have:

(i) u(z) € N for almost every x € T? and
up —u in WH(T%HR™);

(ii) there exist (ei)i:1 9 1 C WLH2(T2; R™) such that

eh — et in WhH(T%R")
and (ei)i:LQ,...,k is an orthonormal frame for w TN, i.e., for almost every x € T? the vectors
el(z),e%(x),...,e*(x) form an orthonormal basis for Tu@)N;
(i4i) for w:= e TVel € L2(T?;R?) we have

ij —ij ij s T2(m2.mny.
wy, @y = w? in L7(T%R"™);

(iv) for ¥ := e"TVu € L?(T? R?) we have
b O, 07 in LA(T%R?);

(v) there exist b9 € WH2(T?) and HY € L*(T?;R?) such that for aff, /52], and Hij as in Lemma 2.2.4
we have

all =0 in WW(T?), B~ in WWA(T?),  H — HY in L*(T%R?)
and w9 = Curl b + HY

Proof. (i) For every accumulation point u € W12(T?; R") of the bounded sequence (uh) o there

exists a subsequence which we do not relabel such that uj, — u in W1?(T?;R"). Lemma 1.8.1 then
implies that u(x) € N for almost every = € T?.

(i) Since each sequence (e},),., is bounded in W'?(T*R") each admits a weak limit e’ €
WLH2(T2; R™) of an appropriate subsequence. By successive extraction of subsequences we may
assume that the same subsequence converges weakly for each 1 <i < k. For 1 <4,j < k with i # j
we have €} (z) - el (2) = 0 for all z € NV}, and a nodal interpolation estimate proves

et - eb]| < ChlV (e}, - e))|| < Chllel ™ Ve), + e Vel || < Ch,

where we used that e} |, |e{l| < 1 almost everywhere in T? and ||Veé ||, ||Ve{l\| < C, independently
of h. Hence? el - el — 0 in LQ(TQ) and ip particular, €} (z) - e} (z) — 0 for almost every x € T2.
Since also €} (z) — €'(z) and €] (z) — €’(z) for almost every z € T? we deduce that e - e/ = 0
almost everywhere in T?. Similarly, using that |e} (z)| = 1 for all z € A, we estimate

[len? = 1]| < Ch||Veh || < Chlle} " Vey|| < Ch,

which implies |ef|? — 1 in L?(T?) and hence |e| = 1 almost everywhere in T?. It remains to show
that for £ = k41, ...,n we have ¢’ - (1/ ou) = 0 almost everywhere in T2. Since v* is locally C' and
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et (z) — e'(z), up(z) — u(z) as h — 0 for almost every = € T? it suffices to show that for every
0 > 0 and almost every x € M there exists hg = ho(z) such that for all h < hy we have

{e%(m) S (un(2))| < 6.

Fix § > 0 and define for A > 0
S, = e € M [Vl + [Vl > 3

Then, card 257,1 < 62 for all h > 0 and hence 257,1 — D 5= {x‘ls,xg, "'7x5L5} for 9, 3, ...,x‘zé €
T2 as h — 0. For each z € T? \ > s there exists hg such that for every h < hg there exists
25 € Ny '\ Zé,h such that z € w;z. Then we have, using that e (2) - vt (uh(z)) =0 for all z € Np,
that

eh @) " (un(@))| = [eh(2F) - [V (un(a)) = v (wn (o5)] + [eh (27) — e (@)] - " (un(a) |
< HDEZHLW(Bho(u(m)))‘uh(m) —un(zh)| + [en(21) — eh(@)]
< O] ey + 98 )

< C(HVUhHLz(%%) + {’veﬁz“LQ(wzi))

< (4,

which proves the statement. ‘
(i) For all n € C*°(T?;R?) we have, using e}, — ¢’ in L?(T?;R") and Ve}™ — Ve in L?*(T% R?),
a=1,2,...,n, that
.. .. n - . . .
@ —win) =3 (Ve = Vetin)

a=1

= > ([ — Ve + (Ve ~ V] )} — 0
a=1

as h — 0. Therefore Ezj — w¥ in L?(T% R?) as h — 0. Using
1A (%) — 1| < Chl|Ver”||
we find that A(e{l’a) — e/Tin L?(T?;R?*2) for a = 1,2, ..,n and thus also w,ij — w¥ in L?(T?;R?).
(iv) This follows exactly as the assertion in (iii).
(v) For ¢ € C*(T?) and ¢y, := Ip¢ € S#('Zﬁ) we have
(VaisV6) = (Vai)s Von) + (Vail; V] — én])

and the second term on the right-hand side vanishes as h — 0 owing to uniform boundedness of aflj
in W12(T?) and nodal interpolation results. By definition of a;’ and Lemma 2.2.3 we have

(Val;Von) = (W Ven) = Aa(eh, e, dn) + As(eh, e, dn)-
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The definition of A4 and A5 and the estimates of Lemma 1.4.6 we derive
|As(ehsef 0n) + As(ehs ef on) | < OBl| Ve || [Veh | [ Von]l oogay

and thus a’,f — 0 as h — 0. Since H,ilj is a bounded sequence in a finite-dimensional space, cf.
Lemma 1.5.6, there exists H* such that, for an appropriate subsequence, we have H,ilj — HY in
L?(T?;R?). Since HCUTIThb;{H is bounded uniformly we find, using Lemma 1.5.8 that b;f —/I;ZJ -0
in L?(T?) and g}f — b for some bY € WH2(T?) (and an appropriate subsequence). For every
¥ € C°°(T?;R?) and vy, := Ipth we find with an elementwise integration by parts as in the proof of
Lemma 2.9 that

(wils0bn) = (Curlg, by sn) + (H}3 )
— (b curl ) + (HI ) + 3 /E (6] (4 — ci)7e dt,

Eegy,

where cp € R? is an arbitrary constant vector for each E € &,. Arguing as in (2.12), passing to
the limit for h — 0, and integrating by parts we verify that w* = Curld¥” + H*. This finishes the
proof of the lemma. O

Remark 2.2.9. We remark that if N is orientable than the last part of item (ii) in the proof
of Lemma 2.2.8 can be significantly simplified: With 7¢ : R® — R™ as in Lemma 1.6.8 we have
el (2) 7 (up(2)) =0 for all z € N}y, and £ =k +1,...,n and therefore

Ieh - (7 oun)| < Ch|[V [¢f, - (7 0 wn)][| < CA(| (7 0 un) Vep || + [le™V (7 o wn) ||} < Ch.
Pointwise convergence almost everywhere implies e* - (ﬁg o u) =0.

The following result is based on P.L. Lions’ concentrated compactness principle [Lio85]. For a
discussion of the assertion in the periodic setting we refer to [FMS98].

Lemma 2.2.10. [FMS98, Equation (2.4)] Suppose that (bh)h>o’ (eh)h>0 and (fh)h>0 are bounded
sequences in W12(T?) with weak limits b,e, f € WY2(T?), respectively, and assume that ey is
bounded in L>°(T?). Then, there exist (SL)LEN C R satisfying Y-,y |5.| < C and (xL)LeN C T2 such
that for (a subsequence and) all n € C*°(T?) we have

(Curl by; ethfh) — (Curl b; 677Vf) + Z Sm(%)
LeN

as h — 0.

2.2.5 Statement of the main result

We are now in position to prove the asserted weak convergence result for a sequence of periodic,
almost discrete harmonic maps.

Theorem 2.2.11. Let (’171)
and let (uh)

h>0 be a sequence of logarithmically right-angled triangulations of T?
o be such that for all h > 0 we have up, € S}#('Zﬁ)", up(z) € N for all z € Ny, and

[ < .
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Suppose that there exists a sequence of linear functionals Resp: S#(’Z}l)" — R such that

‘Resh(vh)‘
sup EPRATRIL
UhES (7n)"\{0} thHWl,Q(Tz)

as h — 0 and assume that for all vy, € S#(’]}l)" satisfying v (z) € Ty, ()N for all z € N, we have
(Vup; Vup) = Resp(vp).

Then every weak accumulation point of (uh) c WH2(T?;R™) is a harmonic map into N.

h>0

Proof. We let u € WH2(T?; R") be a weak accumulation point of (uh) >0 and we do not relabel the

corresponding subsequence so that u;, — u as h — 0. Let n € C*°(T?) and for h > 0 set 1y, := Zpn.
For each h > 0 let (eﬁl)izl o be an orthonormal frame for u;LlTN which is optimal in the sense
of Lemma 2.2.3. Then, Lemma 2.2.4 and Lemma 2.2.5 imply that

Resyp, (Ih [nhem ) = (Vuh; Vi, [nhem )
k - .. — . .
=y {(cuﬂb;g Thimn) + (H)? -19];%)} + (9h: Vw) + (fhsmm) -
j=1

With the limits b, H, 97 and w” of appropriate subsequences identified in Lemmas 2.2.7, 2.2.8,
and 2.2.10, and with the assumptions on Resy, we find that

k

0= Z {(Curlbij 95m) + (HY .ﬂj;n)} + (9" V) + Zsm(:q) + Ztm(yL)

j=1 teN teN

and w7 = Curl b + HY so that

Mw

WY . 19%’ (19i; Vn) = Z SLU('IL) + Z th(yL)'

J:1 LeN LeN

The left-hand side of this identity belongs to L'(M) + H~1(M), which does not contain Dirac
measures, see [FMS98] for details. Therefore, s, =t, = 0 for all « € N and Proposition 1.7.2 implies
that the weak limit u is a harmonic map into N. O

2.3 Reduction of the general case to a periodic setting

In this section we discuss the generalization of Theorem 2.2.11 to general flat domains. The main
assertion is the following.

Theorem 2.3.1. Suppose that M = M, C R? x {0} is a bounded Lipschitz domain in R? with
polyhedral boundary and assume that (’]}L)h>0 is a sequence of asymptotically right-angled, reqular
triangulations of M. Let (uh)h>0 be such that for each h > 0 we have u, € SY(Tp)", up(z) € N

for all z € Ny, uplry ,, = up,n, and
[Vas, un|| < C.
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For each h > 0 let Resy: S5 (Tn)™ — R satisfy

‘Resh(vh)‘

sup 50
onest (Tnym\{oy lvnllwrz(arrny

as h — 0 and assume that for all vy, € SL(75,)" satisfying vy (z2) € Ty, ()N for all z € N}, we have
(thuh; Vthh) = Resh(vh).

If in addition upp — up in L*(I'p;R3) as h — 0 then every weak accumulation point of the

sequence (up,) C WY2(M;R3) is a harmonic map into N with u|r, = up.

h>0

Proof. Let u € WY2(M;R") be a weak accumulation point of the sequence (uh)h>0. Then,
Lemma 1.8.1 and Lemma 1.8.4 imply that u(z) € N for almost every x € M and u|r, = up,
respectively. It remains to show that u is a harmonic map, i.e., that

(Vu; Vo) =0

for all v € Wol’Q(M; R") satisfying v(x) € Ty(,)N for almost every x € M. Given some fixed § > 0

it suffices to prove this identity for all v € VVO1 ’Q(Q; R™) for all cubes @ C M with sides of length at
most ¢ and parallel to the coordinate axis. We fix such a cube ) and may assume without loss of
generality that Q = Q1 /4(a) is centered at a = (1/4,1/4) and has sides of length 1/4. Also, we may
assume that Q;/5(a) C M. For h sufficiently small we consider the cube Q;/5_sp,(a) and introduce

the subset ’371 of the triangulation 7 by setting
Thi={K €T, : KN Qy/y_op(a) # 0}.

Then, 7, covers Q1/2—2n(a) and is contained in Q;/5(a), cf. Figure 2.1.

1/2

*******************************

0 112

Figure 2.1: Cubes Q1 /4(a) and Q1 /2_24(a) for a = (1/4,1/4) and typical trian-
gles of the subtriangulation Th.

In order to reduce to the periodic setting discussed in the previous section, we (1) extend ’i}z
to a regular triangulation 7}, of (0,1/2)2, (2) extend uh|uﬁ to a function @, € S'(7;)" such that

Up(z) € N for all z € -/Vh, the nodes of the triangulation ’i}l, and such that HVﬂhHLQ(( < C,

0,1/2)2)
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2h 2h

Figure 2.2: Typical scenarios in the extension of the triangulation ’ﬁ (shaded)
to a triangulation of (0,1/2)2. The angle « is not critical in the left plot and
critical in the right one.

0 0

Figure 2.3: Typical scenarios in the extension of the triangulation ’ﬁ (shaded)
to a triangulation of (0,1/2)? at a corner. The angle « is not critical in the left
plot and critical in the right one.

and (3) finally reflect @, across the lines {1/2} x R and R x {1/2} in order to obtain a periodic
function on [0, 1]? to which we can apply the theory of the previous section.

Step 1. The task to extend 7j, to a regular triangulation of (0,1/2)? is simple if 7}, is a uniform
triangulation consisting of halved squares with sides parallel to the coordinate axis. The general case
is slightly more involved and in order to guarantee shape-regularity of the extended triangulation we
discuss a few typical scenarios. Consider first the situation depicted in the left plot of Figure 2.2 and
assume that the angles «,  are not critical in the sense that they satisfy —m/24co < o, 8 < 7/2—¢y
with a uniform (small) constant ¢y > 0. We then introduce the new triangles I~(1,I~(2,I~(3,I~(4
as shown. A typical critical angle « is depicted in the right plot of Figure 2.2. In this case,
we connect the points A and C to obtain a new triangle IN(?,. We can then proceed as in the
previous case. Next, we examine a typical situation at a corner of the cube Q/5_o5(a). Again,
the construction of the extension depends on the angle « defined in Figure 2.3. In the left plot, «
satisfies —71/2 4+ ¢y < a < 7/2 — ¢p and we introduce the new triangles I~(1,I?Q, I~(3,I?4. The case
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of a critical angle is depicted in the right plot of Figure 2.3. We connect the vertices A and B to
introduce the new triangle I~(5. We are then in the situation described above. We remark that in
case that there are triangles with |A — B| < h then the new triangles K; can be refined further in
order to maintain shape regularity.

Step 2. In the situations discussed above, we extend wuy, by setting uy (A’):= up(A), up(B') := up(B),
up(C") := up(C) and up(A") = up(A), up(C’) := up(C) in the situations depicted in the left and
right plot Figure 2.2, respectively. We set uy,(A") := up(A), up(B’') = up(B") = up(0) := up(B),
up(C"):= up(C) in the scenarios shown in Figure 2.3. In order to show that we do not increase the
gradient of u; we notice that, e.g., in the situation of the right plot of Figure 2.2 we have

|Vﬂh|l~(2| < h_1|ﬂh(0’) — ﬂh(A)\ < h_1(|uh(A) — uh(B)| + ‘uh(B) — uh(C')D

< |Vunlga| + | Vunlky

)

where K4, Kp € ’i}l are such that A € K4 and B € Kpg.
Step 3. We reflect the triangulation 73, and the function uj, across the lines {1/2} xR and R x {1/2}

to obtain a triangulation ’];L# of T? and a function u# € S#(’Z}l#) periodic function on [0,1]?,
cf. Figure 2.4.

Rx1/2

-1/2
0 '1/2xIR 1

Figure 2.4: Reflection of the triangulation 7j, of (0,1/2)% to obtain a ("peri-

odic”) triangulation of T? with fundamental domain (—1/2,1/2)2. (The dot is

included for better visualization.)
We may now apply Theorem 2.2.11 to the sequence (u#) The only thing we have to modify is
that test functions are supported in @ 4(a). This shows that u is harmonic in @ /4(a) and finishes
the proof of the theorem. O

2.4 Various extensions

The condition that a sequence of triangulations is logarithmically right-angled severely restricts
the applicability of the convergence result of the previous section. In the first part of this section
we show that the condition is not required if the sequence of discrete harmonic maps is uniformly
bounded in W12+ (M ; R™) for some o > 0. This suggests that the angle condition is mostly needed
to cope with technical difficulties. Moreover, this observation justifies approximation schemes on
non-flat submanifolds M C R? for which right-angled triangulations may not be available at all.
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Related aspects for the approximation of harmonic maps on curved surfaces are discussed in the
second part of the section. The last part of this section discusses in brief the transfer of the above
convergence result to the numerical approximation of the harmonic map heat flow into general
submanifolds. Motivation for this is that some of the algorithms for the approximation of harmonic
maps introduced in Chapter 3 are based on gradient flow approaches.

2.4.1 Convergence on regular triangulations

The logarithmical right-angled condition implies that the discrete connection forms wzj in Coulomb
gauge are discrete divergence free, at least asymptotically, see Lemma 2.2.3. The following propo-
sition shows that this is also the case if the sequence (uh) o admits higher integrability properties
and can be used to replace Lemma 2.2.6 in the proof of Theorem 2.2.11.

Proposition 2.4.1. Suppose that (’]}L)h>0 is a sequence of reqular triangulations of T? with maz-

imal mesh-size h — 0 and for each h > 0 let uy, € S}#(’]}L)” be such that up(z) € N for all z € N,.
Suppose that there exists o > 0 and C' > 0 such that

HV“hHL2+o(T2) <C

for all h > 0. Given'n € C°(T?) set ny, := Iy[n] € S}#(’]}L) and let 1/1% = Gy, [n,ﬁi] € S#(’Z}l) be
defined through fTQ ¢,]1 dx =0 and

(V7 Von) = (mmh: Von)
for all vy, € S}#(’]}L) and with E{L as in Definition 2.2.1. We then have
[ Aa(eh e, 03) | + [As (b e 47)] — 0
as h — 0, where Ay and As are as in Lemma 2.2.3.

Proof. Given a,b € L°°(T?) and ¢ € L(T?) for ¢ € (1,00) we have
1 1
(abs e) < [lall 2 opay D12 oy Nl B el agray-

By definition of Ay (e};, ei, wi) we verify with ¢:= 2 + o that

[a(ehsch )] < (Vb2 o Vb2 [V

Loo(T2) Loo(T2) ehH A ¢i)HLq (T2)
< ON|[Veh [ o) [ VR oy | Vb 7 [0 | Wl Lagray,
where we incorporated the estimate of Lemma 1.4.6. An inverse estimate and Hele Lo (T2) <1 and
HVele < C for £ =14, 7 imply
[Aaleho )] < ORI YT o (413)

We define G: L?(T?;R?) —>I/(I>/1’2(']I‘2) for ® € L?(T?;R?) by
(VG[®]; Vv) = (®; V)
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for all v € 1/10/1’2(T2):: {we W(T) : [ wdz =0}. Moreover, we let RGj,: WH?(T?) —>S:}¢(’]}L)

denote the Ritz-Galerkin projection onto g’#(’]ﬁ) = S#(’Z}l)ﬁ I/?/172(T2) defined for a € WH2(T?)
through
(VRGh[a]; Vvh) = (Va; Vvh)

for all vy, € S#(’]}l) We then have G;, = RGj, o G and in particular that

U = (RGy 0 G) [md].

By definition, the Ritz-Galerkin projection satisfies HVRGh[a]H < HVa
Results in [BTWO03] imply that it also satisfies HVRGh[a]H Loo(r2) < C
W1o0(T?2). Interpolation of operators, see [BL76], thus implies that

for all @ € WhH2(T?).
vaHLoo(W) for all a €

IVRGhlal|| o) < ClIVal| pagr)
for all a € W14(T?). Since the operator G satisfies, see [Iwa83],
IV 1] o) < Ol o)
we have that

HVWHLQ(T?) - vah [77/1571] HLQ(TQ)
= ||[V(RGh o) [nhmz] HLQ(’IFQ)

< CHVQ[%@{L] | zacr2)

< CthEgLHL‘I(T?)
< C|[Vun| o) ]| oo 2y,

where we incorporated the definition of E;L and the bound Hei” Lo < 1 in the last estimate.

T2)
Using this bound and the assumed estimate HVuhHLq(TQ) < C'in (4.13) we deduce

|A4 (6%, 6%, T;Z)h)‘ < Ch172/anhHLoo(T2)?

which proves the asserted limit for A4 since ¢ > 2. The same argumentation implies the asserted
limit for As. ]

2.4.2 Convergence of discrete harmonic maps on curved surfaces

The analysis carried out in Section 2.2 transfers to a large extent to discrete harmonic maps on
curved surfaces. Here, we briefly discuss necessary modifications of the argumentation.

Suppose that M C R3 is a two-dimensional, smooth, compact, and orientable submanifold
without boundary and for each h > 0 we are given an approximation M} of M defined through
a set of triangles 7, as in Section 1.3. For each h > 0 let uj, € S'(7;)" be such that uj(z) € N
for all z € Nj,. Since the discrete product rule and the discrete Helmholtz decomposition also hold
on My, Definition 2.2.1 as well as Lemmas 2.2.2 and 2.2.3 hold verbatim with 83.1# (73,) replaced by
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S1(71,), V substituted by Vyy, , and noting that w,?,wzj,ﬁg,% € L?(Mjy;R3). Also, Lemmas 2.2.4
and 2.2.5 only require notational changes. The assertions of Lemmas 2.2.6 and 2.2.7 are still valid
on curved surfaces, however, a logarithmical right-angled condition appears very restrictive for
curved surfaces since right-angled triangulations may not be available for certain curved surfaces
at all. Nevertheless, the right-angled condition may be replaced by a regularity assumption as in
Proposition 2.4.1, we refer to the end of this section for details. By employing the lifting operator
of Section 1.3 one may also pass to limits of the various functions as in Lemma 2.2.8. Since the
proof of Lemma 2.2.10 is based on Wente’s inequality which also holds on Riemannian surfaces,
see [Hél02], the conclusion of Lemma 2.2.10 may also be drawn for liftings of functions defined on
the sequence of approximate surfaces (M h) h>0 although not all technical details have been checked.
To state the result of Theorem 2.2.11 for curved surfaces it remains to show that integrals over
My, and those of the corresponding lifted functions on M have the same limits as h — 0: For
functions by, en, f, € SY(73) and € C®(M) we let by, €, fr € L°(M) denote their liftings onto

M and choose \7/7 such that \7/7: 7. Recalling the identity Vy, by, = (GDh)TVMEh from the proof of
Lemma 1.3.5 as well as Curlys, = pp, X Vi, and Curlys = p x Vi we infer that

/ eh\ﬁCurthbh . Vthh dSh - / 5m7 CurlMgh . Vth ds
My, M

_ /M eun(7in = [(GDR) "Varbi] ) - [(GDR) "Var ] {Qu/Q — 1} ds
+ [ (7 ¢ [(GDW)"asba]) - [(GD)"Varf] = 1 x Varh) - Vs ds
_ /M Zun (7 % [(GDR) " Varhn] ) - [(GDW) "Varfal {@n/Q — 1} ds
n /M e ([n — ] x [(GD2) " Varbi] ) - [(GDA) Vs fi]
+ (1% [(GDy = T33)"Varbs] ) - [(GD2) 'V fo]

+ (1 x Varbi) - [(GDy — L) Vs o] } ds.

One may now argue as in the proof of Lemma 1.3.5 to deduce that the right-hand side tends to
zero as h — 0 and therefore

/ eh;/yCurthbh -V, frndsp, — / en Curlyb - Vi f ds + Z s,n(x,)
My, M teN
as h — 0. Similarly, we verify that
L ~. =]
Hy? -9y dsy, — / HY 9,7 ds — 0
M, M

and

792 . thnh dsh — / EZﬁh dS — 0
My, M
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as h — 0. This finishes the sketch of the convergence proof for discrete harmonic maps on loga-
rithmically right-angled triangulations of curved surfaces.

For sequences of regular triangulations we assume higher integrability of the lifted sequence
(ﬁh) o and aim at bounding the projection onto discrete gradients of npY, in LY(Mp,) for some g
greater than 2 as in Proposition 2.4.1. Since stability of projections onto gradient fields is unclear for
non-smooth submanifolds such as M}, but is known for the smooth submanifold M owing to [ISS99],
we have to adjust the argumentation of Proposition 2.4.1. For ¢ € L?(Mj;,) we define

Gu[o] == RG,

where ¢ = Gy [gg] € I/<I)/1’2(M) satisfies (V?/); VMn) = ((;5, VMU) for all n € I/<I>/1’2(M). We have by
choice of azj and A4 5 that
(Var,ay’smn3) = (Vag,ays VG [n03))
= (W) Var, Gn [m]))
= (@i Var,Gn [mn9h]) + (w)s Var, {Gn — G} [m}])
= Nas(eho € Gn[md}]) + (@i Var, {Gn = Gn} [m])

and notice that the first term on the right-hand side can be treated as in Proposition 2.4.1 so that it
remains to show that the second term on the right-hand side tends to zero as h — 0. By definition
of G, and properties of the transfer operators we have

(VMhEh [(b];thvh) = (th{//};thvh)

= (VMQM [¢] ; VMf?jh) +o(1)
= (¢; Vartn) + o(1)
= (#: Vag,vn) + o(1)

= (Var,Gn [0]; Vag,von) + 0(1)

for all v, € S*(7;,)"™ and this finishes the discussion of the modification of Proposition 2.4.1 for
curved surfaces.

2.4.3 Approximation of the L? flow of harmonic maps

The L? flow of harmonic maps into a submanifold N describes a function u: [0,7] x M — N that
satisfies u(0) = ug in the sense of traces for some given ug € WH2(M;R") such that ug(z) € N for
almost every x € M and

(Opult,-);v) + (Varult, -); Varv) =0 (4.14)
for almost every ¢ € (0,T) and all v € WH2(M;R™) such that v(z) € TN for almost every
x e M.
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Suppose that for a uniform partition of (0,7") defined through a time-step size 7 > 0 an ap-
proximation scheme provides piecewise affine and constant functions uf,u§ : [0,7] — S'(7,)™ such
that u§ (¢, z) € N for almost every ¢t € (0,T) and all z € N, uf(j7) = uf(j7) for j =0,1,2,..., Jr,
and

(8tuZ(t, -);vh) + (VMhufl(t, ); Vthh) =0

for almost all ¢ € (0,7) and all v, € S*(7;,)" such that vj,(2) € Toe (1,2 N for all z € Nj,. Suppose
that we also have for all 7" € (0,7T) that

’

1 1
/O w4 3 | Dt () < 21V, T (4.15)

Then, there exists v € H' [0, T; L?(M; R")} N L> [0, T, Wh2(M; R")} such that for an appropriate
subsequence we have

Opufy — dyu in L?[0,T; L*(M;R™)]
and

uj, =~* u in L*[0,T; Wl’Z(M;R")]

as (h,7) — 0. A natural question that arises is whether u is a solution of the continuous prob-
lem (4.14). The previous sections provided conditions which guarantee

(Van,ufy; Van, Zn [ner]) — (Varu; Var [ne']).

If the time-dependent orthonormal frame converges strongly in L2 [O,T; L*(M;R™)), ie., €, — €
strongly in L2((0,T) x M;R"™) for i = 1,2,...,k (for an appropriate subsequence), one can modify
the argumentation of the previous sections to show that for the time-dependent problem we get

T ‘ .
/0 { (Ovuiys Zn [nen]) + (Vg uis Vag, Zn [1e),]) } dt
T ) .
- / { (Gruine’) + (Varu; Varne') } dt
0

as (h,7) — 0. We notice however that this requires a different gauge of the frame. Since the
energy estimate (4.15) also holds in the limit, u(0) = ug provided that Zpug — ug in W5H2(M;R"),
and u(t,z) € N for almost every (¢,z) € (0,7) x M one may then show that the sequence uf
approximates weak solutions of the harmonic map heat flow into N in the sense of [Str85].

2.5 Weak convergence of discrete harmonic maps into spheres

If N = S™! then convergence of discrete harmonic maps follows in arbitrary dimensions. The key
towards proving this is the following lemma which shows that the wedge product and the surface
gradient on curved surfaces behave as in the “flat” case. The asserted identity is essential for
the convergence analysis presented below since it allows to avoid products of gradients of weakly
convergent sequences in W1H2(M).
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Lemma 2.5.1. Let D, v =1,2,...,m, denote the components of Vas. Then, for allv € WL2(M;R™)N
L>®(M;R™) and ¢ € WE2(M; A%(R™)) N L (M; A%(R™)) we have

m

(Varv; Vg 71 [x¢ Av]) = Z (Q,Yv; *71[(Q7*q§) Av]),

y=1
where we identified R™ and A(R™).

Proof. For v =1,2,...,m we have according to Lemma 1.2.3 and bilinearity of the wedge product
that

D [x¢ ANv] = (D, @) Av+xp A (D).

Hence, using the property of the wedge product that a Aa = 0 and a-b = a A *b as well as
an(bAc)=(cAa)Abfor a,b € R" and ¢ € A*(R™) we deduce that

(VMU;VM* *gb/\v Z D v;x~ D, *qSAv])
y=1

Z D vk D L*B) A v]) + Z (vi; *_1[*¢ /\Q,Yv])
y=1 =1
Z (D v+ (Dx0) Av]),
y=1
which proves the lemma. O

Theorem 2.5.2. Let (uh)
up,p, and

hao b€ such that up, € SYTH)™, un(z) € S*7 for all z € Ny, uplry,, =

[Vasnl| < €

for all h > 0. Suppose that for each h > 0 the linear functional Resp: Sp(Tn)" — R satisfies

|Resp(vn)]
sup = — 0
VR €SE (T5)"\{0} [[onlw. 2(M;R™)

as h — 0 and assume that for all vy, € SL(73)? satisfying v(2) - up(2) = 0 for all z € N, we have
(VMhuh; Vthh) = Resp(vp).

If upp, — up in L*(Ip;R™) then every weak accumulation point of the lifted sequence (ﬂh) -

h>0
WL2(M;R™) is a harmonic map into S™~1 with u|r, = up.

Proof. For a weak accumulation point u € W12(M;R") and a subsequence (which is not relabeled
in the following) of (ﬁh)h>0 such that 4, — u in WH2(M;R"™) we have 1, — u in L*(M;R").
Lemma 1.8.1 and Lemma 1.8.4 show that u(z) € N = S"~! for almost every z € M and that
ulr, = up. To show that u is a harmonic map we fix ¢ € C°(M;A%(R™)) and let = ¢ o P so
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that the lifting of EB coincides with ¢, i.e., ZS: ¢. By stability of nodal interpolation in Wh2(K),
K € 7p, and Lemmas 1.2.3 and 1.3.7 we have that

V0,2 [0 A ] || < C||Vas, [+ un] |
< C(llunllz a2t | 4 11| oo agy | Vs an ) (5.16)

< C(Illzeqn + || Varg|

)

where we also used that |up||pe(ar,) < 1 and | Vag,un|| < C. With F, as in Lemma 1.3.5 we have

Resyp, (Ih*fl[*g/\ uh]) = (VMhuh; Vi, Ih _— [*ZS/\ uhD

= (VMhuh; VMh*_l [*Zﬁ/\ uh]) + (VMhuh; VMh*_l (Ih [*Eﬁ/\ uh] — *?;5/\ uh))
(5.17)

= (Vartin; Varx~ " [#¢ A tip)) + (FrVartin; Vars ™! o Ay
+ (Vag,un; Vg #~H{Tn [+ A up] — xpA up}) = T+ 1+ I11.
By assumptions on Resy, and (5.16) we have
Resn(Tn + " [xpAun]) — 0

as h — 0. Since HFh — 0as h— 0 and HVM*_l [*qﬁ A ﬂh] H < C' we also verify that

)
II = (FhVMﬂh; VM*_l [*¢ A ﬁh]) — 0

as h — 0. The estimate (4.4) in Chapter 1 and Lemma 1.3.7 imply that for each K € 7}, we have
Vs, + 1 (Tn [*25/\ U] —5) A Un) HL?(K) = ChHDJ%@ * [*Eb/\ Un] HLZ(K)
< Ch([[Vat, un [ V0 0| o ) + lsnlzo | D8 | 2 )

< Ch([[Vard | oo iy + 1 D818l 2 )

so that
IIT = (Vg un; Vag, # = (T [+ A un] = dAup)) — 0

as h — 0. By Lemma 2.5.1 and the convergence properties of iy, i.e., Uy — u in L?(M;R") and
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up — u in WH2(M;R™) we infer that

1= (VMﬂh; Vi = *gb AN uh Z D uh, D *gb) A uh])
i (5.18)

m

N Z (Qvu; *_1[(Qq/*¢) A u) = (VMu; \C [*qﬁ A u]),
v=1

as h — 0. The combination of the identified limits shows that
(VMu; Vo x L [*qﬁ A u]) =0

and a density argument proves that this identity holds for all ¢ € WOI’2(M; A2(R™))NL>(M; A2(R™)).
Given any ¢ € VVO1 ’2(M ;R™) N L (M;R™) such that u -1 = 0 almost everywhere in M there exists
¢ € W01’2(M;A2(R")) N L>°(M;A*(R™)) such that ¢ = % [x¢ A u| and thus we deduce that the
identity

(Varu; Vargp) = 0

is satisfied for all ¢ € I/Vol’2 (M;R™) N L®(M;R™) such that ¢ - u = 0 almost everywhere. Proposi-
tion 1.7.2 implies that v is a harmonic map. U
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Chapter 3

Iterative algorithms for the
computation of discrete harmonic
maps

We analyze and introduce various iterative schemes for the computation of discrete harmonic maps
into a large class of submanifolds N in this chapter. The schemes are motivated by H' and L? gra-
dient flows of the harmonic map problem or realize a Newton scheme for an equivalent saddle-point
formulation. Besides well posedness of the algorithms we discuss stability bounds and convergence
on the discrete level and we investigate optimality of constraints on ratios of damping parameters
and mesh-sizes or angle conditions of triangulations. Convergence to continuous harmonic maps
into submanifolds as the maximal mesh-size and termination criterion tend to zero can then be
deduced with the results of the previous chapter.

3.1 Discrete harmonic maps

As in the first chapter we assume that the smooth, compact, orientable, d-dimensional submanifold
M C R either has no boundary or is a Lipschitz domain in R% x {0} with polyhedral boundary.
In the latter case we let I'n € OM be such that I'p is either empty or of positive (d —1)-dimensional
surface measure. Whenever we are given a triangulation 7 of a submanifold M with non-empty
boundary we suppose that I'p is matched exactly by the union of edges on I'p.

Definition 3.1.1. Set

Sl T):= S5(Tn) = {vn € SHTp) s vnlrp, =0} if I'p # 0,
( h)-— {Uhesl(’];l):th’Uhd$:O} zf@M:(])

Given up = Up|ry for some up € WH2(M;R™) such that up € C(I'p;R™) and up(z) € N for all
x € I'p, we define up j, € SYT,)™ and up,p:= Up,u|rp by setting

_  f up(z) forze N,NTp,
up,n(2):= { 0 for z € N \ I'p.
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Definition 3.1.2. A vector field up, € S'(7;,)" is called a discrete harmonic map into N subject to
the boundary data up j, if and only if up|ry, = up p, un(z) € N for all z € Ny, and uy, is stationary

for
1
vh»—>—/ ‘Vthh‘zdx
2/,

among all vy, € SY(T,)™ such that vp|ry, = up and vy(z) € N for all z € Np,.

Proposition 3.1.3. Given upj as in Definition 3.1.2 there exists a discrete harmonic map into

N.

Proof. This follows immediately from the coercivity of the energy functional, the observation that
admissible discrete vector fields exist, and the fact that S*(7;,)" is finite-dimensional. O

As in the previous chapter we let N C R™ denote a compact, k-dimensional C* submanifold,
¢ > 2, without boundary. Occasionally we will assume that IV is orientable and given by smooth
level set functions.

Assumption (O). N is orientable and there exist functions f*+1, ..., f* € C*(R™) such that
N = {pGR":fg(p) :Oforﬁzk—i—l,...,n}

and for all p € N the vectors
VD), s VI ()

are linearly independent.

We remark that if Assumption (O) is satisfied then Vf*(p) L T,N for all p € N and ¢ =
k+1,...,n so that we may define

vﬁ(q) — vfz(Q)
[V (q)|
for ¢ in an appropriate neighborhood of N and £ =k +1,...,n. According to Lemma 1.6.8 we will

assume that 7 is defined in the entire R™ though not necessarily given by the above expression.

The following assertions characterize discrete harmonic maps and are essential for the definition
of the iterative schemes discussed in the following sections.

Lemma 3.1.4. A function uj, € S'(T;,)" satisfying up|r, = up,p is a discrete harmonic map into
N subject to the boundary data up p, if and only if
(a) there holds up(z) € N for all z € Ny, and

(VMhuh; Vthh) =0

for all vy, € S(Tp)™ such that vy (z) € Ty, (N for all z € Nj,.
In case that Assumption (O) is satisfied then (a) holds if and only if
(b) there exist A € SYTp,), =k +1,...,n, such that
(VMhuh; VMhUh) + Z ()\g; (ﬁz oup) - Uh)h =0,
{=k+1

> (oh; ffoun), =0

l=k+1

for all (vn, (0f ™, ..., 0)) € SH(T)" x SY(T)" .
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Proof. We first assume that Assumption (O) is satisfied and prove equivalence of (a) and (b).
Suppose that (b) is satisfied. Then, choosing gfl = ¢, in the second equation and incorporating
properties of reduced integration yields that f* (uh(z)) =0for { =k+1,....,n and hence up(z) € N
for all z € Ny,. For vy, € Sh(T5)" such that vy(2) € T,,, ()N for all z € N}, we have (@' o up)(2) -
vp(z) = 0 for all z € NV}, and hence the first equation in (b) reduces to

(Vg un; Var,vp) =0

which is the equation in (a).
Conversely, if (a) is satisfied then we define Ay € S1(7},) through

Xi(2) = =B (Vag, un; Vg, [(7° 0 up) (2) 2]

for all z € NV}, and £ = k +1,...,n. Given any v, € SL(7,)" we let vP°" € S} (7;)" denote the
function that satisfies

o (2) = Y {Teoun)(2) - vn(2) } (e o up)(2)

{=k+1

for all z € Nj. Then, v} = v, — v satisfies v}?"(2) € T, (N for all z € Nj,. Since
(VMhuh; VthfL‘m) = 0 and uy(2) € N for all z € NV}, we deduce with the definition of )\fl that

(Vaz,wn; Vg, vn) = (Vag,un; Vag, vi”")

=3 3 (Vi Vs, [{ T o) (2) - v ()} 7 0 i) ()]

2ENY I=k+1
= (Troup)(2) - vp(2) Vg, un; Vi, | (T o up)(2) @2
Z§hg;1{ £ O Up h }( My Uh M[ 20 Up <P]) (1.1)
== > {@roun) () val2)} BN (2)
2ENY, I=k+1
==Y (Mi@roun)-vm),,
t=k+1

which is the first identity in (b). The second identity follows immediately since up(z) € N for all
z € N}, implies that f* (uh(z)) =0for{=k+1,...,n and all z € NV},. The properties of the discrete
inner product then show that

(ons ffoun), =0

for all g, € S!(7}). Therefore, (b) is satisfied.

It remains to show that (a) is equivalent to Definition 3.1.2. If uy, is a discrete harmonic map into
N subject to the boundary data up p, then for all v, € 811)(%)" we have (for sufficiently small ¢ so
that up,(z) + top(2) € Us, (N) for all z € Ny, cf. Section 1.6)

1imt_1(}/ {VMhZhﬂN(uh—i-tvh){de—l/ ‘VMhUh‘Qd.%') =0, (1.2)
0 2 My, 2 My,
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where Zp, 7y (u, +tvy,) denotes that function in S'(7;)™ whose nodal values coincide with 7y (up(z)+
top(2)) for all z € N,. Noting that 7y is C* in a neighborhood of N we find that for all z € N,
the function w} := 7}, [wN(uh + tvh)] satisfies
wh () = 7w (up + top) (2) = 7y (un(2)) + tDTN (un(2))vr(2) + o(t)
for all z € NV}, provided that ¢ is small enough. In particular, if v, (z) € Ty, ()N for all z € N}, then
we verify, using 7y (un(z)) = un(2) for all z € N}, and D7y (p)|r,n = idg,n for all p € N, that
w}i = up, + tvy, + o(t).
This implies that
1 1

5/ !VthHde—§/ ‘VMhuh‘de:t/ Vg, un - Vg, vp dz + o(t)
Mp, M;, Mh

and hence, (1.2) reduces to
(VMhuh; Vthh) =0.

This proves that if uj is a discrete harmonic map then (a) is satisfied.

Conversely, suppose that (a) holds. For fixed e > 0 and all t € (—¢,¢) let w}, € S'(7)" be such that
wh(z) € N for all z € N}, and wl|r, = up . Moreover, suppose that wg = wuy, and the mapping
t — w! is continuously differentiable. We want to show that the function

1
g:t— —/ ‘VMhMHde
2 I,
satisfies ¢’(0) = 0. A Taylor expansion about ¢ = 0 yields

wh = up, + tu, + o(t),

where vy, € S} (75,)" is defined by vy, (2) == %|t:0w§l(z) for all z € N},. Then, vy(2) € Ty,
all z € NV}, and owing to (a) we have

1 1
Z / ‘VMhWN(Uh + tvh)‘Q dr — 5 / |VMhuh‘2 dx = t(VMhuh; Vthh) + O(t) = O(t)
Mh Mh

)N for

n(z

2
which proves that ¢’(0) = 0. This finishes the proof of the lemma. O

Remark 3.1.5. The equations in (b) of the previous lemma characterize a stationary point of the

functional
n

E’(uh, ()\fLJrl, ,)\2)) = %HVMhuhHQ + Z ()\K;fg(uh))h.
l=k+1

The use of reduced integration is essential to guarantee that up(z) € N for all z € Ny. Considering
the (n — 1)-dimensional unit sphere N = S"~1 and f™(p):= |p|> — 1, the condition that
(ons lunl* = 1) =0

holds for all o, € S'(Ty,) only implies that the constraint is satisfied in an averaged sense, namely
that Py Uuhﬂ =1, where Py, is the L? orthogonal projection onto S*(7y,). This does in general not
imply that |up(2)| = 1 holds for all nodes z € Nj,.
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3.2 Stability and convergence of an H' gradient flow approach

The first approximation scheme discussed in this chapter is motivated by an approach proposed
in [Alo97] on a continuous level for harmonic maps into spheres. The scheme can best be motivated
by considering a higher order gradient flow for the minimization of the constrained Dirichlet energy.
The H' gradient flow for harmonic maps into N describes a function u: (0,00) x M — N such that
u(0, ) = up, u(t,-)|r, = up, and

(VarOu; Varv) + (Varu; Varo) =0

for almost every ¢ € (0,00) and all v € W$’2(M;R") such that v(x) € Ty )N for almost every
x € M. Noting that dyu(t,z) € Ty ,) N for almost every x € M yields a symmetric reformulation
of the problem in which w = O;u is the unknown rather than w itself. An explicit discretization
in time with a time-step size (or damping parameter) £ > 0 based on these observations reads as
follows (where we assume for ease of presentation that I'p # 0).

Algorithm I (Explicit H' flow semi-discretization). Input: damping parameter x > 0.

1. Choose u® € WH2(M;R") such that v, = up and u’(x) € N for almost every
x € M. Set i:= 0.

2. Compute w' € W$’2(M;R") such that wi(x) € Tyi(z)N for almost every z € M and
(VMwi; VMU) + (VMui; VMU) =0
for all v € Wé’Q(M; R™) such that v(z) € Ty, N for almost every x € M.

3. Set ' ‘ '
ut(z):= my (u'(2) + k' (2))

for almost every = € M.

4. Set i:=1i+ 1 and go to 2.

The same algorithm can be derived by considering a linearization of the constraint u(z) € N
for almost every x € M: suppose u' satisfies u’(z) € N for almost every € M and assume that
it serves as an approximation of a harmonic map into N. If we look for a correction w so that
u® 4+ kw is a harmonic map, then a linearization about u‘(z) of the condition (u’ + kw)(z) € N
reads w(z) € Tyi() N for almost every z € M. An iterative scheme that alternatingly computes a
correction w’ subject to the linearized constraint and then projects the temporary update u!*!:=
u'+kw' onto N leads to the algorithm above in which & can be thought of as a damping parameter.
Yet another interpretation of the algorithm is through a simplification of a Newton iteration,
see Remarks 3.5.1 (iii) for details.

Below we are not primarily interested in the question whether the output of our algorithms
approximate the time-dependent problem described above, but aim at understanding under what
conditions on the time-step size (respectively damping parameter) the iterations are well-defined
and whether convergence of the iterates u’ to a discrete harmonic map can be established. We refer
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to [AJO6, BKPO7| for a related algorithm for the approximation of the Landau-Lifshitz-Gilbert
equation of micromagnetics (with the target manifold being the unit sphere), and to [BBFP07] for
a scheme that approximates the p-harmonic heat flow into spheres.

3.2.1 Full discretization

A fully discrete version of Algorithm I replaces the pointwise operations and conditions such as the
projection onto IN by corresponding conditions at the nodes of a triangulation and reads as follows.

Algorithm A. Input: triangulation 73, damping parameter x > 0, stopping criterion € > 0.

1. Choose uY € S (7;)" such that ul|r, = up and u)(z) € N for all z € N}, \ I'p. Set
1:= 0.

2. Compute w} € gl(%)" such that wi(z) € Tyi ()N for all z € N, and
(Y, whi Vg, on) = = (Vg s Vag, o)
for all v, € 81 (T3)" such that vy (2) € T, ()N for all = € .
3. Stop if HVth;'LH <e.
4. Define uj™ € S¥(7;,)" by setting
U (2) = o (o (2) + e (2)
for all z € NV},

5. Set i:=¢+ 1 and go to 2.

Output: uj = “Z .

Remark 3.2.1. The solution w% in Step 2 can be computed from a saddle-point problem which
seeks (wp, (Ai“, e AM)) €SHT)™ x SY(Tp)"F such that

(Vthh; Vthh) + Z ()\Z ; (ﬁé o uﬁl) -vh)h = (VMhuz; Vthh),
l=k+1
> (ehs @ oup)-v), =0,
l=k+1

for all (vy, (Qerl, e 0)) €SY(TR)" x SY(Tp,)" . Notice that the normal vectors U* are only required
at the nodes and need not be globally continuous.

In the following subsections we provide sufficient conditions that guarantee that Algorithm A
is well-defined, stable, and convergent to a discrete harmonic map into N as ¢ — 0.
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3.2.2 Well-posedness

In case that the target manifold IV is not the boundary of a convex set then mild but dimension-
dependent conditions on the damping parameter x ensure that the projection onto IV is well-defined
in each step of the iteration. For ease of readability we fix ¢ and drop the superscripts in the following
lemma.

Lemma 3.2.2. (i) Given any up € S*(7,)" satisfying up(z) € N for all z € Nj, \ I'p there exists
a unique wy, € S*(T)" such that wy(z) € Tyi (N for all z € Ny, and

(Vag, wn: Vg, vn) = —(Vag, tun; Vg, vn)
for all vy, €§1(']?l)" such that v,(z) € Tyi ()N for all z € Np,.
(i1) There exists a constant Cn g, > 0 such that the function wy, satisfies

1-d/2 _
HwhHL‘X’(Mh) < CN7Thhmin/ log hminHthuhH

min

In particular, if Kk < (COCNjh)_lh%fnfl logh t wy for Cy:= HVMhuhH then
dist (up(2) + kwp(2), N) < oy
so that Ty (up(2) + kwy(2)) is well-defined for all z € N,

Remark 3.2.3. Recall from Section 1.6 that wy = oo if N = 0C for a convex set C C R"™ so that
in this case the projection in Step 4 is always well-defined.

Proof. The set
Lh;: {Uh 681(']71)71 : ’Uh(Z) € Tuh(z)N for all z € Nh}

(¢}
is a subspace of S(7;,)". The Lax-Milgram lemma guarantees the existence of a unique wy, € Ly,
such that

(Vag, wn; Vg, vn) = — (Vag, un; Vg, vn)

for all vy, € Ly, in particular,
[V, wnl| < [[Van,un ]

The Poincaré inequality of Lemma 1.2.2 and the inverse estimate of Lemma 1.4.9 show

wnl| oo () < Chpa! > log i || Vag, wn |-

man

Ifr < (COC)fth{fn_l log h:n%an then we have by definition of wy in Lemma 1.6.4 for all z € N},
that

dist (up(2) + wwp(2), N) < dn

which ensures that 7 (up(z) + kwy(2)) is well-defined for all z € Nj. O
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3.2.3 Stability

Slightly more restrictive conditions on the damping parameter x and regularity of N are required
to ensure uniform boundedness of iterates of Algorithm A in W12(M;R").

Lemma 3.2.4. In addition to the above assumptions suppose that N is a C® submanifold and
d < 4. Then, there exist constants C',C"” > 0 such that if

. d/2—1 _
k < C'min {hmm, thm/m | 10g hminl 1}
then we have for J € N and iterates ug, u}l, . u;{“ and w,ll, w,%,. JH of Algorithm A that

J
‘ 1
(L= ") 3 [V + RS e PR

The constants C',C" > 0 only depend on Co:= ||Vag,u))||, N, and the geometry of Ty,.

Proof. Owing to Lemma 3.2.2 and the assumptions on x we have that all steps of Algorithm A are
well-defined. Using that 7y is twice continuously differentiable in a neighborhood of N, cf. The-
orem 1.6.1, recalling that Dnn(p)|r,y = id|7,n for all p € N, and employing the fact that N is
compact so that |uf, (z)| < C for all z € N}, we verify that the identity

;:rl(z) =7N (uﬁl z) + muh ))
(u}1 z)) +I€D7TN(uh( ))w t(2) —i—(’)({nwﬁl(z)‘z)
= ujy(2) + Kwj,(2) +O|mwhz|2)

>]

is satisfied for all z € N},. We define TZH = (u;;rl uﬁl) - muz and deduce from the last estimate
that
|r’+1 )| < Cﬁ2|w,i1(z)|2,

with a constant that only depends on N. From this estimate we derive the bound

I < Ol oo, (23)

)7

for which we employed (4.6) of Chapter 1. Owing to the first equation of Algorithm A we have,

upon choosing v, = w§ = K~ (uz+1 uh)— Kt H'l and employing the binomial identity b(b—a) =
(b—a)?/2+ (b* —a®)/2,
i||2 i i
HthwhH = _(thuh; thwh)

= —k~ (Vg ups Vg, (uft —uf)) + 671 (Vag, uy; Vag, i)
— I-{_l (VM (u;:rl _ uh)'th( h+1 _ u%)) _ I-{_l (th i+1, th( z+1 u%))

+ K (VMhuh, Vi, T +1)

IV ™ = I = 5V )
- 5 (197 —HVMhuhH )+ 17 (Vi s Vag i),
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or equivalently,

Vs wh]|* + 5 HVMh A R AV Ay o)
HVMh (Wit —ud)||” + &7 (Vg ul; Vag, it ).

To bound the first term on the right-hand side we note that, according to the definition of 7"”1

9, 1 )| = S 1 — ]
< [ Fan |+ ] T

An inverse estimate, the bound (2.3), and the Sobolev estimate |’wz|’L4(Mh) < CHVthzH for
d < 4, cf. Theorem 1.2.1, show that

w7V < On

< Cli_lhmfn ! Hwh HL4(Mh)

Z+1H

< OK*h 2 {’Vthz“4.

min

Suppose that HVMhu}LH < Cp (which is, by definition of Cjy, satisfied for i = 0). Then we clearly
have HVthzu < Cp and hence

“_1HV ThLlH <CC§’{3hmmHthwhH

The previous estimates show

T (e = ) < (14 OB, )| Vs i (25)

man

The second term on the right-hand side of (2.4) is bounded using “VMhu’;L|| < Cp, an inverse
estimate, and (2.3) by
£ (Vs V) < 67 [ Vg |98, |
< n1Co [T i
< K Cohpga |73 (2.6)
< K7 Colpyinh 2("”5‘&4(1\4,1)
< K 1CCohy L K2V, |-

The combination of (2.4) with (2.5) and (2.6) implies, upon using xh, | < C’, that
(1= o ol + (1 | = ¥ ) <.

This estimate shows that HVMh Z+1H < (Cyif HVMhuhH < Cj and hence justifies the above assump-
tion that Hth %H < (. This finishes the proof of the theorem. |
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3.2.4 A sharp refinement for convex targets

As noted in Remark 3.2.3, if N = O0C is the boundary of a convex set then Algorithm A is well-
defined for all choices of k. Provided that the underlying triangulation 7j, is weakly acute and
Kk < 2, Algorithm A is also unconditionally stable, owing to the fact that the projection wy is
non-expanding. The regularity assumptions on N of Lemma 3.2.4 are not required in the following
assertion.

Lemma 3.2.5. Suppose that Tp, is weakly acute, k < 2, and N = OC for a bounded, open, convex
set C C R™. Then, for J € N and iterates ug,u}“ ...,ui“ and w,ll,w,%, ...,w;{“ of Algorithm A we
have

[V uf

J

o1 1

w(L=r/2) D || Vanwh|* + gHVMhu}f“HQ <3
1=0

Proof. Since HVthmf = —(VMhuz; Vth%L) we have

1 . ) 1 ) . . 2 )
5 1V (s - i) |* = SV, |* + (Vi s Vs ) + 75| Vg, |
1 ‘ ‘
— §HVMhu§LH2 — m(l — /@/2) HVth;LHQ.

Employing the fact that for weakly acute triangulations we have that K, ., <0 for distinct 2,2’ €
Ny, cf. Definition 1.4.2, noting that u}(z) + kwi(z) € C for all z € Ny, and recalling that the
projection 7wy : R™\ C — N is Lipschitz continuous with Lipschitz constant less than or equal to 1
we infer with Lemma 1.4.4 that

. 1 _ A
[Vt P = =5 D Kewlui™(2) = i ()

2,2/ €N,

=5 3 Kl (2) + reh (2)) — v (uh () + ()
2,2/ €Ny,

<=5 2 Kew|(uh(2) + ko (2) = (wh(2) + wup ()
2,2/ €Ny,

= [V (o + ) ||

Here we also used that contributions to the sum are trivial for z = 2.

estimates implies

A combination of the

; 1 : 1 ‘
(1= w72) [Fanh P+ 190051 = S [ < 0,
which is the asserted bound after summation over i =0,1,2, .., J. ]

Weak acuteness of a triangulation is not just a technical detail to ensure stability of Step 4 in
Algorithm A for N = 9C and 0 < k < 2. The angle condition is sharp in the sense of the following
example which is a refinement of an example from [Bar05b].
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Figure 3.1: Triangulation in Example 3.2.6 which is weakly acute if and only if

B>1)2.

Example 3.2.6. Let 0 < 5 <1, k>0, M:= (0,1) x (0,0), and let T}, be the triangulation of M
defined through the nodes

z1:= (0,0), z9:=(1/2,0), z3:= (1,0), z4:= (1, 0), z5:= (1/2, ),
6= (O’B)a 7= (0’6/2)’ 28 i= (1’B/2)’ 29 1= (1/4aﬁ/2)’ 210 = (3/4’6/2)

and triangles

Ky:=conv{zy, 27,29}, Ko:=conv{zy, 29,29}, Ks3:=conv{zs,z9,210}, Ky:=conv{z,z3,210},
K5:= conv{zs, zs, 210}, Kg:=conv{zy,zs, 210}, K7:=conv{zy,zs,210}, Ks:=conv{zs,z,210},

Kg:= conv{zs, 26,29}, Kio:= conv{zg, 27,29},
cf. Figure 3.1. Set s:=1/2 — 3 and let ul,wi € SY(Tp)", n > 2, be the functions satisfying
ul(25) = (1,0,...,0)  forj=1,2,...,8, ujh(z0) = (=1,0,...,0), wh(z10) = (1,0, ...,0),

and

wh(z) =0 forj=1,2,..,9, wj(z10) = (0,—5/k,0,...,0).

Then, u(z) € S"! and w}(z) € T“Z(Z)Snil for all z € Nj,. For uj™* € SY(T;)" defined through
upt(2) = mgn1 (ul (2) + Kwi (2)) for all z € Ny, we have

Vs ™| < [ Vas, (i, + ) |
if and only if Tp, is weakly acute, i.e., if and only if 5 > 1/2.

Proof. The proof of Lemma 3.2.5 shows that the estimate holds if 7}, is weakly acute and this is the
case if and only if > 1/2. Suppose that 5 < 1/2 and abbreviate vy := uﬁl + nwz and up,:= u’h‘H.
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Owing to symmetry of K, Lemma 1.4.4, and v, (2;) = up(2;) for j =1,2,...,9 we have

6= | Vag,onl|” = [ Vs

_ _% S Ko ([on(2) = on(2)P = Jun(z) — un(2)[?)
z,2'eNy,
9
== Ky (Jon(z) — vn(210)* = [un(z;) — un(z10)|?)
j=1
8

- - ZKZJ'7210 (’(17 07 cey 0) - vh(zlo)‘2 - ‘(1707 70) - Uh(Zlo)’2)
j=1
— K210 ([(—1,0,...,0) — vp(210)[> = [(—1,0,....0) — up(210)[?)-
We have |(1,0,...,0) —vp(210)? = 52, |(—=1,0,...,0) — vp(210)|? = 4 + 52, and
t%:: |(1705 70) - Uh(210)|2 =2- 2/ \% 1+ 525
t2:=|(~1,0,...,0) —up(z10)]* = 2+ 2/V/1 + s2.
Since Z;gl K., 2, = 0 we have 25:1 K. 210 = —Kig210 — Kiyg,21 and hence

0= (52 - t%)(K?«'Q,ZlO + K2107210) - Kzg,zlo (4 + 52 - t%)
= KZlmzm (32 - t%) - KZ97210 (4 + t% - t%)

Direct calculations yield to
Keppoo = (126° +5)/(48),  Kigzy = (1 - 45%)/(45).
Setting ¢(s2):= V1 + 2 — 1 — s2/2 we have
48V1 + 526 = (1262 + 5) (s1/2 + s20(s?) — 26(52)) — (1 — 45%) (2% + 46(5?)).
Since 32 = 1/4 — s + s% we verify that

4B\ 1+ 520 = (8 — 125 + 125%) (s*/2 + s%¢(s?) — 2¢(s?)) — 16(s — s?) (s%/2 + ¢(5%))
= 853 +125% — 65° + 65° + ¢(32)( — 16gs — 1253 + 1234)
= —653(1 — 25) — 65°(1 — 5) + 45¢(52)(2 — 352+ 353) - 2(53 + 8(;5(82)).
Since 0 < s < 1/2 and ¢(s?) < 0, the first three terms on the right-hand side are negative. A

Taylor expansion reveals —s*/8 < ¢(s?) and implies that the last term on the right-hand side is
non-positive. This shows 0 < 0 if § < 1/2 and implies the assertion of the example. O

3.2.5 Termination and convergence

In case that Algorithm A is well-defined and stable, the iterates converge to a discrete harmonic
map into N. Notice that in the following theorem the discretization is fixed.
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Theorem 3.2.7. Suppose that the conditions of Lemma 3.2.4 or Lemma 3.2.5 are satisfied. Then,
Algorithm A terminates within a finite number of iterations and the output uj satisfies uy(z) € N
for all z € Ny, uj|r, = upp, and

(Vg upy; Var,vn) = Resp(vn),

for all vy, €§ YTp)™ such that vy(z) € Tu;;(z)N for all z € N}, where the linear functional
Resp: Sh(Tn)" — R satisfies
|Resn(vn)| < el Va,onl

for all vy, € SIID(T}L)”. Moreover, for a sequence (EJ) of positive numbers such that ey — 0 as

JeN
J — 00, every accumulation point of the corresponding bounded sequence of outputs (uZ‘])
Algorithm A is a discrete harmonic map into N subject to the boundary data up .

jen of

Proof. By Lemma 3.2.4 or Lemma 3.2.5 we have that for all J € N the bound

J
> IVanwh* < € ()
i=0

is satisfied. Therefore, w} — 0 as i — oo and hence Algorithm A terminates within a finite number
of iterations. If uj = uﬁ: for some i* € N is the output of Algorithm A, we verify the first part of
the theorem upon defining Resy,: S§(7;)" — R through

Resh (Uh) = (th wﬁ'; N th Uh)

for v, € SL(73)" and recalling that by the termination criterion we have “Vth2*|| < ¢. For a
sequence €5 — 0, J € N; the corresponding sequence of outputs (uZ’J) JeN obtained with the same

J) JeN which is not

relabeled in the following. Then, up(2z) = limj_ uZ’J(z) for every z € Ny so that uy(z) € N for
all z € N}, by continuity of N. Moreover, we trivially have u|r, = up, . For each J € N we define

)\}{,g € SY(T7;,) by setting

uf is uniformly bounded. Let u, € S'(75,)" be the limit of a subsequence of (u:

N (2) = =07 (Vs Van [ 0w ) (2)2])

for all z € NV}, and £ = k + 1,...,n. Given any v, € S} (7,)" we let v,{’mr € S}(7n)™ be defined
through

n

)= 3 (o u)(=) o)) (v 0w )(2)
l=k+1

for all z € NV},. Then, v,{’tan = vy — v;{’mr € SL (7)™ satisfies v,‘{’tan(z) € Tu*,J(Z)
h

Arguing as in the derivation of (1.1) in the proof of Lemma 3.1.4 we verify that

N for all z € NV,

n

(VMth’J; VthZ’"OT) = _ Z ()\Z’g; (Tg o UZJ) . vh)h.
(=k+1
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With the correction wZ’J € SY(7p,)" provided by Algorithm A which satisfies HVth;’JH < ey and

upon noting that we may subtract a constant from v,{’mn to deduce the equation

*,J Jitany *,J4+1, Jtan
(thuh s Vi, vy, ) - (thwh s Vi, vy, )

we verify that

n
J Jl o s J+1 J,
(thu: ;thvh) + Z ()‘h ;(VZ 0“2 ) 'vh)h = (thwlt * ;thvh tan)
{=k+1

for all v, € SA(7;)". Since wy — 0 and )\i’e — A as J — oo for functions A, € SY(Tp),
¢=Fk+1,...,n, we deduce with Lemma 3.1.4 (a) that uy, is a discrete harmonic map into N subject
to the boundary data up p,. ]

3.3 L? gradient flow approach for harmonic maps into 2-spheres

The above considerations for the discretization of the H' gradient flow of harmonic maps can also
be carried out for the L? gradient flow which reads

(Opu;v) + (Varu; Vagv) =0

for almost every t € (0,00) and for all v € W12(M;R") such that v(z) € Ty(t,z)IN for almost every
x € M. We aim at developing an implicit discretization and assume that N = S2. In this case the
strong formulation of the equation reads

ou — Apyu = ‘VMU‘QU
and taking the cross product of this identity with u twice and using v x v = 0 we have
u X (ux@tu)—ux (uXAMu) =0.

The Grafimann identity
a X (bxc) :b(a-c) —c(a-b)

valid for a, b, c € R? together with the properties of u that u-u = 1 and u - dyu = 0 then yields that
for strong solutions we have

u+u x (ux Apu) =0. (3.7)

To derive a discretization of this equation we consider a sequence (uz)
tions at time-steps ix and set

=01, J+1 of approxima-

u2+1/2:: (uz + ui+1)/2 and dyu' = (uz‘+1 _ ul)/ﬁ

for i = 0,1,2,...,J. Our Crank-Nicolson type discretization of (3.7) follows [BP07]| and reads as
follows.
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Algorithm IT (Implicit L? flow semi-discretization). Input: time-step size x > 0.
1. Choose u® € W12(M;R") such that u’(x) € S? for almost every x € M. Set i:= 0.
2. Compute u'*!t € WL2(M;R") such that
(dpuitLsv) + (ui+1/2 x (W12 x AMqu/Q);v) —0

for all v € Wh2(M;R™).

3. Set i:=i+ 1 and go to 2.

Notice that the equation in Step 2 of Algorithm II defines an unconstrained problem which,
however, requires the solution of a nonlinear system of equations. The striking property of the
algorithm is that for v = ut1/2 the second term in the right-hand side of the equation in Step 2
disappears so that

dtHui+1H2 _ (dtui—l—l;ui—i—l/Z) —0.

This will imply unconditional well posedness and conservation of the unit length constraint, pro-
vided that the spatial discretization is done appropriately. Even though the scheme follows from
a discretization of a strong formulation, we will show that approximations converge to (weakly)
harmonic maps without making any regularity assumptions on an exact solution. For a convergence
proof of iterates to weak solutions of the L? gradient flow of (p-) harmonic maps into spheres in a
Euclidean setting we refer the reader to [BP06, BP07].

Throughout this section we restrict to
N=S> and TIp=0.

While the second restriction is made to avoid technical difficulties, the first one is essential. Not
only do we need that the target manifold is a sphere, it also has to be two-dimensional.

3.3.1 Implicit discretization of the L? gradient flow

To fully discretize (3.7) we define a discrete Laplace operator EMhi SY(T,) — SY(T;,) by requiring
that for v, € SY(7},) the identity

- (thUhQ ) h= (Vg vn; Vg, Xn)

is satisfied for all y;, € S'(73). For vector valued functions, A M, is obtained by applying it to each
of the components of the vector field.
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Algorithm B. Input: triangulation 7, time-step size x > 0, stopping criterion € > 0,
approximation tolerance d > 0.

1. Choose u) € §'(7;,)? such that |u) (z)| =1 for all z € N}. Set i:= 0.

2. Compute ui! € §1(7;)% and 7, € §'(73)? such that HTZHHh < 0 and

R A I A N UG SV RTAR S O

= (P X ),

for all v, € SY(73)3.
3. Stop if /Q_lHqu — uﬁth <e.

4. Set i:=1i+ 1 and go to 2.

1/2 i+1/2
Output: u* 2= u;:r /2 and uy = u;:rl.

We remark that the Crank-Nicolson type discretization together with the use of reduced inte-
gration is essential here to guarantee conservation of the constraint at the nodes and unconditional
stability. The additional right-hand side in Step 2, defined through a small but a priori unspecified
function 7””1 € 8Y(71,)3, models an inexact solution of the original nonlinear equation. The special
structure of this residual is important to guarantee that iterates satisfy the pointwise constraint
luyt (2)| = 1 exactly for all z € Aj,. For § =0, hence 7} = 0, existence of iterates follows from a
fixed-point argument which will also motivates an iterative solver for the equation in Step 2.

Proposition 3.3.1. Given any u}, € S*(7T;,)? there exists ul'' € SY(73)? such that

T = whson) (o () xR,

for all v, € SY(T3,)3, i.e., the identity in Step 2 of Algorithm B holds with 7"2“ = 0.
Proof. For wy, € SY(73)? define

Uh)hzo

2 2 . ~
O (wp) := —Wh = Euﬁl — wp, X (wh X Athh).

By Young’s inequality and properties of the cross product we have for all wy, € S(7;,)? that
2 2, . 1 1, .
P . _ = 2“0, > 2 - 7 2.
(@(wn)swn),, = 2lhunlF — 2 (b wne > ~lhunlF i 7

Hence we deduce that (@(wh);wh)h > 0 for all w, € SY(7;,)? satisfying HwhHh > Hu}th This
implies (cf. [GR86, Corollary 1.1, p. 279]) that there exists w} € S'(7;,)? with (®(w});vy), = 0 for
all vy, € SY(73,)3. Setting uj™ := 2w} — ul, so that ul+1/2 /2 _ ul = (uitt —ul)/2,
the definition of ® yields that

= wj and (9

1 . ‘ A . ~ A
0= (®(u,)s0n), = — (! = wjion), = (™ (w7 x B 0n),,
for all v, € S'(7)3. Thus, the identity in Step 2 of Algorithm B is satisfied with T’H'l 0. O
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3.3.2 Constraint-conservation, stability, and termination

As a consequence of the symmetric discretization of (3.7) in time we obtain conservation of the
unit-length constraint as well as unconditional stability of the iteration.

Lemma 3.3.2. Suppose that 0 < § < 1. For J € N and iterates u%,u}l, . J+1 of Algorithm B we
have '
lup(2)] =1

for0<i<J+1 and all z € N}, as well as
1 i ~ i 1
5 1V, P+ (1 Z ™% Bag,uy™ 2|y < 51[Van, b |” + (T + 1) /4
and
1 , 1
SR R HZ 57 i = wh] [y < SIVanb]|* + (5/4)(7 + 1)s.
Proof. The choice v, = u +1/2( ). for z € N}, in Step 2 of Algorithm B yields
h
Lo ] —17, 8 i i
5= (6 P = i ()P) = &7 [ (2) = ()] - (2)

=7 (7 [ = )i (2)2), = 0

and implies that |u}''(2)| = 1 provided that [u}(2)] = 1. With vh = AMh W Step 2 of

Algorithm B we deduce, using Hu”l/2 <1and HTHth <9,

(PeYS

1 ~
5 (™ 1P = 18,63 ) + [l ™ 5 B2
_ —(l-{ [ 2—}—1 _uz];AMh 2+1/2)h o (u2+1/2 % (u;jl/ % AMh h+1/ ) A M, 2+1/2)h
s B ),
< 5Hui+1/2 % 5 l+1/2Hh
< 5/4—{—5HUZ+1/2 % A z+1/2Hh
Hence 1 N
5 (VP = Vb %) + (1= 0) ™ x Bag "2 < 9/, (3.8)
Multiplication by x and summation over i = 0,1,2,...,J provides the first estimate. We choose
vp =K [ }fl uh] in Step 2 of Algorithm B to verlfy with HulH/QHLw(Mh) H'th <4, and
Young’s inequality, that
I ™ = wi] I
= (Y B ), 4 7 ),
<[ B ], I i =l ol —uhwh
_H i+1/2 R uz+1/2Hh H”_l UZH Hh+ 0 +_H” z+1 _uz]Hi,
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i.e., after subtraction of the second term on the right-hand side and multiplication by 2(1 — ¢),
(1= 82| [uitt =i ]|} < (1= 8)||up™? x Apguy™ 2|2 +6(1 - 6). (3.9)

Insertion of (3.9) into (3.8) and a subsequent summation over ¢ = 0,1,...,J together with the
estimate 6(1 — 0) < § finish the proof of the lemma. O

Algorithm B terminates provided that § is sufficiently small.

Lemma 3.3.3. Suppose that 6 < min{1/2,e%2/10}. Then, Algorithm B terminates within at most
Jmaz < 800/(/%2) — 1 iterations where Cy:= HVMhugHz.

Proof. If for i =0,1,2,...,J we have

(L UARERTA | e

then Lemma 3.3.2 implies

(1/4)k(J +1)e? < ( ﬁzuﬁ—l [uirt —ud ]|} < HthuhH (5/4)k(J +1)8

or, equivalently,
k(J + 1)(6 - 55) < 4Cy.

Since £2 — 50 > £2/2 this implies that J < 8Cp(ke?)™1 — 1. O

Remark 3.3.4. If we are interested in an approzimation of the L* gradient flow then (J+ 1)k ~ T
for some time horizon T > 0 is fized and the choice 6 = o(1) as h — 0 is sufficient to guarantee
stability of the iteration and validity of a correct energy estimate as (h,k) — 0.

3.3.3 Convergence to a continuous harmonic map

As opposed to the analysis for Algorithm A, it turns out that it is preferable to verify directly that a
sequence of outputs ( ZJH/ 2) Jen converges unconditionally to a harmonic map into S? as h — 0,
e;j — 0, and §; — 0 for J — oo. Notice that we do not assume quasi-uniformity of triangulations

in the following theorem and that x need not tend to zero.

Theorem 3.3.5. (i) For sequences (€J)J6N and (5J)J6N such that ey — 0 as J — 00 and 5 <

min{1/2,53/10} for all J € N every accumulation point of the sequence of outputs (uZ’JH/z) of
Algorithm B is a discrete harmonic map into S2.
(#) If in addition to the assumptions in (i) we have that simultaneously h — 0 as J — oo, then

J+1/2)

every accumulation point of the sequence (uh s a harmonic map into S2.

JeN

Proof. (i) The inverse triangle inequality and conservation of the constraint \uzﬂ\ = 1 of iterates
of Algorithm B show that for all z € N}, we have

*J+1/2 *J+1/2 *J+1
[ins =1 = [luy 2l

< {(uZ’JH/z - uZ’JH)(z)‘ = g{ﬂ;_l(u; T+ u;‘])(z)‘ < C(h)key, (3.10)
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where we used that h is fixed and that owing to the stopping criterion of Algorithm B we have

H/f 2‘”1 ZJ)H p < €g. Therefore, any accumulation point uj, € SY(T;)™ of the sequence
(uZ’JH/z)JeN satisfies |up(2)] = 1 for all z € N},. The properties of the cross product that (axb)-c =

~b-(axc)and ax (bxc)=(a-c)b— (a-b)cfor a,b,c € R imply

A2 w12 X J+1/2
(o (™ s By T ),

X JH1/2 %, J+1/2 J+1/2
= (A, /2, uZJr/ x (uy +1/ X vp)),

X T2 w,J+1)2 JH1/2, o J+1/2 J41/2
= —(Banuy” 2y Pon) (B Gy oy )

_ _(ﬁMth,J+1/2 ) (AMh *,J+1/2 (|u;kl,J+1/2|2 . 1)’Uh)h

~ %, J41/2 , %, J4+1/2 %, J+1/2
+(A MUy 2, ; (uy, / - Up)uy, /)

. (311)

B

The identity in Step 2 of Algorithm B, (3.11), and properties of the discrete inner product show
for vy, = I, [uZ’JH/Q X wh] with arbitrary w;, € S'(73,)? that

X *,J+1/2  * J+1/2
—(Anguy $Up, X wp),,
1w dH L wd . J41/2 wJH12 X wJH1)2 ) xJ+1/2(2
== (u” T, xwp), = (u, X Ay, s (|, " -
*,J4+1 *J+1, xJ+1/2
+ (T T X wp),,

=TI+ 11411l

1)wh)h

Since by the stopping criterion it holds x~! Hu;;"]ﬂ Hh < g7 and since |u;’ J+1/2( )| <1 for all
z € N}, we deduce that
I < ejllwpllp-

Lemmas 3.3.2 and 3.3.3 imply that

Huz,J+1/2 % AMh 2J+1/2H < CK—1/2 (3‘12)

+1/2

and together with Hu 1‘ < C(h)key we verify that

IT < C(h)kY?e s]jwp |

J+1 *, J+1/2( )

<0y and |uy, | <1 for all z € NV}, shows that

The guaranteed bound Hrh Hh

117 < 5J|’wh”h.

*,J+1/2

Therefore, we verify that an accumulation point uy of the sequence (uh satisfies

)JEN
(AMhuh;uh X wh)h =0

for all wy, € 8'(73)*. For every v, € S'(T3,)? such that vy(z) € T, (,)S? there exists wy, € S'(7T;)?
satisfying vy (2) = up(z) X wp(2) for all z € N,. Therefore, we verify by definition of ﬁMh that

0= —(AMhuh;Uh)h = (VMhuh;VMhUh)
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for all such v, which, owing to Lemma 3.1.4, proves that uy is a discrete harmonic map into S2.

~*,J+1/2) and

(ii) To prove the second assertion we notice that the lifted sequences of outputs (uh
(ﬂ;"”l) are bounded in W12(M;R?) and owing to the estimate

o2 = = Gl =) < s

*J+1( )

have the same accumulation points. Since |u | = 1 for all z € N}, nodal interpolation

estimates imply
[l = 1| < Chl[ Vg, [luyy P < Ch||Vag,uy .

Therefore, every accumulation point u € W1H2(M;R3) satisfies |u| = 1 almost everywhere in M.
For any ¢ € C°(M) we denote by ¢ € L>(Mj}) the function whose lifting onto M coincides with
¢ and notice

v

(AMh *,J+1/2, uz,J—f—l/Q Xa)h (V uzJ—f—l/Z v Z [ *,J+1/2 % ¢])

v

o, J+1/2 *,J+1/2
— (Vg Vg, [ < 6))
s, J+1/2 o J+1/2 Y wJH1/2 Y
= (Vg Vg (T xS T[T G,
Employing (3.11) and the identity in Step 2 of Algorithm B shows

By <3), |

J+1/2 JH1/2 X J+1/2 JH1/2 Y
< [ (2 T B s ), |

+ |(3Mh 2J+1/2 ( 2J+1/2|2 _ 1)u2,J+1/2 % ZS);J

< |I€71(u2’“]+1 _ u;J, 2J+1/2 V | + ‘ * J+1/2 ,‘{+1,u;"]+1/2 » ZS)h‘

+ |(3Mh 2J+1/2 ( 2J+1/2|2 . 1)uz,J+1/2 % ZS)]J

< es|blln + 811Gl + a2 ¢ Ay 2 w22 = 1| 1l Loty
< Ceylloll L2y + COsll Nl 2(ar) + CK el dl| oo (ary

For the last estimate we used (3.12) and H\uZ’JH/Q\Q — 1|| £ Cke; which follows from (3.10).
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Lemma 3.3.2 and the interpolation estimates of Section 1.4 imply that
‘ (thu;?JJrlﬁ; th{u;kz’JJrlﬁ X E_ In [uZ7J+1/2 X ¢] }) |
< Ch|| Dy, [uy*1 < |

< Ch(|[Van a2 V30,8 e asyy + DR )
Lemma 1.3.5 guarantees
(thu;:J-i-l/Q; th [u;:J-i-l/Q % V]) _ ([I n Fh] vad;:J-H/Q; v [fd;:J-H/Q % (b])

and the property of F, that Fj, = o(h) together with a combination of the previous four estimates
imply
(Va2 v [ar 7 ¢]) — 0

as h — 0. With the help of Lemma 2.5.1 we note

(vad;kL,J-l-l/Q;vM [fd;:J—l—l/Q % ¢]) _ Z (Q,yﬁz,J—i—l/Z;az,J—i—l/Z % Q’y(b)
y=1

~k, J+1/2
h

Since u — u strongly in L?(M;R3) we verify once more with Lemma 2.5.1 that

0= (Du; ux D) = (Varu; Var[u x ¢])
which shows that v is a harmonic map into S? and finishes the proof of the theorem. O

Remark 3.3.6. A convergence proof for h — 0 could also be based on Theorem 2.5.2 but would

require to impose restrictive constraints on the discretization parameters. More precisely, for the

setting of Theorem 2.5.2 we would have to employ the sequence u;:"”l which satisfies the constraints

at the nodes. In the proof given here, we rather proved convergence of the averages uZ’JH/Q which
solve the discretized partial differential equation.

3.3.4 Fully practical construction of iterates

We next discuss convergence of a fixed-point iteration that solves the nonlinear equation in each
time-step of Algorithm B. Owing to a careful linearization, the proposed fixed-point iteration will
preserve the unit length constraint in each iteration step. This is not clear for other iterative solvers
such as a Newton iteration. Unfortunately, to guarantee convergence of the iteration, we have to
impose severe constraints on the damping parameter x.

Lemma 3.3.7. There exists a constant C' > 0 such that for all ¢, € SY(T}) we have

|Ans, 0], < Choil|6n

and B
A8, 08| Lo (g, < Chamin |0mll o0 (1) -
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Proof. The proof of the first estimate follows directly from the definition of EMh and the in-
verse estimate HVthﬁhH < Cht ||én|l. To verify the second estimate, let z € Aj, be such that

HAthbhHLoo(Mh) = |AMh¢h )‘ Choosing x, = ﬁthbh(z)goz in the definition of ﬁthbh and
recalling properties of the discrete inner product from Definition 1.4.10 yields that

|Ans, on(2)|* = B (Bas, 00 Xh)),
—(AM}L%( )82 (Var, &1 Vi, 02)

— (B, 0(2))8:1 Y on ) (Van,pyi Vi, 02)
yEN,

< C1 21, (B 9] o g | Ve
< Clth‘bh(Z)Wz_lH‘bhHLoo(Mh)hr_rL%nu‘quz
< Clthqﬁh(Z)’hr_n%n“¢h“Lw(Mh)7

where we used that the number of nodes y € N}, such that (Vthoy;VMhapz) % 0 is bounded
h-independently, that HVthoyH < CHVMthZH for such y € N}, and that ﬁ;lHasz2 <C. O

The following algorithm is motivated by the proof of Proposition 3.3.1 and solves the nonlinear
equation in Step 2 of Algorithm B. It is based on a linearization of the equation in Step 2 of
Algorithm B with § = 0 (i.e., ;"' = 0). This linearization of the nonlinear part is done in such a
way that the unit length constralnt is preserved throughout the iteration and that the residual is
of the form of the right-hand side in Step 2 of Algorithm B.

Algorithm B™"¢". [nput: triangulation 7j,, damping parameter x > 0, approximation
tolerance d > 0, starting value u}l (approximate solution of i-th time-step).

1. Set w,g:: u}l and j:= 0.

2. Compute waH € 81(73,)? such that
2 (it W % (] x Avr Vo) = 2 (-
,{( hoon)y (W x (g, X Aagwy);vn),, = ;(uhvvh)h
for all v, € SY(7)3. Set eJH = w{fl wfl and
7’};"1: ]+1 x Ay ]+1 + ej+1 X ﬁth{L.

3. If Hr”th < 0 then stop and set uZJrl = 2w]+1 —ul.

4. Set j:= j+ 1 and go to 2.

i+ i+1

1 7
and T

Output: uj

The following theorem shows that all steps in Algorithm Bmﬁe’" are well-defined, that the algo-
rithm terminates if & = O(h?), and that the outputs u’h'H and r}fl solve Step 2 of Algorithm B.
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Theorem 3.3.8. (i) Let ul € S'(7,,)3 such that |ul(z)| =1 for all z € Ny,. Then, for all j > 0
the system in Step 2 of Algorithm B admits a unique solution wifl € SYTy)? such that
{wJH( )| <1 and | 2w]+1 —u})(2)| =1 for all z € N}y Moreover, we have
) .
H6J+ Hh = CK“hmfn |e;7,Hh (313)
(i) If Cﬁhmm <1 and 6 > 0 then Algorithm B™¢" terminates within a finite number of iterations
and the output ulJrl and r”l solve Step 2 of Algorithm B.

Proof. The left-hand side in Step 2 of Algorithm B?"¢" defines a continuous bilinear form on
[S1(7)%]* and properties of the cross product show that this bilinear form is elliptic. Hence,
there exists a unique solution wiﬂ. Upon choosing vy, = j+ (2)p, for z € N}, we verify that
\w”l( )| < |ui(2)| = 1. Defining @, = 2w3+1 — ul, implies that for all v, € S(73,)? we have

1 A X Apgwl
— (@, = uhson), + (W x (), x Aagw])son), = 0.

The choice v), = wl ™ (2) ¢, for z € N, and the identity w) ! = (@ +uj) /2 yield that [@(2)]? =
|uﬁl(z)|2 =1. We subtract equations from Step 2 Correspondlng to two successive iteration steps

and choose v, = e ' to verify that for 7 > 1 we have

2. : , .
=Jled M = = (wh x (e, x Angwh)iel™), = (wh x (W' x Angel)ief™),
< Nl llArwh | e aso et + 1 Baz et ller ]

where we used Hw{lHLw(Mh), HLOO(Mh) < 1. The estimates of Lemma 3.3.7 yield (3.13). Es-

timate (3.13) then implies that the iteration of the algorithm converges and terminates within a

finite number of iterations if thmfn < 1. Suppose that for some j > 0 we have u?‘l = 2w]+1 — u%,
in particular uh+1/ 2 {{H. Then, the system in Step 2 of Algorithm B"¢" implies that for all
v, € SY(T)? we have
1 ; +1/2 i+1/2 +1 2
W ([ = wisen) + (™ % @7 % Bag ™)),
i+1/2 i+1 1 +1 2 i X j
= (" (T Angug s om),, — (g o (wi, x Bagw)ivn),,
i+1/2 i+1 o A i+1 i+1/2 X i+1
= (uy, /2« (e x Apg,w)* );vn), + (u, / x (w], x A, el” )i Uh),
i+1/2 ;
= (u, / xr;fl?”h)h’
which proves (ii) and finishes the proof of the theorem. O

Remark 3.3.9. Newton schemes for the approrimate solution of the homogeneous equation in
Step 2 of Algorithm B do in general not lead to a residual that has the structure of the right-
hand side of the equation: Suppose that uj € SYT3)3 is given. Then, in order to compute an

approzimation of uj, T2 ome is led to finding w; € SY(T3)? such F(w}) =0, where

2 , ~
F(wy) = E(wh —up,) + I [wn x (wp x Apg,wp)]-
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Given an iterate wi (e.g., with w) = ul ), the correction ¢y, € SY(Tp,)? in the update w{fl = w{z —cp

is the solution of

DF(w})[en] = F(wy)),

i.e., ¢, satisfies

9 o ) , _ ,
E(Ch;vh)h + (en x (wi x Athi);vh)h + (w), x (cn x Athfl);vh)h

+ (U){1 X (U){1 X AMhCh);Uh)h

2 . . ; i ~x j
= = (), — i vn),, + (] x (] % Byge])im)

for all vy, € SY(T)3. Setting u;;rl = 2wfl+1 — u%, i.e., u2+1/2 = wiﬂ, the equation may be rewritten
as

A ([ =i on), + (™ o (™ o B ) on),,
= (ch x (w, x Ang,cl)ivn),, + (cf, x (cf, x Dag,w])son),,
+ (w), x (e, X Bag)ivn), + (¢ % (cf, x Dar,c})ivn),,

and the right-hand side is not of the desired form (uijlﬂ X ’I“ZJrl;’Uh).

3.4 #-Schemes for the approximation of the L? flow of harmonic
maps

A family of §-schemes for the L? flow of harmonic maps into spheres and for Landau-Lifshitz-Gilbert
equations has recently been proposed in [Alo07] and shown to be unconditionally convergent for
6 > 1/2 provided that underlying triangulations are weakly acute. The proof exploits the H!
stability of the projection of updates onto the sphere, cf. Lemma 3.2.5. In this section we modify
the scheme in order to approximate the harmonic map heat flow into targets N which are the
boundaries of convex sets. The main idea for the definition of the approximation scheme is to
compute for given 6 € [0,1] and time-step size x > 0 an approximate time-derivative w’ satisfying
w'(x) € Ty N for given u’ with u'(z) € N for almost every 2 € M such that

(wi; v) + (VM [u’ + Hmui] ; VMU) =0

holds for all v with v(z) € Ti(;)V for almost every x € M. The update u® + kw' is then projected
onto N to define the new iterate u'*!:= 7y (ul + nwi). This scheme may be regarded as a semi-
implicit discretization of the harmonic map heat flow into convex targets. To compute stationary

points of the flow, our full discretization reads as follows.
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Algorithm C. Input: triangulation 7, parameter 6 € [0, 1], time-step size k > 0, stopping
criterion € > 0.

1. Choose uY € S (7;,)" such that ul|r, = up s and u)(z) € N for all z € N}, \ I'p. Set
1:= 0.

2. Compute wi € SL(7,)™ such that wi () € Tyi (N for all z € N}, and
(wz; vh) + (VMh [uﬁl + Hﬁwm ; Vthh) =0

for all vy, € SL(73)" such that vy,(z) € Ty (N for all z € Np,.

3. Define uzﬂ € SY(7p,)" by setting
u?‘l(z) =TN (u%(z) + mwz(z))

for all z € \V},.
4. Stop if m_lHufjl - uﬁLHh <e.
5. Set i:=1i4 1 and go to 2.

Output: uj = uﬁl .

If § < 1/2 then stability of Algorithm C requires that x < Ch'*t%/2 see [Alo07] for the case that
N = S2. The following proposition shows that the scheme is unconditionally stable for § € [1/2,1]
provided that N = OC for a bounded, open, convex set C C R™ and 7}, is weakly acute.

Proposition 3.4.1. Suppose that 0 € [1/2,1], Ty, is weakly acute, and N is C? and satisfies N = OC
for a bounded, open, convexr set C C R™. Then the iteration of Algorithm C is well-defined and
iterates satisfy

Hthu?LHQ'

J

. . 1 1

w3 (Il + 0 = 1200l Fag, 0} + 5 Vel < 5
=0

Moreover, Algorithm C' terminates within a finite number of iterations and the output uj satisfies
uy(z) € N for all z € Ny, uj|r, = upp, and
(VMhu,’;; Vthh) = Resy, (vh)
for all v, € SL(Tp)"™ such that vy(z2) € Tz ()N for all z € Ny, where the linear functional
Resp: Sh(Tn)™ — R satisfies
[Resn(vn)| < Cel|Vag, vall,
vy, € S (Tn)™ provided that /<;2hr_n1;d/2€ <.

Proof. Well posedness of the iteration is an immediate consequence of the Lax-Milgram lemma

for Step 2 and the assumed convexity of C in Step 3. Given ¢ > 0 set ﬂfjl = uﬁl + Iiw%l. Then,

ul,';rl =1IyN (iZiH) and the proof of Lemma 3.2.5 shows that

Va7 < (V357 (4.14)
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Notice that ' ‘ ‘ ' '
uj, + Okw), = 0(uj, + kwy) + (1 — O)uj, = 0ai + (1 — 0)uj,

and

wj, = k(U — ).

Therefore, the choice vy, = wﬁl in the equation in Step 2 of Algorithm C yields to
HwZH2 ul (th [HAZ—H (1 - a)uh] th [ uptt - u%]) =0.
Using that for all a,b € R we have

20 — 1

(6a+(1—0)b) - (b—a) = %(\b\?— al?) + b— af?,
we deduce from the previous identity that
~ 26 -1 -~ 7
ok ]* + —(HV @ = Vb |*) + =5, Vo, @ i ][ =0

holds for all v, € S}(7,)" such that vy(z) € T, ()N for all z € Nj. Upon using (4.14) and

summing over ¢ = 0,1, 2, ..., J we deduce the first asserted estimate which also implies termination

of the algorithm. If u; = uZUFl for some ¢* > 0 then

(VMth; Vthh) = (th [uﬁf + Hnw;i:] ; Vthh) (th [ e+l Az +1] VMhUh)
—(wh 3 0n) + (Vg [, ™ =, *1]5 Vi, on).
We use that for all z € NV}, we have, cf. the proof of Lemma 3.2.4,
up T 2) = g T (2) = (u, (2) + s (2)) = (uf () + s (2) = K2O(|wf) (2)]%)
to verify with an interpolation result and an inverse estimate that

Huz +1_ g +1H < Ck < Cr2h™ d/2H

min

A combination of the last two equations and an inverse estimate lead to

(Vs Vagen) < C(1+ w2y ) (lfonl] + | Vs, on])
which finishes the proof of the proposition. U

Remarks 3.4.2. (i) To approzimate a solution of the time-dependent problem one has to assume

that @ > 1/2 or k/h — 0 if § = 1/2 see [Alo07]. If 6 > 1/2 then one can show that (the
liftings of the functions) dtu’+1 = K ( ZH uﬁl) and wz always have the same weak limit in
L? [O T; WE2(M;R™)* ]: with estimates from the proof of Proposition 3.4.1, interpolation of L*

between L? and W2 for d < 3, and Holder’s inequality we find that for A € [0,1] we have

1/2 i113/2

e s (A e T Y 220 V002,

M) < CﬂHwhH

< Cff“Hw%H;(Mh) + ORMVE |V, wiy HLQ(MW
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where we assumed U'p # O for simplicity. Multiplication with k and summation overi = 0,1,2, ..., J
yields with the estimates of Proposition 3.4.1 that

J
e it — | < OO+ K072 (20 1)) [T
i=0

and the right-hand side tends to 0 provided 0 < A < 1/4 and 6 > 1/2.

(i) Owing to the projection step, the scheme realized by Algorithm C' can only be expected to be of
first order.

(iii) For @ =0 Algorithm C coincides with the schemes proposed in [AJ06, BBEPO7].

3.5 Discussion of Newton iterations

The equivalent definition of discrete harmonic maps in (b) of Lemma 3.1.4 has the advantage that
the constraint uy(z) € N for all z € NV}, is formulated as an equality rather than an inclusion. This
makes it possible to directly try standard Newton solvers for the solution of the nonlinear systems
of equations. The idea to reformulate the harmonic map problem as a saddle-point problem has
been considered in [CD03] in case that the target manifold is the unit sphere and in [HTWO06] for
one-dimensional target manifolds. For other attempts towards the design of higher-order schemes
we refer the reader to [LL89, Mor04].

Throughout this section we assume that Assumption (O) is satisfied, i.e., N is orientable and
given as the intersection of the zero level sets of differentiable functions f&+1, f&+2 . f7: R — R.
We recall that in this case the saddle-point formulation of Lemma 3.1.4 seeks u;, € S'(7},)" satisfying
up|rp = up p and )\f; € 84(7n), £ =k +1,...,n such that

n

(thuhQ Vthh) + Z ()\Z ; (ﬁg oup) - vh)h =0,

(=k+1
n
> (ohiffoun), =0
t=k+1
for all (vh, (QZH, ceny QZ)) € SH(Tn)" x SL(T,)"*, where we incorporated boundary conditions for

the multipliers \§ as well. Defining Xj, := S}(7;,)" x S} (75)" % we may recast the saddle-point
formulation as:

Find xp, = (u},, ()\IZ'H, ,)\Z)) € Xy, such that F(xzp)[yn] = 0 for all y, = (vh, (QZ—H, ey QZ)) €
Xy, where

F(xp)[yn]:= (Vag, [up, +Tp,n); Vag, vn)

n n
+ > (M o fupy + Tl o), + > (ehi £ o [, +Tp ),
t=k+1 l=k+1
with the trivial extension Up j, € SY(T,)" of the discrete Dirichlet data Up f-

Given some xﬁl € X}, a Newton iteration computes in each step a correction cﬁl € X}, such that
for all y, € X}, the identity

DF (x},)(ch)yn] = —F () [yn]
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is satisfied. This defines the new iterate CE;';Ll = :U’h + C%- Replacing u}, + Up j by up, the Newton

scheme may also be written as follows.

Algorithm D. Input: triangulation 7; and termination parameter ¢ > 0.

1. Choose u) € S'(7,)" and )\g,z € SY(7n), ¢ = k+ 1,...,n, such that u)|r, = up. Set
1:= 0.

2. Compute (w}, (,u;kJrl ,,u;l’n)) € X, = S5(Tn)"™ x SL(75)"F such that

n n
(Vth;'L; Vthh) + Z ()\if7 (Dl/ oul)[wh] - Uh)h + Z (,ulh’g; (Pg oul) - vh)h
l=k+1 l=k+1
n
= _(thu%m; thvh) - Z ()‘Zz; (ﬁg o uzh) ) Uh)h’
(=k+1
n n
> (ohi @ ouf) - wh), == (ohiffoup),
l=k+1 l=k+1

for all (vh, (Qerl, ey QZ)) € Xy,

3. Set
(u?‘l, ()\;jl’kﬂ, s )\ZH’")) = (u}1 + w,il, (AZ’CH + uzkﬂ, s )\2’" + uz’"))

4. Stop if HVth}ilH + > ki Hfz o u?‘th < &. Otherwise, set i := ¢+ 1, and go to 2.

i *,k+1 *,M
Output: up, A", A

The following remarks reveal some difficulties in the analysis of Algorithm D.

Remarks 3.5.1. (i) Step 2 in Algorithm D admits no solution if, e.g., N = 52, f(p) = |p|* — 1,
and u)(z) = 0 for some z € N, \ T'n: in this case we have (p) = p for p € N and the choice
on = @, in Step 2 of Algorithm D leads to

o 1 |
(sstuh - wh)y, =0 # 30 = = (s b ~ 1),

for all wi € SL(Ty)™. Therefore, global well-posedness and convergence of Algorithm D is false in
general.

(i) In case of termination of the iteration of Algorithm D, the output uj, need not satisfy uj(z) € N
for all z € Ny,

(111) Assuming that u}l(z) € N for all z € N}, and defining
Xp ] = {vp € Sh(Tn)" : vp(2) € Ty (N for all z € Ni},
Step 2 in Algorithm D is equivalent to finding wj, € X}*[u}] such that

n

(Var,wh; Vg, vn) + Z (N5 (DT o) [w]] cvn), = — (Vg uh; Vag, vn),
l=k+1
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for all vy, € X} [u’h] Notice that up to the second term on the left-hand side this is the iteration of
the scheme discussed in Section 3.2. Hence, Algorithm A may be regarded as a simplified Newton
iteration.

(iv) For N = S"~1 [CD03] uses the term > zen;, M(2)un(2) - vn(z) instead of (Ans up - vp)
corresponds to a strong penalization of the constraint.

(v) A one-dimensional minimization along the correction vector can be incorporated in Algorithm D
to improve the stability of the scheme.

B This

Standard results (see, e.g., [Pla04, Deu04]) assert that the Newton iteration converges if, e.g.,
there exists ; € X), such that F(z}) = 0, DF(x}) is regular, and z9 is sufficiently close to z}.
In the following example we show that the derivative DF(z}) may be singular for zj such that
F(x}) =0, i.e., Step 2 of Algorithm B may fail to admit a unique solution and the algorithm cannot
be expected to converge in general even if a good initial value is available.

Figure 3.2: Every unit speed geodesic connecting north and south pole defines
a harmonic map in Example 3.5.2.

Example 3.5.2. (a) Let u : (0,1) — R3 be a harmonic map into S? satisfying, u(0) = —u(1) =
(0,0,1), i.e., u € WH2(0,1;R?) satisfies |u| = 1 almost everywhere in (0,1), u” — Mu = 0 in weak
sense for some A\ € LY(0,1) (in fact X = —|u/|?), and u(0) = —u(1) = (0,0,1). Then, for each
¢ € (—m,m) the map

cos¢ sing 0
up = Rgu:= | —sing cos¢p 0 |u
0 0 1

is a harmonic map into S? subject to the same boundary conditions and with the same Lagrange-
multiplier X, i.e., ug satisfies |ug| = 1 almost everywhere in (0,1), ug(0) = —uey(1) = (0,0,1), and
ug — Aug = 0 in weak sense. The function

d

010
W= — ugy = Rou := -1 0 0 Ju
dplo=0" 00 0

satisfies w # 0, w(0) = w(1l) =0, w-u = 0 almost everywhere in (0,1), and
w"” — Aw = Rou” + ARgu = Ry (v 4+ Au) =0
in particular, we have w € W01’2(0, 1), u-w =0 almost everywhere in (0,1), and
(w0 + (Nw-v) =0
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for allv € WOI’2(0, 1) such that u-v =0 almost everywhere in (0,1).

(b) The same example can be constructed in a discrete setting: let Ty, be a partition of the interval
(0,1) and up € SY(T3)3 such that |up(z)| = 1 for all z € Ny, up(0) = —uu(1) = (0,0,1), and
suppose that there exists A, € S1(73,) so that

(u'h;v;L) =+ ()\h;uh . vh) =0

for all vy, € SY(T3)3. Arguing as in (a) we find that the vector field wy, := Roup, € Sh(Tn)? is
non-trivial, satisfies wp(z) - up(z) =0 for all z € Ny, and

(w}l;vﬁl) + ()\h;wh . vh) =0.
for all vy, € S(T,)? with vy (2) - up(z) = 0 for all z € Ny. Defining py, € S'(71,) such that
(ks 2), = = (Whs ©%) = (Answn - 92),

for all z € Ny we see that (wh,,uh) € Xy is a non-trivial solution of the equation in Step 2 of
Algorithm D.

The above example is related to the existence of Jacobi fields along a harmonic map. A necessary
condition for the existence of such, non-trivial fields is that a harmonic map fails to satisfy the so-
called cut-locus-condition, see [JK79]. This condition requires that for every pair of points p,q € N
in the image of a harmonic map there exists a unique geodesic on N which connects p and gq.
This is obviously not the case in the above example. However, whenever the boundary conditions
are slightly perturbed in Example 3.5.2, then the cut-locus-condition is satisfied and there exists
exactly one harmonic map u and no non-trivial Jacobi field along u. We finally remark that [CD03]
proposes to factor out the conformal group of S? in the set of admissible vector fields to guarantee
uniqueness of harmonic maps between topological spheres even if the cut-locus condition is not
satisfied.

3.6 Combined algorithm

Although the Newton scheme cannot be expected to converge to discrete harmonic maps in general
it still performs often well in practice if a good initial value is available. The canonical idea is to use
the globally convergent scheme of Algorithm A to find a reasonable starting value for Algorithm D
and then monitor convergence of the local iteration. The following algorithm alternatingly iterates
the global and the local strategy and is arranged in such a way that if the local strategy does not
converge within a prescribed number of iterations, then the last iterate of the global strategy is
used to proceed further with the global strategy. The algorithm reduces to Algorithm A or D if
either Jyiopar = 0 or Jjpeqr = 0. Figure 3.3 provides a schematic description of the algorithm. As in
the previous section we assume that Assumption (O) is satisfied.
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Algorithm E. Input: triangulation 75, damping parameter « > 0, stopping criterion £ > 0,
non-negative integers Jyiopal, Jiocar Such that max{ngObal, Jiocal} > 0.
(I) Choose u) € S*(7;)" such that ul|r, = upj, and uY (2) € N for all z € N,. Set i:= igippar := 0.

(GO) If igiobar = Jgiobar then set ijoeq := 0 and go to (II)
(G1) Compute w} Egl(%)" such that wi (z) € Tyi ()N for all z € N, and
(Vas, whi Vag,vn) = = (Vas, hs Vs, vn)
for all vy, egl(%)" such that vy, (z) € Tyi (N for all z € Nh.
(G2) Stop if HVth}ilH <e.
(G3) Define uit! € SY(7;)" by setting
ult(z) = my (uf (2) + Kw) (2))
for all z € Ny,
(G4) Set i:= i+ 1 and igiobal := igiobar + 1 and go to (GO).
(I) Set u!® := u¢ and choose )\Z’Z €SL(T), b=k+1,..,n.
(LO) If 4jpcqr = Jiocar then set u}l = uzld, iglobal := 0, and go to (GO) .

L1) Compute (w?, ui’kﬂ,...,,ui’" € Xp,:=S5(73) x SL(73,)" % such that
ho \Hp h D D

n n
(Vi whs Vag,vn) + > (G5 (0P oup)[wh] - on), + > (35 (@ ouj) - vn),
=k t1 (=k+1
n
= — (Vs uj; Var,vn) — Z (Azz; (T o up) - Uh),s
l=k+1
n n
> (e (@ oup) - w}), ==Y (ohiffoup),.
l=k+1 l=k+1

for all (vh, (QIZ—H,...,QZ)) € Xy,

(L2) Set (ufjl, ()\;;Ll’kﬂ, s )\;:Ll’")) = (u}1 + w}il, ()\f;kﬂ + uﬁl’kﬂ, s )\2’" + ,uzn))
(L3) Stop if ||Vag,wj, || + X0y |/ 0w ], < e
(L4) Set i:=1i+ 1, ijocal = t10cal + 1, and go to (LO).

i *,k+1 *M
Output: wy, A", ).
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Initialization:
BEGIN .
Choose feasible:©

Perform.J,;,,,, iterations of the globa

’—> strategy with starting value©® to
obtain update:g;’; .,
Setu® := uigy

(Reject update from
local iteration.)

Yes

i Residual small ? END
Setu? 1= ynew
. global
Y
Perform J;,.o; iterations of the local
strategy with starting value® to
obtain update.].ZY,
No . Yes
Residual small ? END

Figure 3.3: Schematic description of the combination of Algorithm E.

The only rigorous statement that we can provide for Algorithm E is that it works at least as
well as Algorithm A (up to an increased number of iterations), provided that Jgopa > 0.

Theorem 3.6.1. Suppose Jyopa > 0. Assume that N is C? and
. dj2— —1
k < C' min{hmin, thn{iQn ! log (hmm) }

with C" from Lemma 3.2.4, or N = 9C for a bounded, open, convex set C C R™, T}, is weakly acute,
and k < 2. Then the iteration of Algorithm E terminates within a finite number of iterations.

Proof. This follows since the global strategy alone, realized by Steps (G1)-(G4), converges, cf.
Theorem 3.2.7. O

Remarks 3.6.2. (i) The constraint w} (z) € Tyi (N for all z € Ny, provides a Lagrange multiplier

which may be used to define an initial value )\{l in Step (II) for the initialization of the local strategy,
cf. Lemma 3.1.4.

(ii) Another useful stopping criterion for the (temporary) termination of the global strategy can be
based on a small decrease of the Dirichlet energy.

(i1i) The iteration of the local strategy should be terminated (e.g., by setting jiocat = Niocal) if the
problem in (L1) does not admit a solution.
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Chapter 4

Numerical experiments

4.1 Implementation aspects

The algorithms introduced and analyzed in the previous chapter were implemented in the numer-
ical computing environment MATLAB. In order to decrease the total runtime, some subroutines
were programmed in C and included with the interface MEX. Besides employing standard matrix
manipulation operations and sparse data structures, we always made use of MATLAB’s backslash
operator to solve linear systems of equations possibly including constraints via use of Lagrange
multipliers. In this section we exemplify implementation issues by discussing short MATLAB
implementations of the Laplace-Beltrami operator and of an iterative scheme for the practical re-
alization of the projection operator . The implementations of Algorithms A, B, C, D and E of
Chapter 3 are then immediate consequences and we refer the reader to Appendix A for details.

4.1.1 MATLAB routine for the Laplace-Beltrami operator

Following [Dzi88], a finite element approximation of the Poisson problem on surfaces,
—Apyu=f

on M, subject to boundary conditions u|r, = up and du/Jdo = g on I'y:= OM \ I'p, where I'p is
a possibly empty subset of OM and du/0o the co-normal derivative of u on M (which coincides
with the normal derivative if M is flat), see [DDEO05], reads as follows:

Given a triangulation T;, of the approzimation My, of M find u, € S*(71,) such that up(z) =
up(z) for all z € N NT'p and

thuh : Vthh dsp, = ?Uh dsp + / Z]vh ddty, (1.1)
My, My, I'non

for all vy, € 811)(%) and approximations ?, I'Nohs and\g/ of f, I'n, and g, respectively.
The triangulation 7}, is specified by providing matrices c4n, nde, Db, and Nb. Here, c4n is
an L. x (d 4+ 1) array defining the coordinates of the L. nodes 21,29, ...,21, € Ny of T on the

d-dimensional hypersurface M C R%!. The L, x (d + 1) array n4e defines the L, subsimplices
contained in 7; by providing the corresponding row numbers in the matrix c4n of the vertices
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for each element K € 7;,. The discrete approximations of the boundary parts I'p and I'y of the
possibly empty boundary M are specified in the M7 x d and M5 x d arrays Db and Nb, respectively,
by providing the row numbers of the nodes on each edge (d = 2) or face (d = 3) on I'p and I'y.

To compute the stiffness matrix corresponding to the left-hand side of (1.1) we compute for
each element K € 75 a unit normal vector g and the auxiliary node Zx := i + hi pip| i, where
g is the midpoint of K. The nodal basis functions (cpz\ k:2ze€N,NK ) are then linearly extended
to the (d 4 1)-simplex K := conv{K, Zx } by defining ¢ (Zx):= 0. This allows to compute a full,
(d 4+ 1)-dimensional gradient whose restriction to M}, is then projected onto the tangent space of
the discrete surface M}, using the projection matrix

Py =Tgr1)x@s1) — Hnlk @ pnlk.

If d =2, K = conv{z, 21, 22} for 2g, 21,20 € Np, and 21 — 29 and 29 — 2y are two different edge
vectors of K, then the property of the vector product, that

2H*(K)unli = (21 = 20) X (22 — 20)

allows to compute all required geometric quantities related to the triangle K.

-0.2

-0.4

-0.6

-0.8

Figure 4.1: Numerical approximations of the Laplace-Beltrami problem (1.1) on
the upper half sphere (left) and on a torus (right) with homogeneous Dirichlet
conditions on OM and with f(x1,z9,z3) = .

The MATLAB code shown in Figure 4.2 realizes these ideas for d = 2 and was developed in
the spirit of [ACF99, BC04]. Dirichlet conditions are included by eliminating corresponding nodes
from the linear system of equations; in case that I'n = () the constraint | M, Uh dsp = 0 is added to
the linear system of equations in order to guarantee a regular system matrix, assuming that f and
g as well as their approximations satisfy appropriate compatibility conditions.

The computed approximate solution for (1.1) with f(z1,29,23) = 22 and up = 0 and for
triangulations of the upper half unit sphere and the torus with radii (r1,72) = (1,1/4) into 2560
and 2048 triangles, respectively, are displayed in left and right plots of Figure 4.1.

4.1.2 Numerical realization of the orthogonal projection 7y

Various approaches have been discussed in the literature to iteratively approximate the orthogonal
projection my onto closed surfaces N. For ease of presentation we consider the simplest case of a
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function LaplaceBeltrami
load c4n.dat; load nde.dat; load Db.dat; load Nb.dat;
DiriNodes = unique(Db);

freeNodes

for

H 0
]

end
for

end

setdiff ([1:size(c4n,1)],DiriNodes);

j =1 : size(nde,1)

mu_K(j,:) = cross(c4n(nde(j,2),:)-c4n(nde(j,1),:),c4n(nde(j,3),:)-c4n(nde(j,2),:));
area_K(j) = norm(mu_K(j,:))/2;

mu_K(j,:) = mu_K(j,:) / norm(mu_K(j,:));

mp_K(j,:) = sum(c4n(nde(j,:),:))/3;

diam_K(j) = norm(c4n(nde(j,2),:)-c4n(nde(j,1),:));

sparse(size(c4n,1),size(c4n,1));
zeros(size(c4n,1),1);
zeros(size(c4n,1),1);
zeros(size(c4n,1),1);
j =1 : size(nde,1)
tmp_tetra = [c4n(nde(j,:),:);mp_K(j,:)+diam_K(j)*mu_K(j,:)];
grads3_K = [1,1,1,1;tmp_tetra’] \ [0,0,0;eye(3)];
P_K = eye(3) - mu_K(j,:)’ * mu_K(j,:);
form=1:3
b(nde(j,m))
c(nde(j,m))
forn=1:3
A(nde(j,m),nde(j,n)) = A(nde(j,m),nde(j,n)) + ...
area_K(j) * (P_K * grads3_K(m,:)’)’ * (P_K * grads3_K(n,:)’);

b(nde(j,m)) + (1/3) * area K(j) * f(mp_K(j,:));
c(nde(j,m)) + (1/3) * area_K(j);

end
end

j =1 : size(lb,1)

length_E = norm(c4n(Nb(j,1),:) - c4n(Nb(j,2),:));
mp_E = (c4n(Nb(j,1),:) - c4n(Nb(j,2),:))/2;
bb(j,1)) = bMb(j,1)) + (1/2) * length E * g(mp_E);
b(Nb(j,2)) = b(Nb(j,2)) + (1/2) * length_E * g(mp_E);

if isempty(DiriNodes)

A = [A,c;c’,0];
b = [b;0];

else

end

for j = 1 : size(DiriNodes,1)

x(DiriNodes(j)) = u_D(c4n(DiriNodes(j),:));
end
b=Db- A % x;

x(freeNodes) = A(freeNodes,freeNodes) \ b(freeNodes);
trisurf(nde,c4n(:,1),c4n(:,2),c4n(:,3) ,x(1:size(cd4n,1)))

function val = f(X)

val

function val

val

= X(2);

u_D(X)
= 0;

function val = g(X)

val

= 0;

Figure 4.2: MATLAB implementation of the finite element scheme for the
Laplace-Beltrami operator and approximate solution of the Poisson problem
on a surface.
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hypersurface N C R**! defined by a continuous function f: R¥*! — R through

N = {p e RFL: f(p) = 0}.

We assume that f is C! and satisfies |V f| # 0 in a neighborhood of N. Closed formulas are available
for simple geometries such as the unit sphere, tori defined through radii r1, 9, and ellipsoids with
equatorial and polar radii di,ds and ¢, respectively.

Example 4.1.1. The zero sets of the functions fi, fo, f3: R — R, given for ¢ = (q1, qo,q3) € R?,
by
fila)=1—q%,
2 1/2
foa)i= (. a2)| = r1)* + @] > = o,

define the unit sphere S, a torus T,,QIT2 with radii r1 and ro, and an ellipsoid E?

radii 71,79 and polar radius c, respectively.

e With equatorial

We follow ideas in [DDO07] and consider for given ¢ € R¥*! the functional

G, N):= 5l —aP + A (o). (1.2

Then, if g € Us,, (V) we have p = mn(q) if and only if [p — ¢| < 0 and there exists A € R such that
the pair (p, ) is stationary for G. Indeed, we have

WhG(pA) =fp)=0 < peN
and if p € N, upon recalling that v(p) = Vf(p)/|V f(p)|, then
OGP, \) =p—q+AVf(p) =0 <= p—q=av(p),

where |a] = |p — q|. We thus deduce that p = 7n(q).
We employ a classical Newton iteration to compute stationary points for G. We note

VonG®A) = (p—q+ AV (D), f(p))

and, if f € C? in a neighborhood of N,

Lk 1)xesn) + AD?f(p) Vf(p)
T

(Vf(»)) 0
Given (p, A) € N xR such that Vi, \)G(p,A) = 0, i.e., |A| = [p—q|/|V f(p)], the matrix Dé) NG(0.A)

is invertible if the linear mapping defined by the matrix I 1)y (k41) + AD? f(p) restricted to T,N =

(Vf(p))l is invertible, cf. [BF91, Bra0l]. Sufficient for this is that |A\| < p(DQf(p))fl7 where
p(D2 f (p)) denotes the spectral radius of D?f(p). The following result then follows from well-
known assertions on Newton iterations, see e.g. [Pla04, Deu04].

D(i,A)G(P, A) =
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Proposition 4.1.2. Suppose that f € C3 (U5N(N)). There exists N > 0 such that the Newton
iteration

()= (1) = (B2 )G X)) W) GO ).
with starting value (po, )\0) = (q, 0) converges to ( ,)\) = (WN(q), (p—2q)- V(p)/|Vf(p)|) whenever
q € Usy, (N):={¢ e R"": dist(¢,N) < dnr}- O

A MATLAB routine that realizes the Newton scheme for two-dimensional tori but which can
easily be adapted to other submanifolds is shown in Figure 4.3.

function pi_N(q,r)

eps_pi = 1.0E-10;

P =9

lambda = 0;

dG = [(p-q)’+lambda*df(p,r)’;f(p,r)];

res = norm(dG)

while res >= eps_pi
d2G = [eye(3)+lambda*d2f(p,r),df(p,r)’;df(p,r),0];
v_new = [p’;lambdal - d2G\dG;
p = v_new(1:3)7;
lambda = v_new(4);
dG = [(p-q)’ + lambda*df(p,r)’;f(p,r)];
res = norm(dG);

end

function val = f(p,r)

val = Gamma(p,r)~(1/2) - r(2);

function val = df(p,r)

val = (1/2)*Gamma(p,r)~(-1/2)*dGamma(p,r);

function val = d2f(p,r)

val = -(1/4)* Gamma(p,r)~(-3/2)*dGamma(p,r)’*dGamma(p,r) + ...
(1/2)*Gamma (p,r) " (-1/2) *d2Gamma (p,r) ;

function val = Gamma(p,r)

val = (norm(p(1:2)) - r(1))"2 + p(3)°2;

function val = dGamma(p,r)

val = 2x[(norm(p(1:2))-r(1))*p(1:2)/norm(p(1:2)),p(:,3)];

function val = d2Gamma(p,r)

val = 2x[eye(2)-(r(1)/norm(p(1:2)))*(eye(2)-p(1:2)’*p(1:2)/norm(p(1:2))°2),...
zeros(2,1);0,0,1];

Figure 4.3: MATLAB implementation of the Newton iteration for the ap-

proximation of T2 for the torus 77 ,, with radii r = (ry,73). Here,
_ 2
T? ., = f7H{0}) for f(p):=T(p)"/? =y and T(p) = (|(p1,p2)| = 11)" + pj for

b= (p1,]927p3)-

Remarks 4.1.3. (i) Let g € Us, (N), define the signed distance function dy(q):= (signf(q)) {ﬂ'N(q)—
q|, and abbreviate p:= my(q). The identities p = q — dn(q)v(p) and v(p) = V f(p)/|V f(p)| imply

f@)=f()+ V() - (g—p)+O(dn(q)?)
=dn(q)|V(p)| + O(dn(a)?).
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Based on the resulting approzimation dy(q) = f(q)/|Vf(q)|, [DDO07] employs the iteration

) VIO
S N I COIINI]

' ) ~i+1
(2) ptli=g— (signf(Q)) W—H - Q‘%

to approzimate wn(q).
(ii) If f = dn is the signed distance function of N then the Newton scheme of Proposition 4.1.2
with starting value (q, 0) detects the correct solution p = wn(q) within one step: we have

(') = (g 0)—[I<k+1>x<k+1> u<p>H 0 ]

(@) 0 dx ()
= (¢.0) = (dn(g)v(p), —dn(a))
(iii) For submanifolds N of codimension larger than one and defined through continuous functions
LR S R by N = {peR": fFl(p) = ... = f"(p) = 0}, the projection mn(q) can be be

approximated by computing stationary points for the functional

_ " 1 -
G: Up (N) xR"™F =R, (p, W AM) = Slp—af + D0 M ().
{=k+1

We ran the Newton iteration and the scheme described in Remark 4.1.3 (i) with the same
stopping criterion {V(p, NG (pi,)\i){ < gp:= 10710 for different starting values. Table 4.1 displays
the numbers of iterations and shows that the Newton scheme works efficiently in this example. In
most of the experiments the scheme described in Remark 4.1.3 (i) works as well as the Newton
scheme. Our overall experience with the algorithms is that the Newton scheme is more robust and
even converges to the right object when the distance of ¢ to N is very large.

N f q Newton Demlow & Dziuk
T? ., tan(dy) (0,0,0) 4 &/10 4 4
T? ., tan(dy) (2,2,2) 4+&/10 4 4
TZ ., dn (2,2,2) +£/10 1
T2 ., dn 30(1,1,1) 1 > 100
S?  tan(dy) (0,0,0) +£&/10 5 4
S? dn (0,0,0) +£/10 1 1

Table 4.1: Numbers of iterations of the Newton method and the scheme de-
scribed in Remark 4.1.3 (i) for the approximation of the orthogonal projection
7n(g) onto a torus with radii (r1,r2) = (1,1/4) and the unit sphere S? (which
coincides with the degenerated torus with radii (7’1,7‘2) = (0, 1)) The vector
£ = (51,52,53) denotes a random vector satisfying max;—1 2 3(&| < 1.
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4.2 Performance of Algorithms A and D for a 3D prototype sin-
gularity

In this section we report on the practical performance of Algorithms A and D for the approximation
of a three-dimensional harmonic map into the two-dimensional unit sphere S? with a prototype
singularity. In particular, we consider the Euclidean situation M = (—1/2,1/2)3 x {0} C R3*! and
N = S? together with

up(z):= — for zeTI'p:=0M.

It is known [Lin87] that the unique energy minimizing harmonic map into S? subject to these
boundary conditions is u(z) = z/|x| for x € M and has a singularity at the origin. In the
following we neglect the forth (vanishing) component of coordinates and write V for the usual
three-dimensional gradient. Notice that S? = 9B;(0) is the boundary of a bounded, open, convex
set.

4.2.1 Stability of Algorithm A and necessity of weak acuteness

As proved in Lemma 3.2.5 for the case that N = 9C for a convex set C, Algorithm A is uncondi-
tionally stable and convergent for x < 2 if the underlying triangulation is weakly acute. If 7} is not
weakly acute, then a proper damping parameter k£ = O(hyin) has to be employed in Algorithm A.

For each positive integer J we defined a weakly acute triangulation 77¢ with Ay, =~ 2=/ of
M into 6 - 23/ tetrahedra by first partitioning M into 23/ many cubes of side-length 2~/ and
subsequently dividing each cube into six tetrahedra by dilation and translation of the following
acute triangulation of the unit cube: for the reference cube Qrer:= (0, 1)? with vertices

z1:=(0,0,0), z3:=(1,0,0), Zz3:=(0,0,1), z4:=(1,0,1),

Z5:=(0,1,0), Zg:=(1,1,0), Zr:=(0,1,1), Zg:=(1,1,1
a partition of @),y into six right-angled tetrahedra is given by

K= conv{zl, 29,23, 26}, Ky:= conv{zg, Z4, 23, 2'6}, Kj:= conv{zg, 24, 28, 2'6},

Ky:= conv{z;;, 28, 27, 26}, Ks5:= conv{Z77 25, 23, 2'6}, Kg:= conv{zg, 25, 21, 2'6},

see Figure 4.4. It is important to notice that the faces of tetrahedra on two opposite sides of Qs
match so that an assembly of such partitions results in a regular triangulation. We remark that
such and similar partitions have also been used in [Bey95, KK01, KK03], e.g., to guarantee validity
of a discrete maximum principle for a discretization of the Poisson problem.

We also defined a sequence of non-weakly acute triangulations 7;'~““ by using the coarse trian-
gulation 7"~ (which actually is weakly acute) of M into six tetrahedra shown in Figure 4.4 and
recursively defining 77" by partition of each tetrahedron K € 7;~““ into eight sub-tetrahedra
obtained from connecting midpoints of edges of K, cf. Figure 4.5. Hence, the triangulation 7,
consists of 6-87 = 623/ many tetrahedra. One verifies however, that even though 7'~ is weakly
acute, the triangulations 7;'““ are not weakly acute if J > 1.

We employ two different types of initial data to experimentally study the reliability and efficiency
of Algorithm A. Both of them interpolate the function x/|x| on the boundary of M. The first one
is constant in the interior of M while the second one is defined through random vectors on the unit
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pa

Figure 4.4: Partition of the unit cube into six tetrahedra such that each of them

has a right (acute) angle.

Figure 4.5: Uniform refinement of a tetrahedron into eight sub-tetrahedra. This
refinement does not preserve weak acuteness of a triangulation.

sphere at interior nodes of a triangulation. More precisely, given a triangulation 7, with nodes N},

the initial vector field u) € 8(75)3 is defined through
’LLO(Z)— (17070) fOI’ZGNh\FD,
P 2/l for z € N}, NI'p,

or
W0 ()= &(z) for z € N\ T'p,
h=/ z/lz| for z € N,NTp,

where ¢ is a random vector-field with values in S2.

(2.3)

(2.4)

To study the necessity of a weak acuteness property of the underlying triangulation we ran

Algorithm A with ¢ = 10™* and the three pairs

(T k) = (T,1), (T31), (T8 hyin/ 10),

where Anmin = 27 The upper plot of Figure 4.6 displays the norm of the computed correction
vectors in Algorithm A, HVZU;LH, for i = 1,2, ... until termination, when ug is defined through (2.3).
The iteration stopped after 43 iterations when the weakly acute triangulation was used. This is in
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Figure 4.6: W12 semi-norm of the correction w,il in Algorithm A for a weakly
acute triangulation and a non-weakly acute triangulation with 24.576 tetrahedra
and Ay, = 1/16 with different damping parameters  for initial data which
are constant (upper plot) and random vectors on S? (lower plot) in the interior

of M.
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good agreement with Theorem 3.2.7, which states that Algorithm A is globally convergent on weakly
acute triangulations if IV is the boundary of a convex set. The fact that 156 iteration steps, i.e.,
about four times as many, are needed to satisfy the termination criterion of Algorithm A when a non-
weakly acute triangulation is used, indicates that the angle condition is not just a technical detail
but has influence on the practical performance of Algorithm A. In order to guarantee convergence
on arbitrary (regular) triangulations, a proper damping parameter £ € O(hyiy) has to be used.
In this case many more iterations are needed to achieve HVZU%H < ¢ and in this experiment the
termination criterion was not satisfied within the first 1000 iterations. The advantages of weakly
acute triangulations are also clearly visible when the initial ug is defined as in (2.4). The lower plot
of Figure 4.6 shows the rapid decay of the norm of the correction vectors on 7,*° and the slower
decay on 7,"7%. We remark that while the energy is known to decrease monotonically on weakly
acute triangulations, we only know that the W2 semi-norms of the corrections (wﬁl) are square
summable.

To illustrate the evolution defined by the H' gradient flow of Algorithm A, we plotted in
Figures 4.7 and 4.8 the first two components of the restriction of the vector field u} to the cross
section (—1/2,1/2)? x {0} of M. We used the initial vector fields u) defined either constantly in
the interior of M as in (2.3) and shown in Figure 4.7 or randomly as in (2.4) shown in Figure 4.8.
In both cases we used the weakly acute triangulation 75°. We observe that for both choices of
initial data a smooth vector field away from a single singularity develops within a few iterations.
Then, in the subsequent iterations the singularity is transported to the origin leading to a stable
and symmetric equilibrium state. Thus, the energy decreasing iteration of Algorithm A provides
good approximations of the unique global energy minimizing harmonic map z/|z| in this example
independently of the choice of initial data ug.

For weakly acute triangulations with different mesh-size but with the same randomly and con-
stantly defined initial data as above, we plotted in Figure 4.9 the decay of the energy HVU}LHZ/Q A
rapid decrease of the energy can be observed within the first ten iterations and only small energy
variations occur when the singularity is transported towards the origin. As predicted by the theory,
the energy of iterates is monotonically decreasing.

From the first set of numerical experiments we draw the conclusion that Algorithm A performs
very reliably on weakly acute triangulations. Its efficiency seems best in the first iterations to
significantly decrease the possibly large energy of a possibly discontinuous initial vector field. While
leading to satisfying results, the algorithm appears to be rather slowly convergent once a low energy
level is passed owing to its global character.

4.2.2 Performance of the combined scheme

With M = (=1/2,1/2)3, up(x) = x/|z|, and the two types of initial data defined by (2.3) and (2.4)
on the weakly acute triangulation 7, of M we ran Algorithm E with different choices of the
input parameters Nyjopar and Nigeq;. We recall that the iteration of Algorithm E reduces to the
H' gradient flow of Algorithm A if Nj,cqt = 0 and to the classical Newton iteration defined in
Algorithm D if Ngjopa = 0. We employed the residual quantity

[Vawp || + || Jup* = 1], (2.5)

to measure the quality of approximation of a discrete harmonic map by iterates (uﬁl,wz) of Al-
gorithm E; recall that owing to Proposition 3.1.4 the pair of iterates (u}l,wﬁl) of Algorithm E is
a discrete harmonic map into the sphere if and only if (2.5) vanishes. We notice that the second
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Figure 4.7: First two components of the restriction of the vector fields u}1 to
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bottom) obtained with Algorithm A on the weakly acute triangulation 7;*¢ and
with constant initial data at interior nodes.
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Figure 4.9: Energy decay for different choices of initial data and different mesh-
sizes on weakly acute triangulations which guarantee monotone energy decay.

term in (2.5) disappears when Nj,.,; = 0 since then the constraint is satisfied exactly at the nodes
of the triangulation. In the upper and lower plot of Figure 4.10 we displayed this quantity for the
extreme cases

(Nglobala Nlocal) - (57 0) and (Nglobala Nlocal) = (07 5)

as well as the combined case
(Nglobala Nlocal) = (5, 5)

for random and constant initial vector fields as defined in (2.3) and (2.4), respectively. Notice
that in the first two cases we could have used any positive integer instead of 5 to obtain the same
schemes while the values of the two numbers are important for the performance of Algorithm E
when both Nyjope and Njgeq are positive.

From the upper plot of Figure 4.10 we deduce that Algorithm E does not converge within 45
iterations when Ngopq = 0, i.e., when a Newton iteration is used to solve the discrete problem.
In fact, the system matrices tend to deteriorate which indicates divergence of the iteration for
the actual choice of constantly defined initial data. When Ny, = 0 the residual quantity decays
monotonically and after 43 iterations the termination criterion is met. Convergence of the iteration
in this case is indeed guaranteed by Theorem 3.2.7, however, a lot of iterations are needed to
satisfy HVUJ;LH < & = 107%. This is different for the combined scheme of Algorithm E with
Ngiovat = Niocar = 5. We observe significantly faster termination of the combined iteration than for
the other methods. In fact, only 10 iterations of the global scheme (indicated by the thicker solid
line) are required to define a starting value for the local scheme (indicated by the thinner solid
line) that allows for rapid convergence. The performance of Algorithm E could actually be further
improved by the choice (Nglobal, Nlocal) = (10,5) in this example. In fact, the advantages of the
combined scheme would become even more significant if a smaller termination parameter had been
used. Similar observations can be made for the randomly defined initial vector field u) from (2.4)
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Figure 4.10: Residual in Algorithm E for a weakly acute triangulation with

24.576 tetrahedra for various choices of Ngjopq1 and Nigeq; and initial data which
are constant (upper plot) and random vectors on S? (lower plot) in the interior
of M. For the combined scheme with Nyppar = Nigcwr = 5 the thick line
indicates the iterations with the global scheme and the thin lines those iterations
corresponding to the local scheme.
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and the reader is referred to the lower plot of Figure 4.10 for details.
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Figure 4.11: Energy decay in Algorithm E for different choices of Nyjopq and
Niocar and a randomly defined initial vector field. Thick parts of the solid line
indicate iterations with the globally convergent scheme.

We plotted in Figure 4.11 the decay of the energy for Algorithm E for randomly defined initial
data and various pairs of Ngopa and Njgeqr. It is important to observe that the iteration of the
Newton method does not increase the energy in the combined scheme when it is convergent. This
is of essential importance but not guaranteed by theory.

4.2.3 Convergence of the Newton scheme to irregular discrete harmonic maps

With the one-dimensional example from Section 3.5 defined through M = (0,1), N = S2, and the
boundary conditions u(0) = —u(1) = (0,0, 1) we illustrate in this subsection that Newton iterations
may converge to discrete harmonic maps which are unfavorable in practice when an arbitrary initial
discrete vector field is used to setup the iteration. Here, arbitrary means that u satisfies |uf)(z)| = 1
for all nodes z € N}, and uf(0) = —uP(1) = (0,0,1) but is arbitrary otherwise. This observation
underlines the advantages of Algorithm E which can compute a good initial value of low energy
to start the Newton iteration. For some randomly defined discrete initial vector fields with values
in the unit sphere at the nodes of the uniform partition of the interval (0,1) into 25 elements of
diameter Ay, = 1/25, the Newton iteration converged and detected the discrete harmonic maps
(up to a residual smaller that 107%) shown in Figure 4.12. For each of the computed stationary
points we also displayed the corresponding energy

1
E(uh) = 5/(0 5 ‘uﬂzdsh.

In all of the displayed cases we find that irregular solutions with practical discontinuities correspond
to energies larger than 2/h;,;, = 50. The experiments thus underline the necessity and importance
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E(up) = 150.00
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0
E(up) = 105.86
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0
E(up) = 413.57
1
0 E(u,) = 71.32
1
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Figure 4.12: Various (almost) discrete harmonic maps into S? as approxima-
tions of (non-unique) solutions to —u” = |u/[*>u and |u| = 1 in (0,1) sub-
ject to u(0) = —u(1l) = (0,0,1). The approximations were computed with a
classical Newton scheme (i.e., Algorithm E with Ngpe = 0) and randomly
defined initial data u) satisfying |u(j/25)] = 1 for j = 0,1,2,...,25 and
u%(O) = —u%(l) = (0,0, 1)'
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of approximation schemes that decrease the energy in the iteration. In these one-dimensional
experiments the condition numbers of the system matrices tended to deteriorate as predicted in
Example 3.5.2 in Section 3.5. Nevertheless, MATLAB provided solutions of the linear systems of
equations and thereby approximations with residuals smaller than 10~ for approximately two out
of three randomly defined initial fields ug.

4.3 Geometric changes and occurrence of singularities in the har-
monic map heat flow into spheres

As is well understood theoretically, the L? flow of harmonic maps into spheres may develop sin-
gularities resulting in a loss of control over ||Vasu(t,-)|| (M) In particular, [CDY92] constructs
smooth initial data up : M — S? for M = B1(0) C R? such that there exists a weak solution of the

time-dependent problem
O — Apru = |Vagulu, lu(t,)| =1, u(t,-)|am = uolonr, u(0,) = up (3.6)

which satisfies lim;_¢, HVMu = oo for some t; > 0. We notice that a weak solution is

(t, ')HLOO(M)
unique as long as HVMu(t, )H Lo (M) < 00. Related to this is the fact that the L? flow of harmonic
maps does in general not define a topological homotopy in the sense that ug and ue, = limy_, o u(t, -)
are topologically equivalent, cf. [EW76]. Here, us is a weak accumulation point of the sequence
(u(t, '))t>0 which is bounded in W12(M;R3) as t — co. This problem cannot be overcome by

imposing additional constraints since the set of vector fields u € W12(M;R3) that are topologically
equivalent to ug is in general not weakly closed in WH2(M;R3), cf. [Lem78]. A positive partial
result by [ES64] states that u and us, are indeed topologically equivalent if the target manifold
N has non-positive sectional curvature and this condition is sharp, see [EW76]. In this section
we study the occurrence of finite-time blow-up numerically in order to verify the reliability of our
approximation schemes defined by Algorithms A and E. The experiments show that our methods
can deal with singularities and topological changes appropriately and are capable of predicting
singularities correctly.

4.3.1 Discrete finite-time blow-up in the L? flow of harmonic maps

In our first set of experiments we employ the initial data of [CDY92] and set M := (—1,1)?, N = S%,
I'p:=90M, and

uo(x):= % <m1 sin h(|z|), 2 sin h(|x]), |z| cos h(\x!)) , uo(0):= (0,0,1)
for x = (x1,79) € M and with h : [0,00) — R defined by h(r) := br? if » < 1 and h(r) := b
otherwise. It is proved in [CDY92] that for M = B1(0), a singular solution of the L? flow occurs if
and only if b > 7; below we choose b = 37/2.

We approximate solutions of the time dependent problem with the following modification of
Algorithm A which approximates the L? flow rather than the H! flow of harmonic maps. The
resulting algorithm coincides with Algorithm E for § = 0. Notice that the main change occurs in
the bilinear form on the left-hand side of the equation in Step 2.
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Algorithm A’. Input: triangulation 7, time horizon T > 0, time-step size k > 0.
1. Choose u) € S'(Tp,)" such that uf)(z) = ug(z) for all z € Nj. Set i:= 0.
2. Compute w} € SL(7,)™ such that wi(z) € Tyi ()N for all z € N}, and
(wﬁﬁ Uh)h == (thu% Vthh)
for all v, € SL(75)" such that vy,(z) € Tyi (N for all z € Nh.
3. Define ui' € SY(7;,)" by setting
ult(z) = my (uf (2) + Kw) (2))
for all z € NV},
4. StOp if ti—i—l = H(Z + 1) >T.

5. Set i:=¢+ 1 and go to 2.

Output: (u%)izo,l,z...,hﬂ'

Here, k is a time-step size and u}l approximates an exact solution at time ¢;:= ix. The algorithm
terminates when the time-horizon 7" > 0 is reached. The discrete inner product (-;-), on the left-
hand side of Algorithm A’ can be replaced by the standard inner product in L?(Mj), resulting in a
slightly more expensive and less stable scheme, see [BBFPO07] for a discussion. Following the lines
of the proof of Lemma 3.2.4 one can show that for J =0,1,2,..., Jr

1
(1= C"rh ) ZHdu”th 3 IVan 7 < 5V

where dtuH'1 : ( }jl UZ) = w}'l for i = 1,2,...,J + 1. Based on this estimate, weak sub-
convergence of approprlate interpolations of iterates to a weak solution of the L? flow of harmonic
maps into spheres, i.e., for N = S2, can be verified as in [BBFP07] provided that x = o(h:ntzﬂ)
We ran Algorithm A’ for uniform, right-angled triangulations 77 of M into 2-22 triangles which
are squares halved along the direction (1,1) and with edge-length Ay, = 2-277 for J = 5 6,7.
The discrete initial data u% was defined by nodal interpolation of ug and we employed k = /10.

Figure 4.13 displays the W1> semi-norm and the energy

mzn

1 2

E(uh(t, )) = §Hthuh(t7 )H

of numerical approximations as functions of ¢ € (0,0.35) for different discretization parameters.
Here, the function uy : (0,7) x M — S? is the function which is piecewise constant on (0,7) and
satisfies

Up, (t’ ) = uﬁl

for t € k[i,i + 1). For all three employed triangulations 7y, J = 5,6, 7, we observe in Figure 4.13
that the energy is monotonically decreasing, indicating good stability properties of our method,
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Figure 4.13: W1* semi-norm and energy as functions of ¢ € (0, 0.35) of numer-
ical approximations of the harmonic map heat flow problem into the sphere for
different discretization parameters for initial data leading to blow-up.

and assumes a constant, positive value when an equilibrium state is attained. Owing to the non-
constant Dirichlet boundary conditions employed in this example, the energy does not decrease to
zero. While the energy is decaying, the maximum norms of the gradients of the approximations
become extremely large and attain different maximal values for different triangulations indicating
the occurrence of so-called finite-time blow-up in this example. In fact, for each fixed triangulation,
the function t — HVMhuh(t, )H Leo(ar) ASSUIES the maximum possible value among functions in
v, € SY(T)? satistying |v,(2)] = 1 for all z € A}, namely

_ -1 _ J—1
lvp(2)|=1 f.a.zeN},

which can be verified by defining for a right-angled triangle K € 7; with vertices zg, 21, 22 the
function vy, |k by vp(20):= (—1,0,0) and vp(21) = vp(22):= (1,0,0). After attainment of the maxi-
mum W1 semi-norm, it drops to an h-independent value corresponding to a smooth equilibrium
defined by the boundary data.

The displayed vector fields in Figures 4.15 and 4.16 illustrate the evolution of the discrete
solution on a criss-cross triangulation 7;°° with 145 free nodes in this example. The choice of such a
triangulation is only for presentational convenience owing to its higher symmetry. We observe that
for ¢t =~ 0.39 the vector at the origin points in a different direction than the surrounding vectors
resulting in large, maximal gradients. Then, at ¢t & 0.4 the vector at the origin changes its direction
and for ¢t > 0.43 a smooth vector field with moderate energy and W1 semi-norm has developed.
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Figure 4.15: First two components of the vector field uy(¢,-) for t = 0, 0.1078,
0.2016, 0.3891, 0.4047, 0.4359 (from left to right and top to bottom). Vectors
are scaled by a factor 1/7 for graphical purposes. At ¢t ~ 0.40 the vector at the
origin changes its direction leading to large gradients.
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Figure 4.16: Zoom of the vector field wuy(t,-) to a neighborhood of 0 for ¢t = 0,
0.1078, 0.2016, 0.3891, 0.4047, 0.4359 (from left to right and top to bottom).
A maximal W norm is attained, when the vector at the origin points into
another direction than the surrounding ones. Vectors are scaled by a factor 1/5
for graphical purposes.
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The evolution is significantly different when homogeneous Neumann type boundary conditions
are employed to define the time-dependent problem. The upper plot in Figure 4.14 shows the
evolution of the energy and of the W% semi-norm. While for h = 274 the results are qualitatively
similar to the ones obtained with Dirichlet type boundary conditions, the W1> semi-norms seem
to be uniformly bounded by the moderate value 18 for h = 27° and h = 275, Thus, we may
conclude that finite-time blow-up only occurs for Dirichlet type boundary conditions for the initial
data considered here. A rigorous proof for this statement is however missing and beyond the scope
of this work. We remark that for Neumann type boundary conditions and a sufficiently large T > 0,
the evolution assumes a constant state in this example.

We also applied the H' gradient flow approximation defined by the original Algorithm A in this
example. For the choice kK = i, /10, the results obtained for the triangulations 7;, J = 4,5, 6,
and with Dirichlet boundary conditions are displayed in the lower plot of Figure 4.14. We observe
that no large gradients occur. It is interesting to remark that the (semi-) discretized H' gradient
flow preserves the topological degree of the initial uy owing to a result in [Mor04]. This result
asserts that if M = B1(0) C R? then the topological degree

U+ tg
deg———
|u + to|
is independent of ¢ € R for u, ¢ € WH2(M;R3) satisfying é|sas = 0 and |u| = 1, u - ¢ = 0 almost
everywhere in M.

180 ~
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100} | - %= 10Ut DI, h=2"%86=1

Figure 4.17: W1 semi-norm and energy as functions of ¢ € (0,0.75) of nu-
merical approximations obtained with Algorithm C for # = 1/2 and 0 = 1 with
the blow-up initial data.

Finally, we ran the unconditionally stable 6-scheme of Algorithm C with § = 1/2 and 6 = 1
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for the blow-up initial data ug. The results obtained for the regular triangulations 77, J = 4,5,6
and time-step size k = h/4 are displayed in Figure 4.17. We observe that the discrete finite-time
blow-up occurs at a later time than in the approximation with the explicit scheme of Algorithm A’
corresponding to # = 0. Nevertheless for small mesh-sizes the blow-up time seems to approach the
same value as the results in Figure 4.13 do. For § = 1 this phenomenon is most likely due to the
dissipative character and strong damping property of the implicit scheme.
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Figure 4.18: Triangulations of the unit sphere into 192, 768, and 3072 triangles.
These triangulations are not weakly acute.

4.3.2 Discrete collapse of geometries in the L? flow of harmonic maps

To illustrate problems related to topological changes and occurrence of singularities in the L? flow
of harmonic maps we choose M = N = S? and let ug : S2 — S? be a perturbation of the identity
on S2. The identity map on S? is a harmonic map into S? as can be deduced from the identity

~ Ay = H(z)u(x)

for x € M which holds on a large class of smooth surfaces with H denoting the (scalar) mean
curvature and g a unit normal vector field on M, see [DDE05]. With the triangulation 7}, of S?
into 192 triangles shown in Figure 4.18, x = h?mn/l(), e =10"1% and § = h* we ran Algorithm B
for the initial data displayed in the left, upper plot of Figure 4.19. Snapshots of the evolution are
displayed in the remaining plots of Figure 4.19, where for various times ¢ we plotted the deformed
triangulations

Tf={un(t,K): K € Tp,}.

We see that within a very small time interval, the mapping wuy(¢,-) becomes smooth and seems
to approach the nodal interpolant of the identity map on S?. However, after a very long period
in time with almost no spatial changes, the discrete sphere starts to collapse and vanishes at
t =~ 47. It is not clear to the author whether this collapse is a numerical artifact or due to the
strength of the perturbation. For smaller time-steps a similar behaviour can be observed but for
more moderate perturbations the collapse does not seem to occur. In the experiment at hand,
we found that the discrete time derivative satisfied ||dyup(t,-)|| > 107% for 0 < t < 46.484. As
soon as the sphere collapses to a single point we have that up(¢,-) is constant and stationary so
that ||dsup(t,-)|| = 0 for sufficiently large times. In Figure 4.21 we displayed the W1 semi-norm,
the energy, and the L? norm of the discrete time derivative in this example and observe the late
finite-time blow-up with accompanying drop of the energy. We remark that similar observations
can be made for the H' flow of harmonic maps if the perturbation of the identity is strong enough
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for the employed triangulation. We ran the same experiment with the finer triangulation of S2
consisting of 3072 triangles and with a perturbation of the nodal interpolant of the identity of
similar strength. Snapshots of the evolution determined by Algorithm B are shown in Figure 4.20.
Here, the sphere does not collapse before ¢ = 50 and appears to be a stable configuration. We may
thus indeed conclude that the collapse occurring on the coarser discretization is an effect resulting
from the discretization and the corresponding underestimation of the exact energy. We also tried
Algorithm C in this experiment and obtained similar results. Since the employed triangulations
are not weakly acute those results are however not supported by the theory.

4.4 Approximation of harmonic maps into a torus

To test the performance of Algorithm A for other target manifolds than S? we use Algorithm A to
approximate a function u: Ty 1,4 — T3 1,4 with low Dirichlet energy. For a uniform triangulation
of the torus 77,4 into 1024 triangles of diameter h = 0.006 we defined an initial deformation
u) € §1(7,)? satisfying u)(z) € Ty, /4 for all z € N}, by perturbing the identity on T 4, i.e., We
set
0 . 3
uh(z) =TT 4 (Z + §h(2)/ )

for all z € N}, and random vectors &,(z) with |£,(z)| < 1. The damping parameter £ was chosen
as kK = h/2. As in Figure 4.19, we displayed in Figure 4.22 the deformed triangulations

= {uz(K) K e 771}

after various numbers of iterations. We see that the flow selects the an approximation of the identity
map on T7 1,4 yielding a smooth regularization of the rough initial data. We stress that in this
setting we could not observe a collapse or change of the geometry also for different discretization
parameters.

4.5 Practical stability and performance of Algorithms A’ and B

To obtain a better understanding of the practical reliability and performance of Algorithms A’
and B for the approximation of the L? flow of harmonic maps into spheres, we employed

M =N = §2 and ud (z):= Ty (T2 (z+ &n(x))]

for x € My, and a random vector-field £ whose components satisfy H§ZH Lo (My,) < 5/2. The interpo-

lation operator T, is defined through three uniform triangulations of S? into 3072, 12288, and 49152
triangles corresponding to maximal mesh-sizes h = 277 for J = 4,5, 6, respectively, see Figure 4.18.
We approximated the L? flow in the time-interval ¢ € (0,1/4) with Algorithms A’ and B as well
as the Algorithm A” which is obtained by replacing the discrete inner product (-,-); in Step 2 of
Algorithm A’ by the standard L? inner product on M;. For the fixed-point iteration defining the
inner loop of Algorithm B and specified in Algorithm B#™mer
§ = h2.

Table 4.2 displays the total CPU times for the three different algorithms and the three different
triangulations. The table also indicates stability of the iteration through “y” and occurrence of an
instability by the symbol “x”. The results shown in the table imply that the choice x = h?/2 is not

we chose the termination criterion
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k="h?/2 h=27% h =275 h =26

Alg. A 0.4 min (x) 8.5 min (x) 29h (x)
Alg. A”  44min (/) 27h (/) 1343 h (/)
Alg. B 2.7min (v) 475 min (V) 14.7h (V)

Table 4.2: CPU times and stability of various algorithms for the approximation
of the harmonic map heat flow into the unit sphere. The initial uy was a
perturbation of the identity on S? in each example.

sufficient to guarantee stability of Algorithm A”. The results and numbers also show that reduced
integration has a stabilizing effect, cf. Remark 1.4.11, and significantly reduces the total CPU times.
The results for the implicit scheme always indicated stability for x = h?/2, as predicted by the
theory in Section 3.3. The CPU times for Algorithm B are between the corresponding ones for
Algorithms A’ and A”. We note however, that we could have employed a larger termination criterion
in Algorithm B™"¢" such as § = o(1), which would have presumably led to significantly smaller
CPU times. In this experiment, the explicit scheme with reduced integration, i.e., Algorithm A’,
performs best but we stress that in contrast to Algorithm B, in each time step a saddle-point
formulation has to be solved (which is done efficiently by MATLAB’s backslash operator) and that
the time-step size x = h%/2 is not sufficient to guarantee convergence of iterates of Algorithm A’
to a weak solution of the L? flow of harmonic maps into spheres, see [BBFP07]. Table 4.5 displays
the results for Algorithm A” with x = h2/10. For this choice of the time-step size, the algorithm
provided stable approximations. Not surprisingly, the CPU times are then about 20 and 100 larger
than those for Algorithms B and A’, respectively (with the larger time-step sizes).

k=h?/10 h=2"1% h =275 h =26
Alg. A’ 23.0 min (V) 134 h (y) 521.3h (V)

Table 4.3: Stable numerical results for Algorithm A’ for smaller time-step sizes.
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Appendix A

Implementations

In this appendix we display short MATLAB implementations of Algorithms A, B, and E as well
as a C-Routine for a realization of the nearest-neighbor projection 7y for two-dimensional tori.
The routines can easily be modified to realize Algorithms C and D or to implement 7y for other
hypersurfaces given by a level set function. Most of the codes employ the following subroutine

which computes the finite element stiffness and mass matrices on a given triangulated surface.

for

end

for

end
g =

S(1:
M(1:

function [S,M,m,area_K] = surf_fe_matrices(nde,c4n);

j =1 : size(nde,1)

mu_K(j,:) = cross(c4n(nde(j,2),:)-c4n(nde(j,1),:),c4n(nde(j,3),:)-c4n(nde(j,2),:));
area_K(j) = norm(mu_K(j,:))/2;

mu_K(j,:) = mu_K(j,:) / norm(mu_K(j,:));

mp_K(j,:) = sum(c4n(nde(j,:),:))/3;

diam_K(j) = norm(c4n(nde(j,2),:)-c4n(nde(j,1),:));

sparse(size(c4n,1) ,size(c4n,1)); m = s;
j =1 : size(nde,1)
tmp_tetra = [c4n(nde(j,:),:) ;mp_K(j,:)+diam_K(j)*mu_K(j,:)];
grads3_K = [1,1,1,1;tmp_tetra’] \ [0,0,0;eye(3)];
PK = eye(3) - mu_K(j,:)’ * mu_K(j,:);
for k=1:3

for ell =1 : 3

s(nde(j,k) ,nde(j,ell)) = s(nde(j,k),nde(j,ell))
+ area_K(j) * (P_K * grads3_K(k,:)’)’ * (P_K * grads3_K(ell,:)’);

end

m(nde(j,k) ,nde(j,k)) = m(nde(j,k),nde(j,k)) + (1/3) * area_K(j);
end

sparse(3*size(c4n,1),3*size(c4n,1)); M = S;
3:end,1:3:end) = s; S(2:3:end,2:3:end) s; S(3:3:end,3:3:end)
3:end,1:3:end) m; M(2:3:end,2:3:end) m; M(3:3:end,3:3:end) m;

]
n

Figure A.1: MATLAB routine to compute the stiffness matrix and the mass
matrix for reduced integration on a given triangulated surface.
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function Algorithm_A 7 for closed surfaces
eps = 1.0E-3;

r =1/4; R = 1;

[c4n,nde] = triang_torus(r,R,4);

Nb = [1; Db = [1;

[S,M,m,areas] = surf_fe_matrices(nde,c4n);
h = sqrt(max(areas));

kappa = h;

I1 = reshape(repmat([1:size(c4n,1)]’,1,3)’,3*size(c4n,1),1);
I2 = [1:3*size(c4n,1)];

X_int = sparse(3,3*size(c4n,1));

aver = ones(1,size(c4n,1)) * m;

X_int(1,1:3:end) = aver;
X_int(2,2:3:end) = aver;
X_int(3,3:3:end) = aver;

u = u_0(c4n);
[u,nu] = projection(u,’Torus’, [r,R],eps);
xx = zeros(4xsize(c4n,1),1);
norm_corr = inf;
while norm_corr > eps
X_nu = sparse(I1,I2,nu);
X_nu = [X_nu;X_int];
AA = [S,X_nu’;X_nu,sparse(size(X_nu,1),size(X_nu,1))];
bb [S*u;zeros(size(c4n,1)+3,1)];
xx = AA \ bb;
v = xx(1:3*size(c4n,1));
u = u - kappa * v;
norm_corr = sqrt(v’*S*v);
[u,nu] = projection(u,’Torus’, [r,R],eps);

end
trisurf(nde,u(1:3:end),u(2:3:end),u(3:3:end) ,zeros(size(c4n,1),1));

function [u,nu] = projection(u,geom,r,eps)
U = [u(1:3:end),u(2:3:end),u(3:3:end)];
[U,Nu] = projection(U,geom,r,eps);

u = reshape(U’,size(u,1),1);

nu = reshape(Nu’,size(u,1),1);

function val = u_0(X);
pert_fac = .25;
val = zeros(3*size(X,1),1);
for j =1 : size(X,1)
val(3*j-[2,1,0],1) = X(j,:)’ + pert_fac*(rand(3,1)-.5);
end

Figure A.2: MATLAB implementation of Algorithm A for closed surfaces. The
routine projection realizes the projection onto the employed surface, see Fig-
ure A.5 for an example.
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function Algorithm_B
load surf_triang.dat -mat;
[S,M,m,areas] = surf_fe_matrices(nde,c4n);
h = sqrt(max(areas));
kappa = h~2/10;
delta = h74;
eps = 107-6;
inv_Laplace = -inv(M) * S;
u = u_0(c4n);
norm_dtu = inf;
while norm_dtu > eps
W= u;
diff = inf;
while diff > delta
psi = inv_Laplace * u;
X = skew_sym(nde,c4n,areas,P1_cross(w,psi));
A =M + (kappa/2) * X;
b=M* u;
w_new = A \ b;
diff = h"(-2) * sqrt((w - w_new)’ * M * (w - w_new));
W = W_new;
end
norm_dtu = (2/kappa) * sqrt((u - w)’ * M * (u - w));
u=2*w- u;
end
trisurf(nde,u(1:3:end),u(2:3:end),u(3:3:end) ,zeros(size(c4n,1),1));

function X = skew_sym(nde,c4n,areas,u);
X = sparse(3*size(c4n,1),3*size(c4n,1));
for j = 1 : size(nde,1)
for k=1:3
X_loc = zeros(3,3);
uu = u(3*nde(j,k)-[2,1,0]1);
fora=1:3
phi_a = zeros(3,1); phi_a(a) = 1;
for b 1:3
phi_b = zeros(3,1); phi_b(b) = 1;
X_loc(a,b) = areas(j)/3 * ...
((uu(2) * phi_a(3) - uwu(3) * phi_a(2)) * phi_b(1)
+ (uu(3) * phi_a(1) - uu(l) * phi_a(3)) * phi_b(2)
+ (uu(1) * phi_a(2) - uu(2) * phi_a(1)) * phi_b(3)) ;

end
end
I = [3*n4e(j,k)-[2,1,0]];
X(I,I) = X(I,I) + X_loc;
end
end

function u = P1_cross(v,w)

u = zeros(size(w));

u(1:3:end) = v(2:3:end) .*w(3:3:end) - v(3:3:end).*w(2:3:end);
u(2:3:end) v(3:3:end) .*w(1:3:end) - v(1:3:end).*w(3:3:end);
u(3:3:end) v(1:3:end) .*w(2:3:end) - v(2:3:end).*w(1:3:end);

Figure A.3: MATLAB implementation of Algorithm B for the implicit approx-
imation of the harmonic map heat flow into S2.
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function Algorithm_E % for N = S°2
N_local = 5; N_global = 10;
eps = 1.0E-9;
load triang_surf.dat -mat
[S,M,m,areas] = surf_fe_matrices(nde,c4n);
tmpDiriNodes = unique(Db);
DiriNodes = [3*tmpDiriNodes-2;3*tmpDiriNodes-1;3*tmpDiriNodes-0;3*size(c4n,1)+tmpDiriNodes];
freeNodes = setdiff(1:4*size(cd4n,1),DiriNodes)’;
I1 = reshape(repmat([1:size(c4n,1)]’,1,3)’,3*size(c4n,1),1);
I2 = [1:3*size(c4n,1)];
u = u_0(c4n); lambda = zeros(size(c4n,1),1); xx = zeros(4*size(cén,1),1);
norm_res = inf;
while norm_res > eps
ctr_global = 0;
while ctr_global < N_global & norm_res > eps
X_u = sparse(I1,I2,u);
AA = [S,-2#X_u’*m;-2*m*X_u,sparse(size(X_u,1),size(X_u,1))];
bb = [S*u;zeros(size(cd4n,1),1)];
xx(freeNodes) = AA(freeNodes,freeNodes) \ bb(freeNodes);
v = xx(1:3*size(c4n,1)); lambda = xx(3*size(cd4n,1)+1:end);
u=u-v;
norm_u = sqrt(u(1:3:end).”2 + u(2:3:end)."2 + u(3:3:end)."2);
u = u ./reshape(ones(3,1) * norm_u’,3*size(c4n,1),1);
norm_res = comp_norm_res(u,lambda,S,M,m,c4n,freeNodes)
ctr_global = ctr_global + 1;
end
u_old = u;
ctr_local = 0;
while ctr_local < N_local & norm_res > eps
res = zeros(4xsize(c4n,1),1);
vec_lambda = reshape(repmat(lambda,1,3)’,3*size(c4n,1),1);
D_lambda = spdiags(vec_lambda,0,3*size(c4n,1),3*size(c4n,1));
F = [u’*S + 2*u’*(D_lambda*M), (norm_u."2-1)’*m]’;
X_u = sparse(I1,I2,u);
DF = [S + 2*D_lambda*M , 2*X_u’*m ;
2xm*X_u , sparse(size(c4n,1),size(c4n,1))];
res(freeNodes) = -DF(freeNodes,freeNodes) \ F(freeNodes);
v = res(1:3*size(c4n,1)); mu = res(3*size(c4n,1)+1:end);
u =1u+ v; lambda = lambda + mu;
norm_u = sqrt(u(1:3:end).”2 + u(2:3:end)."2 + u(3:3:end)."2);
norm_res = comp_norm_res(u,lambda,S,M,m,c4n,freeNodes)
ctr_local = ctr_local + 1;

end

if norm_res >= eps
u = u_old;

end

end

function norm_F = comp_norm_res(u,lambda,S,M,m,c4n,freeNodes) ;
vec_lambda = reshape(repmat(lambda,1,3)’,3*size(c4n,1),1);
D_lambda = spdiags(vec_lambda,0,3*size(c4n,1),3*size(c4n,1));
norm_u = sqrt(u(1:3:end)."2 + u(2:3:end)."2 + u(3:3:end)."2);
F = [u’*S + 2%u’*(D_lambda*M) , (norm_u." 2-1)’*m]’;

norm_F = norm(F(freeNodes));

Figure A.4: MATLAB implementation of Algorithm E for N = S2.
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#include <stdio.h>
#include <math.h>
#include <stdlib.h>
#include "mex.h"

double Gamma(double p[3], double r[2])

{
return pow(sqrt(pow(p[0],2.0) + pow(p[1],2.0))-r[1],2.0) + pow(p[2],2.0);
}
void dGamma(double val[3], double p[3], double r[2])
{
val[0]= 2.0%( sqrt(pow(p[0],2.0) + pow(p[1],2.0) )-r[1])*p[0]/
sqrt (pow(p[0],2.0) + pow(p[1],2.0));
val[1]= 2.0%( sqrt(pow(p[0],2.0) + pow(p[1],2.0) )-r[1])*p[1]/
sqrt (pow(p[0],2.0) + pow(p[1],2.0));
val[2]= 2.0 p[2];
}
void d2Gamma(double val[3][3], double p[3], double r[2])
{
val[0]1[0] = 2.0% (1.0 - r[1]/sqrt(pow(pl[0],2.0) + pow(p[1],2.0)) *(1.0- p[0l* p[01)/
(pow(p[0],2.0) + pow(p[1]1,2.0)));
val[0][1] = 2.0*% (r[1]/sqrt(pow(p[0],2.0) + pow(p[1]1,2.0)) *(p[0l* p[1])/
(pow(p[0],2.0) + pow(p[1]1,2.0)));
val[1][0] = val[O0]l[1];
val[1]1[1] = 2.0% (1.0 - =r[1]/sqrt(pow(p[0],2.0) + pow(p[1],2.0)) *(1.0- pl[1l* p[11)/
(pow(p[0],2.0) + pow(pl[1],2.0)));
val[0][2] = 0.0; wvall1]1[2] = 0.0;
val[2][0] = 0.0; wval[2][1] = 0.0; wval[2][2] = 2.0;
}
double f(double p[3],double r[2])
{
return sqrt(Gamma(p,r)) - r[0];
}
void df(double val[3], double p[3], double r[2])
{
double grad[3];
dGamma (grad,p,r);
val[0] = 1.0/(2.0*sqrt(Gamma(p,r)))*grad[0];
val[1] = 1.0/(2.0*sqrt(Gamma(p,r)))*grad[1];
val[2] = 1.0/(2.0*sqrt(Gamma(p,r)))*grad[2];
}
void d2f (double val[3][3], double p[3],double r[2])
{
double grad[3],hesse[3][3];
int m,k;
dGamma (grad,p,r);
d2Gamma (hesse,p,r);
for (m=0;m<3;m++){
for (k=0;k<3;k++){
val[m] [k] = -1.0/4.0 * pow(Gamma(p,r),-3.0/2)* grad[m]* grad[k] + hesse[m][k]/
(2.0 * sqrt(Gamma(p,r)));
}
}
}
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void projection(double points[],int nr_points, double r[], double *eps_pi,
double points_new[], double nu[], double res[]){
int ell,n,m,k,i,i1,i2,j;
double lambda, norm;
double d2G[4][4], hesse[3][3];
double dG[4], grad[3], v_new[4], cur_point[3];
for(n =0;n<nr_points;n++){
lambda = 0;
for (k=0;k<3;k++){
cur_point [k] = points[n+ k* nr_points];
4G [k] = 0;
}
d2f (hesse,cur_point,r);
df (grad, cur_point,r);
norm = sqrt(pow(grad[0],2.0) + pow(grad[1],2.0) + pow(grad[2],2.0));
for (k=0;k<3;k++){
nul[n+ k* nr_points] = grad[k]/norm;
}
dG[3] = f(cur_point,r);
res[n] = sqrt(pow(dG[3],2.0));
while(res[n]>eps_pil[01){
d2f (hesse,cur_point,r);
df (grad,cur_point,r);
for(il1=0;i1<3;il1++){
for(i2=0;i2<3;i2++){
d2G[i1]1[i2] = lambda*hesse[0][1];
if (i1==i2){
d2G[i1][i2] = d2G[i1][i2] + 2.0;

}
for(ell=0;el11<3;ell++){
d2G[3] [ell] = grad[elll;
d2G[ell] [3] = grad[elll;
}
d2G[3]1[3] = 0.0;
solve_lin_sys(v_new, d2G,dG);
lambda = lambda - v_newl[3];
for (m=0;m<3;m++){
cur_point[m] = cur_point[m] - v_new[m];
}
df (grad, cur_point,r) ;
for(i=0;i<3;i++){
dG[i] = 2*(cur_point[i]-points[n+ i* nr_points])+lambda*grad[i];
}
dG[3] = f(cur_point,r);
res[n] = sqrt(pow(dG[0],2.0)+pow(dG[1],2.0)+pow(dG[2],2.0)+pow(dG[3],2.0));
}
for (k=0;k<3;k++){
points_new[n+ k* nr_points] = cur_point[k];

}
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void mexFunction(int nlhs, mxArray *plhs[], int nrhs, const mxArray *prhs[])
{

double *points, *r, *eps_pi, *dummy;

double *points_new, *res, *D_f, *D2_f, *nu/*, *D_nu*/;

int nr_points,i,j;

if (nrhs!=3)
mexErrMsgTxt ("3 input variables required!");
points = mxGetPr(prhs[0]);
r = mxGetPr(prhs([1]);
eps_pi = mxGetPr(prhs[2]);

nr_points mxGetM(prhs[0]);
if (n1hs<2)

mexErrMsgTxt ("At least 2 output variables required!");
plhs[0] = mxCreateDoubleMatrix(nr_points,3,mxREAL);
plhs[1] mxCreateDoubleMatrix(nr_points,3,mxREAL) ;
plhs[2] mxCreateDoubleMatrix(nr_points,1,mxREAL) ;
if (nlhs>3)

mexErrMsgTxt ("At most 3 output variables defined");
points_new = mxGetPr(plhs[0]);
nu = mxGetPr(plhs[1]);
res = mxGetPr(plhs[2]);
projection(points, nr_points,r, eps_pi, points_new, nu, res);

Figure A.5: Implementation of a Newton iteration for the approximation of the
nearest-neighbor projection 7y for N = T,,,, in the programming language C
using the MATLAB to C interface MEX. The routine solve_lin_sys solves a
linear system of equations.
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Appendix B

Frequently used notation

Abbreviated Assumptions

(T) existence of a transfer operator from M} to M
(O) orientability of N

Real Numbers, Vectors, and Matrices

N non-negative integers

R real numbers

[s,t], (s,t) closed and open interval

R"” n-dimensional Euclidean vector space
R7>m vector space of n by m matrices

a, A (column) vector and matrix

a®t, AT transpose of a vector or matrix

[ Euclidean length of a vector or Frobenius-norm of a matrix

a-b=aTh scalar product of vectors a and b
a®b=abl dyadic product of vectors a and b
axb cross product of vectors a,b € R?
albd a is perpendicular to b

L,«n n by n identity matrix

SO(n) group of special orthogonal matrices
so(n) n by n skew-symmetric matrices
AL(R™) space of alternating (-linear forms
* Hodge duality operator

A wedge product

[ z } < z ), (z,9) vectors with entries x and y

[ 511 zz }, < zi zz ) matrices with entries x1, x2,y1, y2

133



Continuous Submanifolds

M

T? = R?/Z?

compact, connected, orientable, d-dimensional submanifold in R™, d =
m — 1, either without boundary or M C R% x {0} with polyhedral bound-
ary

compact, parallelizable, k-dimensional C' submanifold in R”, ¢ > 2, with-
out boundary

smooth unit normal on M

unit normal (possibly discontinuous) on N

second fundamental form on N at p

distance and signed distance of ¢ to IV

tubular neighborhood of N

orthogonal (or nearest-neighbor) projection onto N defined in Uy, (N)
possibly empty Dirichlet part of the boundary of M
Dirichlet data

tangent space of NV at p

Fuler characteristic of M

extended unit normals and tangents to a neighborhood of N
surface area element on M

{-dimensional unit sphere

2-dimensional torus

Discretized Submanifolds and Transfer Operators

h>0

My,
Pn

[ih
Th
K

TK, TE

parameter h that ranges over a countable set of positive numbers that
accumulate at 0

Lipschitz-continuous, orientable approximation of M
continuous bijection from M} to M

unit normal on M}, (discontinuous, defined almost everywhere)
set of d-simplices, triangulation defining Mj,

element in 7},

unit tangents along 0K and E

scaled reference element

affine bijection from K to K (parametrization of K)

image of K under Py,

bijection from K to K (parametrization of K)

surface area element on M),

Gramian determinants on M and M}, defined through Fx and Xk
lifting of v: My — R onto M, i.e., 5:1)073,1_1: M—-R

<
inverse of lifting, w= w
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Differential Operators and Function Spaces

Vm

D,
Ceo (M)
LP(M;R")

WP (M, R")

Wy (M), WhP(M)
(57

I

I ooy

I o

Df

O

tangential gradient on M (column vector for scalar functions and matrix
otherwise); subscript is skipped if M is flat

component of Vs
smooth, compactly supported functions on M
space of p-integrable vector fields on M

weakly differentiable vector fields on M with p-integrable tangential gra-
dient

functions in W1P(M) that vanish on M and I'p
scalar product in L?(M;R")

L? norm on M, induced by (-;-)

LP norm on M

norm in W1hP(M;R")

Jacobian of f

partial derivative with respect to ¢

Finite Element Spaces

h, hmln
hK, hEa hz
Ni, En

H(Tp; R4

Ty

Ap

Gn

K

A(vp)

SH(Th), S (Th)
Hu(Th; R?)

Ty

v

maximal and minimal diameter of elements in 7},

local mesh-sizes

sets of vertices and edges (also called faces if d = 3) in 7},

node (also called vertex) and edge in 7

nodal basis function (P1 hat function)

patch and enlarged patch of a node

T;-elementwise constant functions on M),

continuous, 7j-elementwise affine functions on Mj,

functions in S!(7},) vanishing on I'p

functions in §'(7,) vanishing on I'p or having zero integral mean
Crouzeix-Raviart non-conforming finite element space on 75,
space of 7j-elementwise constant, discrete harmonic vector fields
nodal interpolation operator on 7j,

averaging operator Aj,: LY(My) — S1(73,)

projection onto gradients of functions in S*(7,)

finite element stiffness matrix defined through the nodal basis of S'(73,)
correction factor for discrete product rule

subspaces of periodic functions

discrete, periodic harmonic fields

nodal interpolant on reference element K

gradient on reference element K
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Differential Operators and Other Quantities on M,

Vi,

Qh,fy

Dy

C3)ns 1l
B

Curlyy,
A,

K

dtuiJrl
wit1/2

UD,h

[0n]

0¢ /0t
A1,A2,A3,01,0,
Resy,

G -l

elementwise tangential gradient on My

components of Vyy,

second partial derivatives along M},

discrete inner product on M} and induced norm

integral of nodal basis function ¢,

tangential curl operator on M}, Curlys, = pun X Vg,
discrete Laplace operator

damping parameter or time-step size

backward difference operator, dyu'™!:= (u" —u') /K
average of u't! and u’, ut1/2:= (ut! +u') /2

nodal interpolant of Dirichlet datum up extended trivially to M},
jump of 7j-elementwise continuous function across edges
tangential derivative of ¢ along an edge or face

error functionals

residual of an approximate solution

L? inner product and induced norm on M,

Frames and Connection Forms

uwITN

(ei)i:1,2,...,k

W'

191'
-1

uy, TN

(ezh)z:12k
Wi Wy,

o O

Other Notation

c,C,C",C"
s
card
Og
O(t), o(t)
supp f
diam(A)
id
B1(0)

pullback bundle, vector fields satisfying v(z) € Ty, N

orthonormal frame for u=!TN (pointwise orthonormal basis of Ty@)N)
connection form, w¥ = e/ TV, el

coefficients of the projection of Vjru onto the span of ef, ¥ = e>TVu

discrete pullback bundle, vector fields v, € S(7;,)" satisfying vj,(2) €
Ty, ()N for all z € N,

discrete orthonormal frame for uﬁlTN (nodewise basis of T, (;)IV)

n(z

discrete connection forms

. . . Z
coefficients for expansion of Vjy, up, in (eh)i:m’m’]§

mesh-size independent, generic constants
s-dimensional Hausdorff measure
cardinality of a set

Dirac measure supported at

Landau symbols

support of the function f

diameter of the set A

identity map

open ball of radius one centered at the origin

136



Bibliography

[ACF99]

[AdaT75]

[AFW97]

[AFW98]

[AG97]

[AJO6]

[Alo94]

[Alo97]

[Alo07]

[Aub82]

[Bal07]

Jochen Alberty, Carsten Carstensen, and Stefan A. Funken. Remarks around 50 lines
of Matlab: short finite element implementation. Numer. Algorithms, 20(2-3):117-137,
1999.

Robert A. Adams. Sobolev spaces. Academic Press, New York-London, 1975. Pure and
Applied Mathematics, Vol. 65.

Douglas N. Arnold, Richard S. Falk, and Ragnar Winther. Preconditioning discrete ap-
proximations of the Reissner-Mindlin plate model. RAIRO Modél. Math. Anal. Numér.,
31(4):517-557, 1997.

Douglas N. Arnold, Richard S. Falk, and Ragnar Winther. Multigrid preconditioning
in H(div) on non-convex polygons. Comput. Appl. Math., 17(3):303-315, 1998.

Francois Alouges and Jean-Michel Ghidaglia. Minimizing Oseen-Frank energy for ne-
matic liquid crystals: algorithms and numerical results. Ann. Inst. H. Poincaré Phys.
Théor., 66(4):411-447, 1997.

Francois Alouges and Pascal Jaisson. Convergence of a finite element discretization for
the Landau-Lifshitz equations in micromagnetism. Math. Models Methods Appl. Sci.,
16(2):299-316, 2006.

Frangois Alouges. Liquid crystal configurations: the numerical point of view. In
Progress in partial differential equations: the Metz surveys, 3, volume 314 of Pitman
Res. Notes Math. Ser., pages 3—-17. Longman Sci. Tech., Harlow, 1994.

Francois Alouges. A new algorithm for computing liquid crystal stable configurations:
the harmonic mapping case. SIAM J. Numer. Anal., 34(5):1708-1726, 1997.

Francois Alouges. A new finite element scheme for Landau-Lifschitz equations. DCDS
B, 2007. (accepted).

Thierry Aubin. Nonlinear analysis on manifolds. Monge-Ampére equations, volume
252 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences]. Springer-Verlag, New York, 1982.

John M. Ball. Orientable and non-orientable director fields for liquid crystals. In
ICIAM 07 — 6the International Congress on Industrial and Applied Mathematics,
Zurich, Switzerland, July 2007.

137



[Bar05a]

[Bar05b]

[BBFPO7]

[BCOA]

[BCLS6)

[BCPP04]

[Bet93a]

[Bet93b]

[Bey95]

[BF91]

[BGNOT]

[BKPO7]

[BL76]

[BMNO4]

[BNO04]

Soren Bartels. Robust a priori error analysis for the approximation of degree-one
Ginzburg-Landau vortices. M2AN Math. Model. Numer. Anal., 39(5):863-882, 2005.

Soren Bartels. Stability and convergence of finite-element approximation schemes for
harmonic maps. SIAM J. Numer. Anal., 43(1):220-238 (electronic), 2005.

John W. Barrett, Séren Bartels, Xiaobing Feng, and Andreas Prohl. A convergent
and constraint-preserving finite element method for the p-harmonic flow into spheres.
SIAM J. Numer. Anal., 45(3):905-927, 2007.

Susanne C. Brenner and Carsten Carstensen. Finite element methods. In Encyclopedia
of Computational Mechanics, chapter 4. John Wiley and Sons, 2004.

Haim Brezis, Jean-Michel Coron, and Elliott H. Lieb. Harmonic maps with defects.
Comm. Math. Phys., 107(4):649-705, 1986.

Séren Bartels, Carsten Carstensen, Petr Plechdé, and Andreas Prohl. Convergence for
stabilisation of degenerately convex minimisation problems. Interfaces Free Bound.,
6(2):253-269, 2004.

Fabrice Bethuel. On the singular set of stationary harmonic maps. Manuscripta Math.,
78(4):417-443, 1993.

Fabrice Bethuel. Weak limits of Palais-Smale sequences for a class of critical functionals.
Calc. Var. Partial Differential Equations, 1(3):267-310, 1993.

Jirgen Bey. Tetrahedral grid refinement. Computing, 55(4):355-378, 1995.

Franco Brezzi and Michel Fortin. Mized and hybrid finite element methods, volume 15
of Springer Series in Computational Mathematics. Springer-Verlag, New York, 1991.

John W. Barrett, Harald Garcke, and Robert Niirnberg. A parametric finite element
method for fourth order geometric evolution equations. J. Comput. Phys., 222(1):441—
462, 2007.

Séren Bartels, Joy Ko, and Andreas Prohl. Numerical analysis of an explicit approx-
imation scheme for the Landau-Lifshitz-Gilbert equation. Math. Comp. (accepted),
2007.

Joran Bergh and Jorgen Lofstrom. Interpolation spaces. An introduction. Springer-
Verlag, Berlin, 1976. Grundlehren der Mathematischen Wissenschaften, No. 223.

Eberhard Béansch, Pedro Morin, and Ricardo H. Nochetto. Surface diffusion of graphs:
variational formulation, error analysis, and simulation. SIAM J. Numer. Anal.,
42(2):773-799 (electronic), 2004.

John W. Barrett and Robert Niirnberg. Finite element approximation of a Stefan
problem with degenerate Joule heating. M2AN Math. Model. Numer. Anal., 38(4):633—
652, 2004.

138



[BP06]

[BPO7]

[Bra01]

[BS02]

[BTW03]

[Can70]

[Car99]

[Car04]

[CBO2]

[CDO3]

[CDD*04]

[CDY92]

[Cheg9]

[Cia02]

Soéren Bartels and Andreas Prohl. Convergence of an implicit, constraint preserving
finite element discretization of p-harmonic heat flow into spheres. Preprint (submitted),
2006.

Soren Bartels and Andreas Prohl. A fully discrete, constraint preserving, implicit finite
element method for harmonic map heat flow into spheres. Math. Comp. (accepted),
2007.

Dietrich Braess. Finite elements. Cambridge University Press, Cambridge, second
edition, 2001.

Susanne C. Brenner and L. Ridgway Scott. The mathematical theory of finite element
methods, volume 15 of Texts in Applied Mathematics. Springer-Verlag, New York,
second edition, 2002.

Nikolai Yu. Bakaev, Vidar Thomée, and Lars B. Wahlbin. Maximum-norm estimates
for resolvents of elliptic finite element operators. Math. Comp., 72(244):1597-1610
(electronic), 2003.

Peter B. Canham. The minimum energy of bending as a possible explanation of the
biconcave shape of the human red blood cell. J. Theo. Bio., 26(1):61-81, 1970.

Carsten Carstensen. Quasi-interpolation and a posteriori error analysis in finite element
methods. M2AN Math. Model. Numer. Anal., 33(6):1187-1202, 1999.

Carsten Carstensen. An adaptive mesh-refining algorithm allowing for an H' stable L?
projection onto Courant finite element spaces. Constr. Approz., 20(4):549-564, 2004.

Carsten Carstensen and Soren Bartels. FEach averaging technique yields reliable a
posteriori error control in FEM on unstructured grids. I. Low order conforming, non-
conforming, and mixed FEM. Math. Comp., 71(239):945-969 (electronic), 2002.

Ulrich Clarenz and Gerhard Dziuk. Numerical methods for confor-
mally parametrized surfaces. In CPDw0/ - Interphase 2003: Numer-
ical Methods for Free Boundary Problems, The Isaac Newton Institute
for Mathematical Sciences, Cambridge, UK, April 2003. (Available at:
http://www.newton.cam.ac.uk/webseminars/pg+ws/2003/cpd /cpdw04/).

Ulrich Clarenz, Udo Diewald, Gerhard Dziuk, Martin Rumpf, and Raluca E. Rusu.
A finite element method for surface restoration with smooth boundary conditions.
Comput. Aided Geom. Design, 21(5):427-445, 2004.

Kung-Ching Chang, Wei Yue Ding, and Rugang Ye. Finite-time blow-up of the heat
flow of harmonic maps from surfaces. J. Differential Geom., 36(2):507-515, 1992.

Yun Mei Chen. The weak solutions to the evolution problems of harmonic maps. Math.
Z.,201(1):69-74, 1989.

Philippe G. Ciarlet. The finite element method for elliptic problems, volume 40 of Clas-
sics in Applied Mathematics. Society for Industrial and Applied Mathematics (SIAM),

139



[CLMS93]

[CR73]

[CTS5)

(CTZ93]

[DD06]

[DDO7]

[DDE05]

[Deu04]

[AGPY3]

[DHY9]

[DHO6]

[DKMOO5]

[DROA]

[Dzi88]

[Dzi91]

Philadelphia, PA, 2002. Reprint of the 1978 original [North-Holland, Amsterdam;
MRO0520174 (58 #25001)].

Ronald R. Coifman, Pierre-Louis Lions, Yves F. Meyer, and Stephen W. Semmes.
Compensated compactness and Hardy spaces. J. Math. Pures Appl. (9), 72(3):247—
286, 1993.

Michel Crouzeix and Pierre-Arnaud Raviart. Conforming and nonconforming finite el-
ement methods for solving the stationary Stokes equations. I. Rev. Francaise Automat.
Informat. Recherche Opérationnelle Sér. Rouge, 7(R-3):33-75, 1973.

Chuan Miao Chen and Vidar Thomée. The lumped mass finite element method for a
parabolic problem. J. Austral. Math. Soc. Ser. B, 26(3):329-354, 1985.

Demetrios Christodoulou and A. Shadi Tahvildar-Zadeh. On the regularity of spheri-
cally symmetric wave maps. Comm. Pure Appl. Math., 46(7):1041-1091, 1993.

Klaus Deckelnick and Gerhard Dziuk. Error analysis of a finite element method for the
Willmore flow of graphs. Interfaces Free Bound., 8(1):21-46, 2006.

Alan Demlow and Gerhard Dziuk. An adaptive finite element method for the Laplace—
Beltrami operator on implicitly defined surfaces. STAM J. Numer. Anal., 14:421-442,
2007.

Klaus Deckelnick, Gerhard Dziuk, and Charles M. Elliott. Computation of geometric
partial differential equations and mean curvature flow. Acta Numer., 14:139-232, 2005.

Peter Deuflhard. Newton methods for nonlinear problems, volume 35 of Springer Series
in Computational Mathematics. Springer-Verlag, Berlin, 2004.

Pierre-Gilles de Gennes and Jaques Prost. The Physics of Liquid Crystals. Oxford
Science Publications, Oxford, 1993. second ed.

Gerhard Dziuk and John E. Hutchinson. The discrete Plateau problem: algorithm and
numerics. Math. Comp., 68(225):1-23, 1999.

Gerhard Dziuk and John E. Hutchinson. Finite element approximations to surfaces of
prescribed variable mean curvature. Numer. Math., 102(4):611-648, 2006.

Antonio DeSimone, Robert V. Kohn, Stefan Miiller, and Felix Otto. Recent analytical
developments in micromagnetics. in: Science of Hysteresis, Elsevier, G. Bertotti and
I Magyergyoz, Eds., 2005.

Marc Droske and Martin Rumpf. A level set formulation for Willmore flow. Interfaces
Free Bound., 6(3):361-378, 2004.

Gerhard Dziuk. Finite elements for the Beltrami operator on arbitrary surfaces. In
Partial differential equations and calculus of variations, volume 1357 of Lecture Notes
in Math., pages 142—155. Springer, Berlin, 1988.

Gerhard Dziuk. An algorithm for evolutionary surfaces. Numer. Math., 58(6):603-611,
1991.

140



[EFO1]

[EL78]

[ELSO]

[EL95]

[ES64]

[Eva9l]

[EW76]

[FGY7]

[FMSO8]

[FP03]

[Frab8]

[Fre73]

[GRS6]

[GRY2]

[GTO1]

[GY02]

James Eells and Bent Fuglede. Harmonic maps between Riemannian polyhedra, volume
142 of Cambridge Tracts in Mathematics. Cambridge University Press, Cambridge,
2001.

James Eells and Luc Lemaire. A report on harmonic maps. Bull. London Math. Soc.,
10(1):1-68, 1978.

James Eells and Luc Lemaire. On the construction of harmonic and holomorphic maps
between surfaces. Math. Ann., 252(1):27-52, 1980.

James Eells and Luc Lemaire. Two reports on harmonic maps. World Scientific Pub-
lishing Co. Inc., River Edge, NJ, 1995.

James Eells, Jr. and Joseph H. Sampson. Harmonic mappings of Riemannian manifolds.
Amer. J. Math., 86:109-160, 1964.

Lawrence C. Evans. Partial regularity for stationary harmonic maps into spheres. Arch.
Rational Mech. Anal., 116(2):101-113, 1991.

James Eells and John C. Wood. Restrictions on harmonic maps of surfaces. Topology,
15(3):263-266, 1976.

Jean-Baptiste Fournier and Paolo Galatola. Sponges, tubules, and modulated phaes of
para-antinematic membranes. J. Phys. II France, 7:1509-1520, 1997.

Alexandre Freire, Stefan Miiller, and Michael Struwe. Weak compactness of wave maps
and harmonic maps. Ann. Inst. H. Poincaré Anal. Non Linéaire, 15(6):725-754, 1998.

Xiaobing Feng and Andreas Prohl. Numerical analysis of the Allen-Cahn equation and
approximation for mean curvature flows. Numer. Math., 94(1):33-65, 2003.

Frederick C. Frank. On the theory of liquid crystals. Discuss. Faraday Soc., 25:19-28,
1958.

Jens Frehse. A discontinuou’s solution of a mildly nonlinear elliptic system. Math. Z.,
134:229-230, 1973.

Vivette Girault and Pierre-Arnaud Raviart. Finite element methods for Navier-Stokes
equations, volume 5 of Springer Series in Computational Mathematics. Springer-Verlag,
Berlin, 1986.

Christian Gromann and Hans-Gorg Roos. Numerik partieller Differentialgleichun-
gen. Teubner Studienbiicher Mathematik. [Teubner Mathematical Textbooks]. B. G.
Teubner, Stuttgart, 1992.

David Gilbarg and Neil S. Trudinger. FElliptic partial differential equations of second
order. Classics in Mathematics. Springer-Verlag, Berlin, 2001. Reprint of the 1998
edition.

Xianfeng Gu and Shing-Tung Yau. Computing conformal structures of surfaces. Com-
mun. Inf. Syst., 2(2):121-145, 2002.

141



[Har97]

[Heb96]

[Hel73)]

[H&191]

[H&102]

[Hil85]

[HKO03]

[HTWO6]

[1SS99]

[Iwag83]

[JK79]

[JK83]

[Jos84]

[Jos85]

[Jos86]

[KKO1]

Robert M. Hardt. Singularities of harmonic maps. Bull. Amer. Math. Soc. (N.S.),
34(1):15-34, 1997.

Emmanuel Hebey. Sobolev spaces on Riemannian manifolds, volume 1635 of Lecture
Notes in Mathematics. Springer-Verlag, Berlin, 1996.

Wolfgang Helfrich. Elastic properties of lipid bilayers: theory and possible experiments.
Z. Naturforsch. C, 28(11):693-703, 1973.

Frédéric Hélein. Régularité des applications faiblement harmoniques entre une surface
et une variété riemannienne. C. R. Acad. Sci. Paris Sér. I Math., 312(8):591-596, 1991.

Frédéric Hélein. Harmonic maps, conservation laws and moving frames, volume 150
of Cambridge Tracts in Mathematics. Cambridge University Press, Cambridge, second
edition, 2002.

Stefan Hildebrandt. Harmonic mappings of Riemannian manifolds. In Harmonic map-
pings and minimal immersions (Montecatini, 1984), volume 1161 of Lecture Notes in
Math., pages 1-117. Springer, Berlin, 1985.

Stefan Hildebrandt and Hermann Karcher, editors. Geometric analysis and nonlinear
partial differential equations. Springer-Verlag, Berlin, 2003. Dedicated to Olga A.
Ladyzhenskaya.

Qiya Hu, Xue-Cheng Tai, and Ragnar Winther. A saddle point approach to the com-
putation of harmonic maps. Preprint, 2006.

Tadeusz Iwaniec, Chad Scott, and Bianca Stroffolini. Nonlinear Hodge theory on man-
ifolds with boundary. Ann. Mat. Pura Appl. (4), 177:37-115, 1999.

Tadeusz Iwaniec. Projections onto gradient fields and LP-estimates for degenerated
elliptic operators. Studia Math., 75(3):293-312, 1983.

Willi Jager and Helmut Kaul. Uniqueness and stability of harmonic maps and their
Jacobi fields. Manuscripta Math., 28(1-3):269-291, 1979.

Willi Jager and Helmut Kaul. Rotationally symmetric harmonic maps from a ball into
a sphere and the regularity problem for weak solutions of elliptic systems. J. Reine
Angew. Math., 343:146-161, 1983.

Jurgen Jost. Harmonic maps between surfaces, volume 1062 of Lecture Notes in Math-
ematics. Springer-Verlag, Berlin, 1984.

Jirgen Jost. Lectures on harmonic maps (with applications to conformal mappings
and minimal surfaces). In Harmonic mappings and minimal immersions (Montecatini,
1984 ), volume 1161 of Lecture Notes in Math., pages 118-192. Springer, Berlin, 1985.

Jurgen Jost. On the existence of harmonic maps from a surface into the real projective
plane. Compositio Math., 59(1):15-19, 1986.

Sergey Korotov and Michal Kiizek. Acute type refinements of tetrahedral partitions of
polyhedral domains. SIAM J. Numer. Anal., 39(2):724-733 (electronic), 2001.

142



[KKO3]

[Ko05]

[KP06]

[KS02a]

[KS02b]

[Lem?78)]

[Lin&7)

[Lio85]

[LL35]

[LL89]

[Mek05]

[Mel05]

[Mor66]

[Mor04]

[MSS97]

[Miil90]

[Ose33]

Sergey Korotov and Michal Kiizek. Local nonobtuse tetrahedral refinements of a cube.
Appl. Math. Lett., 16(7):1101-1104, 2003.

Joy Ko. The construction of a partially regular solution to the Landau-Lifshitz-Gilbert
equation in R2. Nonlinearity, 18(6):2681-2714, 2005.

Martin Kruzik and Andreas Prohl. Recent developments in the modeling, analysis, and
numerics of ferromagnetism. SIAM Rev., 48(3):439-483 (electronic), 2006.

Ernst Kuwert and Reiner Schéatzle. Gradient flow for the Willmore functional. Comm.
Anal. Geom., 10(2):307-339, 2002.

Ernst Kuwert and Reiner Schéatzle. Gradient flow for the Willmore functional. Comm.
Anal. Geom., 10(2):307-339, 2002.

Luc Lemaire. Applications harmoniques de surfaces riemanniennes. J. Differential
Geom., 13(1):51-78, 1978.

Fang-Hua Lin. A remark on the map z/|z|. C. R. Acad. Sci. Paris Sér. I Math.,
305(12):529-531, 1987.

Pierre-Louis Lions. The concentration-compactness principle in the calculus of varia-
tions. The limit case. I. Rev. Mat. Iberoamericana, 1(1):145-201, 1985.

Lev D. Landau and Evgeny M. Lifshitz. On the theory of the dispersion of magnetic
permeability in ferromagnetic bodies. Phys. Z. Svietunion, 8:153-169, 1935.

San Yih Lin and Mitchell Luskin. Relaxation methods for liquid crystal problems.
SIAM J. Numer. Anal., 26(6):1310-1324, 1989.

Khamron Mekchay. Convergence of adaptive finite element methods. Dissertation,
University of Maryland, College Park, 2005.

Christof Melcher. Existence of partially regular solutions for Landau-Lifshitz equations
in R3. Comm. Partial Differential Equations, 30(4-6):567-587, 2005.

Charles B. Morrey, Jr. Multiple integrals in the calculus of variations. Die Grundlehren
der mathematischen Wissenschaften, Band 130. Springer-Verlag New York, Inc., New
York, 1966.

Pierre Morgan. Newton and conjugate gradient for harmonic maps from the disc into
the sphere. ESAIM Control Optim. Calc. Var., 10(1):142-167 (electronic), 2004.

Stefan Miiller, Michael Struwe, and Vladimir Sverdk. Harmonic maps on planar lattices.
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 25(3-4):713-730 (1998), 1997.

Stefan Miiller. Higher integrability of determinants and weak convergence in L!. J.
Reine Angew. Math., 412:20-34, 1990.

Carl W. Oseen. The theory of liquid crystals. Trans. Faraday Soc., 29:883-899, 1933.

143



[Pla04]

[PP93]

[Pro01]

[Raw84]

[Riv95)

[Riv07]

[Rou05]

[RSK89]

[Rud87]

[Rus05]

[Sei97]

[Sha88]

[She02]

[Sta86]

[Str85]

[Str96]

Robert Plato. Numerische Mathematik kompakt. Friedr. Vieweg & Sohn, Wiesbaden,
second edition, 2004. Grundlagenwissen fiir Studium und Praxis. [Foundations for
study and practice].

Ulrich Pinkall and Konrad Polthier. Computing discrete minimal surfaces and their
conjugates. Ezperiment. Math., 2(1):15-36, 1993.

Andreas Prohl. Computational micromagnetism. Advances in Numerical Mathematics.
B. G. Teubner, Stuttgart, 2001.

John Rawnsley. Noether’s theorem for harmonic maps. In Differential geometric meth-
ods in mathematical physics (Jerusalem, 1982), volume 6 of Math. Phys. Stud., pages
197-202. Reidel, Dordrecht, 1984.

Tristan Riviere. Everywhere discontinuous harmonic maps into spheres. Acta Math.,
175(2):197-226, 1995.

Tristan Riviere. Conservation laws for conformally invariant variational problems. In-
vent. Math., 168(1):1-22, 2007.

Tomas Roubicek. Nonlinear partial differential equations with applications, volume 153
of International Series of Numerical Mathematics. Birkhauser Verlag, Basel, 2005.

Jacob Rubinstein, Peter Sternberg, and Joseph B. Keller. Reaction-diffusion processes
and evolution to harmonic maps. SIAM J. Appl. Math., 49(6):1722-1733, 1989.

Walter Rudin. Real and complex analysis. McGraw-Hill Book Co., New York, third
edition, 1987.

Raluca E. Rusu. An algorithm for the elastic flow of surfaces. Interfaces Free Bound.,
7(3):229-239, 2005.

Udo Seifert. Configurations of fluid membranes and vesicles. Adv. Phys., 46:13-137,
1997.

Jalal Shatah. Weak solutions and development of singularities of the SU(2) o-model.
Comm. Pure Appl. Math., 41(4):459-469, 1988.

Jonathan Richard Shewchuk. Delaunay refinement algorithms for triangular mesh gen-
eration. Comput. Geom., 22(1-3):21-74, 2002. 16th ACM Symposium on Computa-
tional Geometry (Hong Kong, 2000).

Derek Stander. The Euler formula - its history, applications and teaching. Teach.
Math. Appl., 5(3):112-126, 1986.

Michael Struwe. On the evolution of harmonic mappings of Riemannian surfaces.
Comment. Math. Helv., 60(4):558-581, 1985.

Michael Struwe. Geometric evolution problems. In Nonlinear partial differential equa-
tions in differential geometry (Park City, UT, 1992), volume 2 of IAS/Park City Math.
Ser., pages 257-339. Amer. Math. Soc., Providence, RI, 1996.

144



[Str00]

[SUS2]

[Vir94]

[Vis85]

V002

[Wen69)]

[Wil93]

Michael Struwe. Variational methods, volume 34 of Results in Mathematics and Related
Areas. 3rd Series. A Series of Modern Surveys in Mathematics. Springer-Verlag, Berlin,
third edition, 2000.

Richard Schoen and Karen Uhlenbeck. A regularity theory for harmonic maps. J.
Differential Geom., 17(2):307-335, 1982.

Epifanio G. Virga. Variational theories for liquid crystals, volume 8 of Applied Mathe-
matics and Mathematical Computation. Chapman & Hall, London, 1994.

Augusto Visintin. On Landau-Lifshitz’ equations for ferromagnetism. Japan J. Appl.
Math., 2(1):69-84, 1985.

Luminita A. Vese and Stanley J. Osher. Numerical methods for p-harmonic flows and
applications to image processing. SIAM J. Numer. Anal., 40(6):2085-2104 (electronic)
(2003), 2002.

Henry C. Wente. An existence theorem for surfaces of constant mean curvature. J.
Math. Anal. Appl., 26:318-344, 1969.

Thomas J. Willmore. Riemannian geometry. Oxford Science Publications. The Claren-
don Press Oxford University Press, New York, 1993.

145



146



Index

H! gradient flow, 67

L? flow of harmonic maps, 58
L? gradient flow, 76

L? orthogonal projection, 66
f-scheme, 86

alternating bilinear form, 35
averaging operator, 19

backslash operator, 95

collapse, 118

conservation, 79

conservation law, 35

Coulomb gauge, 36

Crank-Nicolson type discretization, 76
Crouzeix-Raviart finite element, 16
cut-locus-condition, 92

damping parameter, 24, 67
differential form, 35

discrete divergence, 40

discrete harmonic fields, 17
discrete harmonic map into N, 64
discrete Hodge decompositions, 42
discrete inner product, 15
discrete Laplace operator, 77
discrete product rule, 12

discrete surface gradient, 6
distance function, 23

finite element space, 9
finite-time blow-up, 113
fixed-point argument, 78

harmonic fields, 36
harmonic map into N, 25
Hodge duality operator, 35

inverse inequalities, 14

Jacobi fields, 92

lifting operator, 5
logarithmically right-angled, 13

nearest-neighbor projection, 5, 22
Newton solver, 89

nodal basis, 9

nodal interpolant, 9

orthogonal projection, 5
orthonormal frame, 36, 38

parallelizable, 24

recovery operator, 19
reduced integration, 78
reference element, 4
regular triangulation, 4

saddle-point problem, 68
singularity, 101

Sobolev embeddings, 3
Sobolev space, 2
Sobolev-Poincaré estimate, 3
sparse data structures, 95
surface gradient, 3

tangential gradient, 3
topological homotopy, 111

unconditional stability, 79

weak compactness, 33
weakly acute triangulations, 10

147



