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Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13: (4 Points)

For an increment function Φ and zk ∈ R, let z ∶ [tk, tk+1] → R be the solution of the initial
value problem ż(t) = f(t, z(t)), z(tk) = zk, and define zk+1 = zk + τ Φ(tk, zk, zk+1, τ). Define the
consistency terms C and C̃ by

C(tk, zk, τ) =
z(tk+1) − zk

τ
−Φ(tk, zk, zk+1, τ),

C̃(tk, zk, τ) =
z(tk+1) − zk

τ
−Φ(tk, zk, z(tk+1), τ).

Assume that the increment function Φ is uniformly Lipschitz continuous in its third argument
with Lipschitz constant L. Show that for τ ≤ 1

2L , the equivalence

c−1 C̃(tk, zk, τ) ≤ C(tk, zk, τ) ≤ c C̃(tk, zk, τ)

holds. Give the constant c, which depends only on L, explicitly.

Exercise 14:Exercise 14:Exercise 14:Exercise 14:Exercise 14:Exercise 14:Exercise 14:Exercise 14:Exercise 14:Exercise 14:Exercise 14:Exercise 14:Exercise 14:Exercise 14:Exercise 14:Exercise 14:Exercise 14: (2+2 Points)

Let f be a Lipschitz continuous function.

(i) Show that the implicit Euler method

yk+1 = yk + τf(tk+1, yk+1)

is consistent of order p = 1, i.e. there exists a constant c ≥ 0 such that for small enough τ ,

∣C(tk, zk, τ)∣ ≤ cτ.

(ii) Let f ∈ C2([0, T ] ×R). Show that the method

yk+1 = yk + τf(tk, yk) +
τ2

2
(∂tf(tk, yk) + ∂yf(tk, yk)f(tk, yk))

is consistent of order p = 2, meaning there exists some c ≥ 0 such that for small enough τ ,

∣C(tk, zk, τ)∣ ≤ cτ2.

Exercise 15:Exercise 15:Exercise 15:Exercise 15:Exercise 15:Exercise 15:Exercise 15:Exercise 15:Exercise 15:Exercise 15:Exercise 15:Exercise 15:Exercise 15:Exercise 15:Exercise 15:Exercise 15:Exercise 15: (4 Points)

Determine constants a, b, c, d ∈ R such that the explicit one-step method defined by the increment
function

Φ(tk, yk, τ) = af(tk, yk) + b f (tk + cτ, yk + τd f(tk, yk))
has consistency order p = 2.
Hint: Justify and use the approximation

f(t + cτ, y + dτf(t, y)) = f(t, y) + ∂tf(t, y) cτ + ∂yf(t, y)dτf(t, y) +O(τ2),

and differentiate the differential equation.
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Exercise 16:Exercise 16:Exercise 16:Exercise 16:Exercise 16:Exercise 16:Exercise 16:Exercise 16:Exercise 16:Exercise 16:Exercise 16:Exercise 16:Exercise 16:Exercise 16:Exercise 16:Exercise 16:Exercise 16: (4 Points)

Use the implicit function theorem to ensure the existence of a unique solution yk+1 of the equation

yk+1 = yk + τ Φ(tk, yk, yk+1, τ)

under suitable assumptions on the function Φ and the step size τ .
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