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Energy
Problem 25 (4 Points). IBVP for the 1d-wave equation

(1) Determine functions u,(x,t) = vp(x)wy(t), n € N, that satisfy the wave equation in
(0,1) x (0,T) subject to homogeneous Dirichlet boundary conditions (i.e., u, = 0 on

({0} U {1}) x (0,T)).

(2) Assume that ug,vg € C([0,1]) satisfy
uo(z) = Z ap sin(nrz),  wvo(x) = Z B sin(nmx)
neN neN
with given sequences (an),cns (bn),en- Derive a representation formula for the solution
of the wave equation uy —uz, = 01in (0,1) % (0,7") with homogeneous Dirichlet boundary
conditions and initial conditions u(x,0) = g(x) and u(z,0) = h(x) for all = € [0, 1].
Problem 26 (4 Points). Neumann

(1) Prove the energy conservation principle for the wave equation with homogeneous Neu-
mann boundary conditions (i.e., normal derivatives at 0§ vanish.

(2) Deduce uniqueness of solutions for solutions of the wave equation with homogeneous
Neumann boundary conditions.

Problem 27 (4 Points). Energy estimates
Let Q C R" be a bounded domain with smooth boundary, and let f € C(€Q).
Suppose u € C?(Q) satisfies —Au = f in Q, wu =0 on 9Q.
(1) Derive the identity HVuH%Q(Q) = [, fudz.
(2) Derive the energy estimate ||Vullz2qy < ||flz2(0)-
Problem 28 (4 Points). Euler-Lagrange-equation
Let Q C R™ be a bounded domain with smooth boundary. Consider the energy functional

J(U):/Q<%|VU|P+W(U)> dz

where p > 1 and W : R — R is a smooth function (the potential). Here |Vu|P = (|Vu|?)?/2,
(1) For u € C%(Q) and ¢ € C°(Q), compute the first variation
d
— 1 .
arl (u+Tep)
(2) Show that if u is a critical point of I (i.e., the first variation vanishes for all test functions
©), then u satisfies the Euler-Lagrange equation
~div(|VulP2Vu) + W (u) =0 in Q.
(3) Specialize to the case p = 2 and W (u) = +(u*—1)? (a double-well potential). Write out
the resulting equation explicitly.
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