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Transport

Project 1 (8 Points). Standard Finite Difference Scheme
(1) Implement a numerical method for solving the transport equation
Ou+ 0,u=0 on (0,1) x (0,7
u(0,t) =0
u(z,0) = up(z) for z €[0,1]
where T' = 1 and wug(z) = 1 for 0.4 < < 0.6 and up(z) = 0 else. Use the forward

difference quotient in time and the backward difference quotient in space. Test the
discretization parameters

(1,h) =1/80(2,2), (1,h) =1/80(2,1), (1,h) =1/80(1,2).

In each case, check whether the CFL condition is fulfilled and compare the numerical
solution with the exact solution of the transport equation.
(2) Modify your code so that you can use the numerical method for

Opu + b(z)0yu =0
where b : (0,1) — R>¢ is a given function. How should the CFL condition be formulated

for non-constant functions b? Test your code in the case b(z) = (1 + 41‘2)1/ ? and initial
conditions ug(xz) = 1 for 0.05 < z < 0.25 and up(x) = 0 else. Compare the numerical
solutions for different discretization parameters.

(3) Test the program for b(z) = —1 and initial conditions as in (1). Are there pairs of
discretization parameters that satisfy the CFL condition?

(4) Change your code so that only forward difference quotients are used. Let the boundary
condition be given as u(1,t) = 0 for ¢ € [0, T]. Derive the CFL condition for this method
and try out different values for 7 and h.

Project 2 (8 Points). Upwind

The Upwind method for the transport equation is defined by
k) 77k o K77k k
g J\ = ) Up iU g 20,
J k) 7k _  kpTk k
with M? =b (xj,tk) T/h.
(1) Implement this method and test it for different initial conditions, different discretization
parameters, the function b(xz) = sin(z) and boundary conditions defined by u(t,0) =
u(t,1) = 0. Discuss your results and the validity of a CFL condition.
(2) Try the method for b(¢,x) = u(t, ) and different initial conditions.



