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gives a convergent subsequence in LI for fixed t. By definition of the numeri
cal scheme, a Lipschitz property with respect to t can be obtained. Then an 
argument similar as in the proof of the Theorem of Arzehi-Ascoli implies 
the existence of a convergent subsequence in L 1(lR, X lR,+). Throughout this 
section, we assume that the scheme is monotone in order to ensure that .. 
the entropy solution will be approximated. Finally in this section we discuss 
several sufficient conditions for a scheme to be total variation diminishing 
(TVD). 

LEMMA 2.2.1 Let u be a weak solution of 

OtU + oxf(u) = 0 in lR, x m.+ (2.2.1) 

U(x, 0) = uo(x) in m. (2.2.2) 

such that u E C1«lR,xm.+)\r) where r = {(o-(t), t)1 t > O} is a smooth curve 
and u satisfies the Rankine-Hugoniot condition along r. Let (xo, to) Er and 
let V be a neighbourhood of (xo, to) with a Lipschitz boundary. Then we have 

/ v (f~)) = 0, where v is the outer normal to V. 
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Proof Define Mt := {(x, t)! x < a(t)}, M r := {(x, t)! x > a(t)}, Vi := 
Mt n V and Vr := Mr n V. Since u is Cl in Vi and Vr , and since u satisfies 
the differential equation in Vi and Vr in the classical sense, we ohtain 

and similarly 

The Rankine-Hugoniot condition yields (see (2.1.7)) 

(2.2.3) 

and therefore we ohtain 

J... =J ... -J 
rnv ßVi ßvnMc 

and 

J... =J ... - J J 
rnv ßV,. ßvnM,. aVnM,. 

where the dots refer to the corresponding integrands in (2.2.3). 

Then (2.2.3) implies 

J ... + J ... =0 
ßVnMr ßvnMI 

hut this is just the statement of the lemma. o 
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Now let us express the result of Lemma 2.2.1 in a slightly different form. 
For V :=Ja, b[x ]0", r[ we obtain 

T b T b 

= 0, (2.2.4)-! f(u(a, .)) - ! u(·,O") +! f(u(b, .)) +! u(·, r) 
()' a ()' a 

or 

T b 

![J(U(b, s)) - f(u{a, s))] ds +! [u(x, r) u(x, 0")] dx = O. (2.2.5) 
()' a 

This identity is also called the integral form of the conservation law. Assume 
that we have a uniform grid on ru. x ru.+ with Xi := iflx and tn := nflt. If 
we choose 0" := tn , r := tn+1, a = Xi-l!2 := (i - 1/2)flx, and b:= Xi+1!2 := 

(i + 1/2)flx, it follows that 

t n +1 

! [J(u{xi+!'s)) - f(u{xi_!,s))]ds (2.2.6)
2 2 

tn 

Xi+l/2 

+ I [u(x, tn+1) - u(x, tn)] dx = 0 . 

Xi-l/2 

This identity has an important physical meaning. Let us denote the integrals 
in (2.2.6) by 11 and 12 respectively. Then -h is the flow difference through 
Xi+1!2 and Xi-l!2 during the time interval [tn , tn+1] and h is the change of 
mass in the volume [Xi-l!2,Xi+1/2] during the time [tn ,tn+1]. Then (2.2.6) 
means that the mass is conserved. 

Let us try to find a function 9 : ru.2 --+ ru. such that ui+1, ur, g;+1/2 and 
gi-1/2 are approximations of the following terms in (2.2.6): 

Xi+l/2 

u~+l rv _1_ ! u(x t n+1) dx 
I flx ' , 

Xi+l/2 

ui rv ~x ! u(x, tn) dx , 
Xi-l/2 

Then (2.2.6) 
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tn +1 

g::r~ :=g{ur,ui+1) '"" ~t ! f{u{xi+~!s))ds, 
tn 

t n +1 

g~_~ = g{Ur-l! ui) "" ~t ! f(U{Xi_~' s)) ds . 
tn 

Then (2.2.6) can be written in the following form: 

(2.2.7) 

The function 9 is called the numerical flux and is assumed to be consistent, 
Le. 

g(u, u) = f(u) for all u E 1R. (2.2.8) 

We need this property to estimate the loeal truncation error (see Lemma 
2.2.4). Formally (2.2.8) ean be seen as follows. Consider (2.2.1) and assume 
that the initial values Uo are eonstant. Then u = Uo is a solution of (2.2.1), 
and 

0_(00)_( )gHl - 9 ui' uHl - 9 UD, UD, 
2 

At At 

~t I f(u(xH !, s)) ds = ~t! f(uo) = f(uo) . 

° ° 

Now we use (2.2.7) to define in general numerical schemes in conservation 
form. 

DEFINITION 2.2.2 Let f E C1(JR), 9 E CO,1(JR2) and suppose that 9 
is consistent with the conservation law {2.2.1}, i.e. g(u,u) = f(u) for alt 
u E 1R. Assume that we have a sequence u? E 1R, i E 7L of initial values and 
t::..t, t::..x E 1R+. Then define successively for n 2: 1 and i E 7L 

(2.2.9) 
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whe.,.e 

Then we caU 9 the numerical flux and {2.2.9} a numerical scheme in con
servation form. 

The definition {2.2.9} can be generalized to 

fo.,. 0 :$ e :$ 1. For e = 0 this 2S the same as {2.2.9} and is an explicit 
scheme. [fe = 1, the scheme {2.2.1O} is implicit. 

REMARK 2.2.3 The main reason for writing the numerical scheme in 
the form {2.2.10} is that this form also guamntees the conservation property 
for the discrete solution. We have {if the sums are finite} 

and therefore 

Lu~+1 = Lui. 
i i 

The consistency (2.2.8) of gis used to estimate the local truncation error. 
For u E C2 (JR. X JR.+) and ui := U(Xil tn ) let us define 
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LEMMA 2.2.4 Assume that u E C 2 (lR X lR+) is a classical solution of 
(2.2.1) and that 9 E C2 (1R?), such that laful, l~ul and lafgl, laggl are 
bounded for 0:$ ß :$ 2. Furthermore, let 

flt 

flx < a for a > 0 . (2.2.11) 


Let u~ := u(iflx,nflt). Then 

This means that the local truncation error is of order one. 

Proof Let us fix i and n E lN and in the following let Ui := u~ for i E 71.. 
Then applying the Taylor expansion theorem several times, we obtain 

Uf+l - ur = ÖtUi/:)..t + O(fle) , 

g(ui,ui+d g(Ui-l,Ui) = Ö2g(Ui,Ui)(Ui+l - Ui) 

-Ölg(Ui,Ui)(Ui-l - Ui) + O(flx2) , 

f(Ui+Ü - f(Ui-d = g(Ui+l, Ui+1) - g(Ui-l, ui-d 

= Ölg(Ui,Ui)(Ui+1 - ui-d 

+Ö2g(Ui, Ui)(Ui+1 - Ui-l) + O(flx2) . 

The last two equations imply 

g(Ui, Ui+1) - g(Ui-l, Ui) = ~Ölg(Ui, Ui)(Ui+l - Ui-l) 

+!Ö2g(Ui,Ui)(Ui+l - Ui-l) 

!(Ölg(Ui, Ui) - ö2g(Ui, Ui» 

(Ui+l - 2Ui + ui-d + O(flx2) 

= !U(Ui+l) - f(Ui-l)) + O(flx2) 

= Öxf(Ui)flx + o(flx2) . 

Now we can estimate the truncation error: 

n+l Q n n+l n + flt ( ( ) (. .»ui - Ui = ui - Ui flx 9 Ui, Ui+l - gUt-I, Ut 

= ÖtUiflt + Öxf(Ui)flt + O(flt2 
) + O(flx2) 

= O(flt2) + O(flx2) . 0 
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EXAMPLE 2.2.5 Let us consider some special examples for the numerical 
flux g. Remember that 

(2.2.12) 

can be considered as an approximation for öxl(U(Xi, ti))' If 

g(U,v) = U then 

g(U, v) = v then 

1 


g(u, v) 2(u + v) then 

In this way we can define backward, forward and central differences respect
ively. 

EXAMPLE 2.2.6 (Lax-Friedrichs scheme) In Example 2.1.20 we have 
seen that in general we cannot expect the convergence of the numerical 
scheme (2.2.9) to the entropy solution ifwe use central or (in the case where 
f'(u) > 0) forward difference quotients. Now it turns out that backward 
differences can be written as a central difference plus a diffusion term: 

n+l n 1 ( n n) 1(n 2 n + n )u· - u· 1 = - U'+l - U· 1 - - U'+l - U· U· 1 (2.2.13)
~ ~- 2 ~ z- 2 z z z-' 

The last term (ui+l - 2ui + ui-d is called the numerical viscosity or 
numerical damping term. It should be mentioned that the central difference 
quotient is an approximation of second order of öxu. This property gives 
rise to the following definition of a numerical flux (.\:= b.t/b.x) 

1 1 
g(u, v) := 2[J(u) + I(v)] + 2.\ (u - v) . (2.2.14) 

In detail for <SIr (see (2.2.12)) we obtain 

1 
2b.t (Ui+1 - 2Ui + ui-d , (2.2.15) 
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ical 	 which is similar to (2.2.13). The corresponding numerical scheme with the 
numerical flux (2.2.14) is called the Lax-Friedrichs scheme. It can be written 
in the form 

12) 

The numerical flux as defined in (2.2.14) is consistent and Lipschitz-continuous 
if f is Lipschitz-continuous. Later on we shall show that the scheme will con
verge. This is due to the damping or diffusion term in (2.2.15). Furthermore 
this term ensures that the numerical scheme will approximate the entropy 
solution and it plays the same role as the diffusion term Ö~ue in (2.1.12). 
On the other hand, the damping term is responsible for smearing out the 
discontinuity of the solution over several gridpoints, as can be seen in Fig
ures 2.2.2 and 2.2.3. Here we have solved {2.2.1}, (2.2.2) with f(u) = ~u2:ct
and 

if x< 0, 
ave 	 Uo = {~ if x ~ 0
cal 
ere 
~rd using the Lax-Friedrichs scheme as defined in (2.2.16). In the left part of 

Figure 2.2.2 you see the initial values and in the right part the solution for 
a later time. 

l3) 

EXAMPLE 2.2.7 	(Engquist-Osher scheme) In Examples 2.1.20 and 
2.2.5 we have seen that we should use one-sided differences and in particular 
back ward differences if f'(u) > 0 and forward differences if f'(u) < O. In 
more detail, 

öxf(u) '" ;xf!(uf) - f(uf-l)] if l' > 0 

and 
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The other cases have to be defined such that the corresponding numerical 
flux is Lipschitz-continuous and consistent. This can be done in the following 
way. Let 

u u 

j+(u) := j(O) +!max(f'(s) ,0) ds , j-(u) := !min(f'(s), 0) ds . 
o o 

Thenwe have j(u) = j+(u) + j-{u). We define the numerical flux 

and it turns out that {see (2.2.12)) 

If j is Lipschitz-continuous then 9 is Lipschitz-continuous and consistent. 
The corresponding numerical scheme is called the Engquist-Osher scheme 
[62]. We have tested this scheme for the same problem as in Example 2.2.6. 
As one can see from Figures 2.2.4 and 2.2.5, this scheme smears out the 
shock over fewer grid points than the Lax-Friedrichs scheme. 
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REMARK 2.2.8 (Interpretation of numerical damping) The effect 
01 the damping term (or the numerical viscosity) in (2.2.16) can be inter
preted in the lollowing way. Consider 

unH - uT! = -Aa(uT! - uT! ) A:= -
t:.t 

, a E IR, a > 0 (2.2.17) J J ) )-1' t:.x 

lor given initial values (UJ)jE71.' The corresponding numerical fiux g(u, v) = 
au is consistent and Lipschitz-continuous. We can show that (2.2.17) is 
(formally, since t:.x is fixed) a numerical scheme 01 second order with respect 
to 

(2.2.18) 

where D := ~a(l - Aa). This can be seen as lollows. Let w be a smooth 
solution 01 (2.2.18). Then 

Using (2.2.18), we can continue: 

t:.t2 

= t:.t(t:.xDff;w - aäxw) + -2-(t:.xDätä;w - aätäxw) 

+Aa t:.xäxw - ~a t:.x2ä;w + O(t:.x3 
) + O(t:.t3 

) 

ä;w ( t:.tt:.xD - ~a t:.x2) _ a~t2 ätäxw + O(t:.x3 
) + O(t:.t3 

) . 

Since ätäxw = -aä;w + O(t:.x), we continue: 

1 
t 
i 

1 

I 

is c, 

is c 

http:t:.tt:.xD
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If D > 0, (2.2.18) is the well-known diffusion equation and b.xD denotes 
the diffusion coefficient. Notice that D > °if and only if 1-laiA > 0, which 
is equivalent to 

b.t
lai b.x < 1 . 

s 

t 

In the nonlinear case this has to be replaced by 

b.tlf'(u)I 1 
sup J\ <. 
uElR uX 

1 

Figure 2.2.5 Engquist-Osher. 

DEFINITION 2.2.9 The condition 


b.tlf'(u)1 1 

sup A < 
uElR uX 

is called the CFL (Courant, Friedrichs, Lewy) condition and SUPuElR[b.tlf'(u) !Ib.x] 
is called the CFL number f44J. 



52 Initial value problems for scalar conservation laws in I-D 

In the next lemma we generalize Remark 2.2.8. 

LEMMA 2.2.10 Let 9 E G2 (lR2
) be the consistent numerical ftux of a 

scheme in conservation form (2.2.9) and let (uj) be the corresponding nu
merical solution. Then the truncation error for smooth solutions of 

(2.2.19) 

where 

is of second order and the truncation error of smooth solutions of 

(2.2.20) 


is of first order. 

REMARK 2.2.11 If one chooses central differences for 9 then b(u) in 
(2.2.19) becomes nonpositive, and the term of second order in (2.2.19) no 
longer has the meaning of a diffusion or viscosity. 

Proof Without restriction, let us assume that b.t >'b.x. Let u be an exact 
solution of (2.2.19) in Q2(lRxlR+). Using the notation u := u(i b.x, n b.t) =: 

ur =: Ui, g:= g(u,u), b.+u uf+l - uf and b._u = uf - Uf-l we get 

Uf+l ui = Otub.t + !O;ub.t2 + O(b.t3 
) 

= b.tb.xox(boxu) - b.toxf(u) 

_~b.t2ox(f'(U)OtU) + O(b.x3 
) 

= !>'b.x2(oxu)2(org - aig) + !>'O;U(019 - fhg)b.x 2 

~>'[J(Ui+l) - f(Ui-l)] + O(b.x3 
) 
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and 

g(Ui, uHd - 9(Ui-b ud - !U(UHt) - f(Ui-I» 

= 	82gb.+u + !8ig(b.+u)2 + 8~g(b._u) - !8;g(b._u)2 

-![81gb.+u + fhgb.+u + !(8ig + 812g + 8ig)(b.+u)2] 
+![-81gb._u - fhgb._u 

+!(8rg + 812g + 8ig)(b._uf] + O(b.x3) 

= 	 !(fhg - 8Ig) (Ui+1 - 2Ui +Ui-d 

+!(8ig - 8ig)[(b.+u)2 + (b._u)2] 


+!8t29[(b._u)2 (b.+u)2] + O(b.x3) 


= 	!(fhg - 81g)O;ub.x2+ !(8ig - ßig)(ßx u)2b.x2+ O(b.x3) , 

since 

(b.+U)2 + (b._u)2 = !(Ui+1 - Ui_l)2 + !(Ui+l - 2Ui +Ui_l)2 

= 2(8xufb.x2+ O(b.x3
) , 

(b._u)2 (b.+u)2 = (UHI 2Ui + Ui-l)(Ui-l - uHd O(b.x3). 

Therefore 

The statement (2.2.20) has been proved in Lemma 2.2.4. 	 o 

2.3 	 . Convergence of finite difference schemes of 
first order in l-D 

Now we should like to study the convergence properties of numerical schemes 
in conservation form. First of all, we shall show that a convergent sequence 
that is uniformly bounded and that is defined by a numerical scheme in 
conservation form, will converge to a solution in the distributional sense 
of (2.2.1), (2.2.2). In order to state the corresponding theorem, we need 

http:81g)O;ub.x2
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some notation. Let (km)m and (hm)m be sequences converging to zero and 
tlt = km ,tlx = hm. For given initial values Uo E L 1 (IR) we define 

Xi+l/2 

u? := ;x / uo(x) dx . (2.3.1) 

Xi-l/2 

We assurne that ur is the discrete solution of 

(2.3.2) 


with respect to tlt = km, tlx = hm and a Lipschitz-continuous numerical 
flux 9 such that g(u, u) = f(u). In order to extend the grid function ur to 
all of IR x IR+, we define for n 2 ° 

um(x, t) := ur for ntlt < t ~ (n + l)tlt 
(2.3.3)

and (i !)tlx < x ~ (i + !)tlx , 

where tlt ,xtlx for a fixed ,x. Now we can formulate the important result 
of Lax and Wendroff [128]. 

THEOREM 2.3.1 (Lax-Wendroff theorem [128]) Let (um)m be a se
quence of discrete solutions as defined in (2.2.10) and (2.3.3) with respect 
to tlx = hm, tlt = ,xkm and the initial values u? Assume that 9 E CO,l (IR2) 
and that there exists a constant K such that 

sup sup lum(x,t)1 ~ K 

m IRxIR+ 


and Um --+ u almost everywhere in IR x IR+ for m --+ 00. Then u i.9 a 
solution 0/ 

Otu+ oxf(u) = ° in IR X IR+, u(·,O) = Uo in IR (2.3.4) 

in the distributional sense. 

I 
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Proof For simplicity we consider only the explicit case. The more general 
case (2.2.10) can be treated similarly. Choose tp E C~(lR x [O,oo[) and 
multiply (2.3.2) by tp: 

Summing up for i = 0, ... )00 and n = 0, ... ,00, we obtain 

~X z= z=(uf+l -Ui)tp(Xi, tn) 
i n (2.3.5) 

= -~t I:i I:n(g~+l - g::-.dtp(Xi' tn) . 
2 2 

Since tp has compact support, we only have finite sums in (2.3.5). First 
let us consider the left-hand side of (2.3.5). Using partial summation, we 
can shift the differences to the test function tp: 

00 

z=(Uf+l - ui)tp(Xi, tn) 
n=::O 

00 

= z= Ui(tp(Xi, tn- I ) - tp(Xi, tn)]_ U?tp(Xi, 0) 
n=I 

00 

= - / Um(Xi, t)8t tp(Xi, t) dt - U?tp(Xi, 0) 

o 


This is true for fixed tp, since tp has compact support in 1R x [0,00[. Therefore 
we have 

(2.3.6) 
i n 

= ~ Ll.x (-1Um{X;, t)i:!,<p{X;, t) dt - u1<p{x;, 0)) ( 
00 00 00 

= - / / um(x, t)8t tp(x, t) dtdx - / uo(x)tp(X, 0) dx +O(~t) . 
-000 -00 

Here we have used the fact that the summation with respect to i is only 
finite. Next let us consider the right-hand side of (2.3.5). 
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Using partial summation, we obtain 

(2.3.7) 


The term O(L\x) depends on the support of cp. If we define 

(2.3.8) 

then we can continue: 

tn + 1 Xi+l 

= ~L J J gm(x,t)8x cp(x,t)dxdt+O(L\x) 
~ n tn Xi 

= J J gm(x, t)8xcp(x, t) dt dx + O(L\x) . (2.3.9) 

IR IR+ 

Because of the definition of Um in (2.3.3), we have 

Now we have to show that 

gm(x, t) -t g(u(x, t), u(x, t)) . 

To prove this, we neglect t and use Um := !L\x. Then we obtain 

!gm(x, t) - g(u(x), u(x))1 

= Ig(um(x - um), Um (x + um)) - g(u(x), u(x)) I 
5 Lllum(x - um) - u(x)! + L2 !um(x + um) - u(x)! . 
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Now we shall show that um (· ± um) converges to u almost everywhere. Let 
us consider the second term. The first can be treated similarly. Let Vm := 
um(· + um). Now it turns out that7) 

/ / vm(x)rp(x)dxdt = / / um(x)rp(x -um)dxdt 
m+m m+m 

--+ / / ucpdtdx . 
m+m 

The same arguments imply that 

8) 

Now the Lroc convergence follows using 

Therefore (2.3.9) converges to 

9) / / f(u(x, t))äxrp(x, t) dt dx . 
m m+ 

Replacing the sums in (2.3.5) by the integrals as shown in (2.3.6) and (2.3.9) 
we obtain the statement of the theorem for the limit m -+ 00. 0 

REMARK 2.3.2 In Example 2.1.20 (a) we have seen that the numerical 
scheme (2.3.9) with 

g(u, v) := !(u +v) 

(i.e. central diJJerences) is in conservation form and the corresponding dis
crete solutions converge to some function u, but the limit u does not satisfy 
the entropy condition. This means that in general we cannot expect that 
a convergent sequence of approximating solutions, defined by a numerical 
scheme in conservation form (see Definition 2.2.2), converges to an entropy 
solution of (2.2.1), (2.2.2). The Lax-WendroJJ theorem only teUs us that the 
limit function is a weak solution of (2.2.1), (2.2.2). Therefore in order to 
get the entropy solution we have to define a discrete entropy condition. 
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DEFINITION 2.3.3 (Discrete entropy condition) Assume that U, F DE 
and 1 satisfy the conditions 01 Theorem 2.1.12 and let G E CO,l(IR x IR) tota 
be such that G(u,u) = F(u), and let (uj) be a solution of a numerical 
scheme in conservation form {2.2.10}. Then we shall say that (uj) satisfies 
a discrete entropy condition if. 

U'(u'fl:) < -)...f)(G":+l
J  J+t 

In 
(2.3.10) Uj 

where Gj+t := G(uj ,uj+1)' G is called the numerical entropy flux. We 

shall say that the numerical scheme is consistent with the entropy condition 
if {2. 3.1 O} holds uniformly for ~t, ~x ---t 0 for any U and G. 

Rl 

In this case the limit will satisfy the entropy condition. This is stated in 
the following theorem. 

THEOREM 2.3.4 (Convergence to the entropy solution) Let us as
Ti

sume that the conditions of the Lax-Wendroff theorem {Theorem 2.3.1} are 
by

satisfied and that the corresponding scheme is consistent with the entropy 
condition, i.e. it satisfies {2.3.10}. Then the scheme will converge to a weak 
solution of {2.2.1}, {2.2.2} that satisfies the entropy condition {2.1.17}. 

ProofIn Theorem 2.3.1 we have already shown that the limit u is a solution 
of (2.2.1) in the distributional sense. In an analogous way, we can show that E 
u satisfies the entropy condition (2.1.17). 0 ti 

In Theorems 2.3.1 and 2.3.4 we have assumed that we already have a 
convergent sequence. Now we shall show how we can get it. Since we have 
to approximate discontinuous solutions, the choice of the function space in 
which we shall construct the converging sequence is the most important 
problem. It turns out that in spaces of functions with bounded variation 
the convergence of an approximating sequence can be proved. Before we can 
state the results, we have to fix some notation. v 
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DEFINITION 2.3.5 (Total variation) For f : [a, b] -+ JR we define the 
total variation of f by 

n 

TV[a,b](J) := sup L If(xk+1) - f(xk)1 . 
a=xO<Xj <···<xn=b k=O 

nElN 

In the discrete case we define for a sequence v = (Uj) jElN of discrete values 

Uj 

TV(v) := L
00 

IUj+! - ujl . 
j=O 

REMARK 2.3.6 For gELl (JR) define 

TV(g):= sup -h
1 ! Ig(x + h) - g(x)1 dx . 


hEIR\{O} IR 


Then this definition is equivalent to Definition 2.3.5 with f extended to JR 
by setting 

f(a) forx < a , 

f(x):= f(b)
{ for x > b . 

EXAMPLE 2.3.7 Let f E CO,! ([a, b]) be a monotonically increasing func
tion. Then TV(J) = f(b) - f(a). 

More details about functions with bounded variations can be found in 
[64], [75] and [163]. 

In spaces of bounded variation there is a powerful compactness property, 
which is well-known as the "Selection principle of Helly". 
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THEOREM 2.3.8 (Selection principle of Helly) Let (Un)nEIN be a seI 
quence of functions in L1(]a, b[) such that il 

s' 

u 

uniformly for alt nEIN. Then there exists a subsequence (uni )nl EIN and an 
U E L 1(]a, b[) such that l. 

t 

un' -7 U in LI (Ja, b[). 

For the proof we refer to Natanson [163, page 250]. Now we can establish 
the main theorem of this section. 

1 

THEOREM 2.3.9 (Sufficient conditions for convergence) Let Uo E 

Ll(JR) nDX>(JR) with compact support in ]a,b[. Let (Um)mEIN be a sequence 
of discrete solutions as defined in Definition 2.2.2 and (2.3.3) with respect 
to hm, km and the initial values u? such that the following hold. 

1. For the numerical flux 9 we have 9 E CO,I(JR2) and g(u, u) = f(u). 

2. 	 There exists a constant Mo such that Ium(·, tn)1 :::; Mo uniformly with 

respect to m and n. 


3. 	 There exists a constant MI such that TV[a,bj(umh tn)) :::; MI uniformly 

with respect to m and nEIN. 


Then there exists an u E Lfoc (JR x JR+) and a subsequence (um' )m' such that 

and u is a solution in the distributional sense of (2.2.1),(2.2.2) . 

Additionally, if the scheme is consistent with the entropy condition, i. e. 
it satisfies (2.3.10), then u satisfies the entropy condition. This solution is 
uniquely defined. 
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Proof Let [a, b] C 1R and let T, to E 1R+ be fixed. Then Theorem 2.3.8 
implies that there exists a subsequence of (um)m (we shall always denote 
subsequences by the same symbol as the original sequence) and a function 
u(·, to) E LI(]a, b[) such that 

um(', to) -t u(., to) in LI(]a, b[). 

Using a diagonal procedure, we obtain another subsequence of (um)m such 
that 

(2.3.11) 

for al1 tE M, where M = {t E 1R+lt = ikm, mE ll\f, 0::; i ::; Tjkm1 i E ll\f}. 
Since the numerica1 flux 9 is Lipschitz-continuous, we can establish the Lip
schitz continuity of t -t um(', t) E LI(]a, bD. This can be seen as follows. 
First of all, we have 

url ::; A8Ig7++1- g7!11 + A(I- 8)lg~1 - g~ll
2 2 2 2 

< L(8)A(lu~+1 u~+11 + lu~+1 - u,,:+11- z+1 z z z-1 

+lur+1 - url + lur - ur-lI) , (2.3.12) 

where L(8) estimates the Lipschitz constant of the numerical flux g. If we 
sum up the inequality (2.3.12) with respect to i, assumption 3 ofthe theorem 
implies that 

L ßxlui+1 - url ::; 4MIL(8)ßt . 
i 

Of course MI will depend on [a, b]. Here the summation is taken over all 
i such that Xi E [a, b]. Replacing n + 1 by k, we can derive for tk = kßt, 
n.t = nßt (11, 11 := !I'IILl(ja,bD) 

b 

Ilumh tk 
) - um(-, tn)11 = / lum{x, tk 

) - um{x, tn)1 dx 
a 

= L ßx(lum{Xi, tk 
) - Um(Xi, tn)!) 

i 

= Lßxluf -url 

(2.3.13) 
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Since Um is piecewise-constant, we have a similar estimate for s, r t/: M: 


(2.3.14) 

To prove this, we choose 8 = nilt, r = kilt such that 18 - si ~ ilt and 
Ir - rl ~ ilt. Um is piecewise-constant and therefore the left-hand side of 
(2.3.14) can be estimated by 

IIUm (·,8) - um (', r)11 	~ 4 MI L(8) 18 - rl 

~ 4MI L(8) 18 - rl + O(ilt) . 


Property (2.3.14) nearly means that s -t umLs) E LI(]a,b[) is equally con
tinuous. Therefore we use similar arguments as in the proof of the theorem 
of Arzehi-Ascoli to show the existence of a convergent subsequence. We have 
for alll, m E lN and a suitable tl E M 

Ilul(-,t) -um(-,t)1I ~ Ilul(-,t) -ul(-,tl)11 + IIUI(-,td um(-,tl)1I 

+lIum (-, tl) U m (-, t)!1 
~ GIlt - tII + IIUI(-, td - ume tt}1I + O(ilt) . 

Now we shall show that the convergence is uniform in t. Let € > 0 be 
given and choose a finite subset E c M such that for every t E (0, T] there 
is an tl E E such that 

Furthermore let ilt be sufficiently small and land m be so large such that 

uniformly for all tl E E. Then we obtain 

sup IIUI(', t) um(', t)1I ~ € 

tE [O,T] 


uniformly in t. We also have 

T b 

(2.3.15)J J IUI Um 1 ~ 0 (€) . 
o a 
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In particular, Um --+ U almost everywhere on Ja, b[ x ]0, T[, and Theorem 
2.3.1 (Lax-Wendroff) gives us the first statement of the theorem. If the 
scheme is consistent with the entropy condition, we apply Theorem 2.3.4 in 
order to get the second statement. 0 

In order to treat the general case Uo E L1(ffi) n LCO(ffi), we need the 
following theorem. 

THEOREM 2.3.10 (Stability estimate) Let f E C2 (ffi) ,1" > 0, 
Uo,Vo E LCO(ffi), IIvol!v:x' :5 IluollL= and let u,v be the corresponding so
lution of (2.2.1),(2.2.2). Then for every a, bE IR such that a < band every 
t> °we have 

b HAt
Jlu(x, t) - v(x, t)1 dx:5 J luo(x) - vo(x)1 dx . 

a a-At 


where A := max {I1'(8)11181:5 lIuoIIL=}' 

For the proof we refer to [218, Theorem 16.1J. 

COROLLARY 2.3.11 Theorem 2.3.9 remains true if Uo E Ll(ffi) n 
LCO(ffi) and f E C2 (IR) with 1" > o. 

Proof Let E > 0 be given and choose a, band Vo E C8"(Ja, b[) such that 
- UOliLl :5 E/2T. Let v denote the solution of (2.2.1) with respect to Vo 

,.n.... "j-,·",.i-orl in the proof of Theorem 2.3.9. Then for sufficiently large I, m 
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Then if U denotes the exact solution of (2.2.1) with respect to Uo, we obtain 

Tb

J J lVi  ul ~ 
Tb

J J lVI 

Tb 

- vi + J J Iv - ul 
o a 0 a 0 a 

~ 
T HAt 

~ + J J Ivo - uol 
o a-At 

~ 
T 

~ + J J Ivo uol 
o n:t 

c c<-+-=c.-2 2 

o 

COROLLARY 2.3.12 (TVD scheme) Theorem 2.8.9 remains true if 
we replace condition 8 by 

(2.3.16) 

for all n E lN.. Then the scheme is called a TVD scheme (total variation 
diminishing) . 

Now we shall show that TVD schemes preserve monotonicity. 

LEMMA 2.3.13 Let (u~) be a grid function defined by a TVD scheme. 
Assume that u~ is a monotone (increasing/decreasing) grid function with 
respect to i. Then uf+! is also a monotone (increasing/decreasing) grid 
function with respect to i. 

Proof Without restriction, let us assume that (u~) is monotonically de
creasing in i. Since we have TV(uf) < 00, the following limits exist: 

· nUL = . 11m ui , UR = .tim ui . 
t-t-OO Z-tOO 

Furthermore, we have UL > UR. The scheme is defined by 
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Since 9 is continuous, we also have 

Now let us suppose that ui+! is not monotonically decreasing in i. Then 
there exist indices, i.e. with i < l, such that we have (Uj := uj+1) Ui < UI. 
Using this, we can derive for r E 1N 

Prom the definition of UR and UL we obtain for r ----t 00 

and on the other hand 

TV(un
) = IUL - uRI = UL - UR 

= UL - ui+1 +ui+1 
- ur+1 + ur+! - UR 

< IUL - uil + IUI - uRI ::; TV(un+1) , 

nsince u is assumed to be monotone. Here we have got the strict inequality 
because of Ui < Ul. But this is a contradiction, since we assumed that the 
scheme is TVD. 0 

Now we have to define numerical schemes in conservation form such that 
conditions of Theorem 2.3.9 are satisfied. A dass of schemes that has 
property are the monotone schemes. 

IlDCAMPLE 2.3.14 (Monotone schemes) Let us consider the simple 
(2.1.28) and the following discretizations using backward, forward 

central difference quotients respectively: 

(2.3.17) 

(2.3.18) 

(2.3.19) 
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As in (2.1.28), we assume that a > 0 and 1 - af::..tjf::..x > O. Then it can be 
seen very easily that in (2.3.17) the value uj+l is a monotone function of uj 
and uj_l' In (2.3.18) and (2.3.19) uj+l does not depend monotonically on 
uj+1' uj and uj+1' uj_l respectively. As we have already seen in Example 
2.1.20, the schemes using forward (2.3.18) and central (2.3.19) difference 
quotients will not converge in general. But we shall prove that monotone 
schemes like (2.3.17) converge to the entropy solution. Therefore let us define 
the following dass of numerical schemes. 

DEFINITION 2.3.15 (Monotone schemes) A numerical scheme is 
called a monotone scheme if it can be written in the form 

with a function H that is monotonically nondecreasing in any argument. 

An explicit scheme of the form (2.2.9) is monotone if 

and if 

g = g(v, w) 	 is monotonically increasing in v 

and decreasing in w. (2.3.20) 

EXAMPLE 2.3.16 The Lax-Friedrichs scheme (see Example 2.2.6) and 
the Engquist-Osher scheme (see Example 2.2.7) are monotone in the sense 
of Definition 2.3.15. 

EXAMPLE 2.3.17 (Godunov scheme [81]) The basic idea ofthe Go
dunov scheme is to compose the global solution by the exact solutions of 
Iocal Riemann problems. For given initial values Uo E L1(lR) we define u? as 
in (2.3.1). Now let us assume that we have already computed the approxi
mation {Ui)nElN for the time tn, where ui is also constant on ]Xi-l/2,XHI/2[ 

for all i E lN. 
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On each cell ]Xi-b Xi [ for i E IN we determine the exact solution of the 
Riemann problem for 

(2.3.21) 


with respect to the initial condition 

if X< Xi_l , 
2 (2.3.22)

if X> Xi_l • 
2 

Wedenote this solution by u(x, tj Ui-l, Ui). In order to ensure that the neigh
bouring solutions u(x, tj Ui-b ud and u(x, tj Ui, Ui+l) cannot influence each 
other, we have to assume that the shocks with 

must not intersect. This can be obtained if (see Figure 2.3.1) 

D.t 1
Is. 11 < 
~-2 - 2 ' 
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or 

b.t 1 
"A sup Ij'(u)1 ::; -2 . (2.3.23) 
uX uEIR 

The condition (2.3.23) is again the Courant, Friedrichs, Lewy condition or 
CFL condition (see Definition 2.2.9). If (2.3.23) is satisfied, the solution 
u(x, tj Ui-l, Ui) of the local Riemann problem (2.3.21), (2.3.22) uniquely de
fines a function v on 1R x [tn , tn +1] such that 

As for the initial values, we have to ensure that the approximation un +1 at 
time tn+1 is constant on ]Xi-l/2, Xi+1/2[ for all i E :IN. Therefore we define 

Xi+~ 

nui+1 := ;X / v(x, t +1
) dx . (2.3.24) 

xi_~ 

This means u~+l is the mean value of v on ]Xi-l/2, Xi+1/2[ and therefore 
contains parts of u(X,t;ui-l,Ui) and u(X,t;ui,UHl)' Since v is an exact 
solution on ]Xi-l/2, XHl/2[, we get (see (2.2.6)) 

Xi+~ xi+~ tn+1 

nn+1/ v(x, t ) dx = / v(x, t ) dx - / j(v(xHt, s)) ds 
x 1 X "I tn 
i- 'Z i- 'Z 

tn +1 

+/ 
Using 

V(XH1, t) = U(XH1, t; Ui, Ui+1) =: UHl ,
222 

V(Xi_l, t) = U(Xi_l, t; Ui-b Ui) =: Ui_l ,
222 
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we obtain 

(2.3.25) 

with the numerical flux 

(2.3.26) 

This makes sense since U(Xi+l/2) is constant for tn < t ~ tn+1 . This scheme 
is called the Godunov scheme. If f is convex, Le. f" > 0, it can be shown 
that the scheme is monotone in the sense of Definition 2.3.15. In this case 
if UL > UR the solution of the Riemann problem (2.3.21), (2.3.22) is (see 
(2.1.30)) 

ife<s, 
if e> s , 

for s = f(UR)- f(ud and ~ = X-Xi_l/2. If we have UL < UR then (see (2.1.31)) 
UR -UL <" t-tn \ 

where a = 1'. Now we use these solutions of the local Riemann problems in 
(2.3.25) in order to compute the numerical flux g(v, w). First let us consider 
the case where v 2: w. Let 

f(v) - f(w)
s := .::......:..--'--------=---'-----"

v-w 

U(Xi_l, t; v, w) = v if 0 ~ s (Le. f(v) 2: f(w)) , 
2 

U(Xi_l, t; v, w) = w if 0> s (Le. f(v) ~ f(w)) . 
2 
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Ifv < w then 

if l'(v) 2: 0 , 

if1'(w)~O, 

otherwise. 

This means that the numerical flux is given by 

f(v) if v 2: w, f(v} 2: f(w} , 
f(w) if v 2: w, f(v) ~ f(w} , 

g(v, w) = f(v) if v < w, 1'(v) 2: 0 , (2.3.27) 
f(w) if v< w,J'(w) ~ 0 , 
f(1'-l(O)) otherwise. 

REMARK 2.3.18 1f f is convex, the numerical ftux 9 for the Godunov 
scheme can also be written as 

Therefore we see that 9 is Lipschitz-continuous, consistent with the conserva
tion law and, if öt/Öx is small enough, monotone in the sense of Definition 
2.3.15. 

We have tested the Godunov scheme (see Figures 2.3.2 and 2.3.3) for 
the same problem as described in Example 2.2.6. The results are shown in 
Figures 2.3.2 and 2.3.3. 

Now we shall study the convergence of monotone schemes. It turns out 
that they define discrete solutions that will converge to a solution of the 
conservation law satisfying the entropy condition. 

THEOREM 2.3.19 (Convergence of monotone schemes [89, 90]) 
Assume that Uo E Lfoc(IR), such that TV(uo) < 00. Consider the numerical 
scheme (2.2.10), which is assumed to be consistent with the conservation 
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law, let 9 E Cl (:IR?) and let 9 satisfy (2. 3. 20}. 1f L is the global Lipschitz 
constant of the numerical ftux g, we assume 

2(1 - 0) ~:L S 1 . (2.3.28) 

Using the grid function ui as defined in (2.2.10), we define Um E LOO(lR X 

lR+) as in (2.3.3). Then if ßx and ßt converge to zero such that ßt/ ßx 
remains constant, the approximating functions Um will converge to a func
tion U in Ltoc(lR x lR+) such that u is a solution of (2.2.1), (2.2.2) in the 
distributional sense and u satisfies the entropy condition. 

Proof We shall proof the theorem in several steps. Successively, we shall 
show that 

the scheme is TVD; (2.3.29) 

the approximating sequence (Um)mElN is 

uniformly bounded; (2.3.30) 

the approximating functions Um satisfy 

the discrete entropy condition in Definition 2.3.3. (2.3.31) 

Then the statement of the theorem follows from Theorem 2.3.9. Now let us 
start to prove (2.3.29). We define 

Li := Li(Un+1
) := ui+l + >"O(g~:l- g~~f) , 

2 2 (2.3.32)
Ri := ~(un) := ur - >"(1 - tJ)(gr+l - gr-l) , 

2 2 

where >.. = ßt/ßx. Then the scheme (2.2.10) can be written as 

L(un+l) =R(un) . (2.3.33) 

We introduce the following notation: 
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Then the operators Land R can be written in the form 

We should like to show that Li increases while Bi decreases the total vari
ation. For this purpose we need the following lemma. First let us :fix some 
notation. We call Z : L 1(lR) -} L 1 (lR) a TVD (total variation decreasing) 
operator if for v E L1(IR) 

TV(Zv) :s; TV(v) . 

Similarly, we call Z a TVI (total variation increasing) operator if 

TV{Zv) 2:: TV(v) . 

LEMMA 2.3.20 Let Z be an operator of the form 

(Zv)j := Vj + CHtD.+Vj - dj_tD._vj . 

Then Z is a TVD operntor if we have for all JEN: Cj+1/2 2:: 0, dj +1/2 2:: 0, 
Cj+1/2 + dH1/ 2 :s; 1. This condition for the coefficients is equivalent to the 
monotonicity of (Zvk Otherwise, if -00 < c:S; cHl/2, dj +1/2 :s; 0 then Z 
is a TVI opern tor. 

For the proof of this lemma we refer to 2.3.21 below. First let us continue 
pröof of Theorem 2.3.19. Consistency and monotonicity imply that 

(2.3.34) 


. by Lemma 2.3.20 we obtain (replace n by n + 1 in (2.3.34)) that L is 
operator. In order to prove that R is a TVD operator, it remains to 

that 
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Again using consistency and monotonicity, we get I 

and therefore 

l 

Hence Lemma 2.3.20 implies that R is a TVD opera,tor. But then we can 
show that property (2.3.29) holds. This means that the operator u n H- unH, 

where unH is defined in (2.3.33), is a TVD operator. This follows now from 
t 
1 

(2.3.35) 

Now we are going to prove (2.3.30). We have to prove that the approximating 
solutions are uniformly bounded. By definition, we have 

and therefore 

(2.3.36) 

since the scheme is TVD. Furthermore, we have (we assume now that the 
scheme is explicit; the arguments can be used for an implicit one as weH): 

m m m
L uj+l - L uj =;\ L [g(Uj-b Uj) - g(Uj, uHt}] 

j=-m j=-m j=-m 

Since Iimm~oo U±m exists, we can estimate the mean value of all ujH, j E :IN: 

m m 
· 1 L n+l l' 1 L n /'I11m u· = 1m u· =: vo . 

m~oo 2m + 1 . ] m~oo 2m + 1 . ]
]=-m ]=-m 
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But this implies that infj uj is bounded by Co from above: 

Using (2.3.36), we obtain 

s~puj ::; TV(uo) + i~fuj ::; TV(uo) + Co , 

i~fuj 2:: -TV(uo) +s~puj 2:: -TV(uO) + Co· 

:an 
+1 	 This proves (2.3.30). Finally let us show property (2.3.31); this means that 

the approximating solutions satisfy the discrete entropy condition (2.3.10). 
)m 

Because of Lemma 2.1.17, it is sufficient to consider the entropy function 

:5) U(u) := lu cl 	 (2.3.37) 

ng for a fixed constant c E m. and 

F(u) := [f(u) 	 f(c)] sign(u c). (2.3.38) 

Then we obtain 

F'(u) = r(u) , U'(u) = 1 if u > c, 

F'(u) = - r(u) , U'(u) =-1 ifu < c. 


i) 

Since we have F(c) = 0, the function F is locally Lipschitz-continuous. For 

numerical entropy flux we define 

G(u,v) 

:= g(max{u,c},max{v,c}) g(min{u,c},min{v,c}). (2.3.39) 

is locally Lipschitz-continuous because it is defined as a composition of 
functions. Furthermore, we have G(u, u) = F(u). Now 

have to verify (2.3.10) for U and G as defined in (2.3.37) and (2.3.39). 
this purpose let us derive the following inequalities: 

(2.3.40) 
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and 

(2.3.41) 

The right-hand side of (2.3.40) and the left-hand side of (2.3.41) are the 
same because of (2.2.10). Thus (2.3.10) follows from (2.3.40) and (2.3.41). 
In order to show (2.3.40), define 

H(u, v, w) := v - '\(1- 8}[g(v, w) - g(u, v)] . 

H is monotonically increasing with respect to all of its arguments. For u 
and w this follows from the corresponding properties of g. For v we obtain 
this because of the assumptions (2.3.28): 

ovH(u,v,w) = 1- '\(1- 8)(01g - ~g) ~ 1- '\(1- B)2L ~ 0 . 

This can be used to prove (2.3.40): 

lui - cl- '\(1- 8)(G~+1 - G~_l)
2 ,2 

= max{ui,c} - min{ui,c} 

-'\(1 - 8}[g(max{ui, c}, max{ Ui+ll c}) 

-g(min{ui, e}, min{ui+l' c}) 
-g(max{ui_l' cl, max{ui, c}) + g(min{ui_l' c}, min{ui, c})] 

= H (max{Ui-l1 c}, max{ui, c}, max{ui+1' c}) 

-H(min{u"!-l' c}, min{ui, cl, min{ui+1' c}) 

~ max{H(u"!-l) ui, ui+1)' H(c, e,c)} 

- min{H(ui_ll ui,ui+l)' H(c, e,c)} 

=IH(ui_l,ui,ui+d - cl, 

since H(e,c,c) = c. This proves (2.3.40). In order to derive (2.3.41), we use 

G?+l = g(max{ui, e},max{ui+1' c}) - g(min{ui,c},min{ui+l'C})
2 

~ sign(ui - c)[g(ui,ui+1) - g(c,c)] . (2.3.42) 
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This follows from the monotonicity of g. Similarly, one can show that 

-G~_! :::; sign(ui - c)[g(c, c) - g(Uf-l' ui)] . 
2 

(2.3.43) 

Then (2.3.42) and (2.3.43) imply that 

lu~+l  cl + >'O(Gr:+l  Gr:+l) 
~ z+2" z-'2 

:::; lui+l - cl + >'O{sign(ui+l - c)[g(uf+l, uitl)  g(c, c)] 

+ sign(ui+l  c)[g(c, c) - g(ui~l , ui+l )]} 

= sign(uf+l c){ui+l  c + >'O[g(ui+I, uitl)  g(ui~'l, ui+l)]} 

< lu~+l + >'O(g~+l g~+l)  cl . 
- 1 z+t z-t 

This proves the statement (2.3.41). Property (2.3.40) together with (2.3.41) 
implies (2.3.31) and finishes the proof of the convergence theorem for mono
tone schemes in conservation form. It remains to show the statement of 
Lemma 2.3.20. 

2.3.21 (Proof of Lemma 2.3.20) Let us start with the TVD property. 
For any grid function we have 

(ZV)j+l - (Zv)j Vj+l + cj+!~+Vj+l dj+t~-Vj+l 

-Vj Cj+~~+Vj + dj_~~_vj 
(1 cj+t - dj+!)~+Vj +cj+~~+Vj+l 

+dj_t~_vj . (2.3.44) 

coefficients of ~+Vj, ~+Vj+l and ~_Vj are all non-negative, and there
we have 

j 
C'+lJ 2' 

+dj  t 1~_vjlJ 

= L I~+vjl = TV(v) . 
j 
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To obtain the last equality, we have to reorder the indices in the summation. 
This proves the TVD part in Lemma 2.3.20. For the TVI part we obtain 
from (2.3.44) 

Since we have cH~' dj_~ :::; 0, we get 

Iß+(Zv);l- cH~Iß+VHll- dj_~Iß_vjl 

~ (1 - Cj+~ - dH~)Iß+vjl , 

and if we sum up with respect to j, 

TV(Zv) - 2.")Cj+~ + dH~)Iß+vjl 
j 

= L: Iß+(Zv);l- L:cH~Iß+vj+ll- L:dj_tIß_vjl 
. . 2 . 

J J J 

~ L:{1- CHt - dHt)!ß+Vj! 
j 

~ TV(v) - L:(CHl + dHl)Iß+vjl . 
. 2 2 

J 

This implies that TV(Zv) ~ TV(v) and proves the TVI part of Lemma 
2.3.20. 0 

REMARK 2.3.22 For linear problems Ötu+aöxu =0 and explicit schemes, 
(2.3.28) can be replaced by 

ßt 
(2.3.45)ßxa:::; 1. 

For the Proof see Example 2.4.8. 

THEOREM 2.3.23 (Error estimate) Assume that Uo E Ll(IR) n L oo 

(IR) nBV(IR) and that u is the entropy solution of (2.2.1), (2.2.2). Let Uh 

be given by (2.3.2) and (2.3.3) for a monotone numerical flux g(u,v) and 
let ßt/ ßx be constant. Then for any ..(l;.i :::; t :::; T we have the following 
error estimate: 
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lation. 	 Proof See [80, Theorem Al] and [124]. We shall not give the proof for this 
result in 1-D sinee we shall prove it in a more general eontext in 2-D onobtain 
unstruetured grids (see Seetion 3.4). 0 

Now we should like to mention some more eonditions, which are sufIieient 
for TVD. Explicit sehemes of first order in eonservation form ean always be 
written in the form (see (2.2.9)) 

(2.3.46) 

Sinee we assurne that the numerieal flux is Lipsehitz-eontinuous and eon
sistent, i.e. g(u, u) = f(u), the flux ean be written in the form 

(u v) = {Hg(u, u) + g(v, v)] - 2~ (v - u)q(u,v) for u =1= v, (2.3.47) 
g, f(u) for u = v, 

where 

,g(u, u) 2g(u, v) +g(v, v)
q(u, v) = /\ '-'--..:.....--'-'---'----'--'----'

V U 

nma 	 For a special grid funetion, this means that 
o 

(2.3.48)
~mes, 

. expression qj+t ean be interpreted as a numerical viscosity, which is 
neces:saI~Y to approximate the entropy solution, similar to Theorem 2.1.7. 

nTr1'r .. '..!..·.,.,,~~uv~J, the numerical viscosity is responsible for smearing out the 
. (See also Remark 2.2.6.) 

Even for more general q one can show that the corresponding scheme is 
. In the next theorem we shall give some sufIicient conditions for q such 
the corresponding scheme will become TVD. 
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THEOREM 2.3.24 (Sufficient condition for TVD [89, 90n Let the 
numerical ftux be defined as in (2.3.48) with some junction qj+t := q(Uj, uj+d 
such that lor a constant C E 1R 

/+1-1' {I}A J J $qJ'+l :$min -18'C . (2.3.49)[Uj+l - Uj 2 -

Then the corresponding scheme as defined in (2.2.10) is TVD. 

Proof Define Li(un ) and Ri(Un ) as in (2.3.32). Again we have to show 
that 

(2.3.50) 

where un+1 is defined by Li (un+1 ) = Ri(Un ), is a TVD operator. In the same 
way as in the preceding proof of Theorem 2.3.19, we shall show that Li and 
~ are TVI and TVD operators respectively. Then the same argument as in 
(2.3.35) proves the statement of the theorem. Before we shall show that Li 
is a TVI operator, let us fix some notations: 

(2.3.51) 

It turns out that 

Cj+~ :$ !8(lvj+~ I - qj+~) :$ 0 , 

DJ'+_~ <_ 0 . (2.3.52) Cj+t~-C >-00, Dj+t~-C >-00, 

The operator Lj(u) can be written in the following form (we suppress n in 
uj): 


