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Exercise 1 (4 points). Construct an autonomous ODE y/(t) = f(y(¢)) for which there
exists a solution y € C1([0,T7]) but y ¢ C*([0, T)).

Exercise 2 (4 points). Construct infinitely many solutions for the initial value problem
y = y/3, y(0) = 0. Is this a contradiction to the Picard-Lindeldf theorem?

Exercise 3 (2 + 1 + 1 points). Let A : [0,T] — R™*™ be continuous and consider the
system y'(t) = A(t)y(¢).
(i) Modify the proof of the Picard-Lindeldf theorem to show that there exists a
unique solution with initial condition y(0) = yo for yo € R™.
(ii) Show that the set L of solutions for y'(t) = A(t)y(t) forms a vector space.
(iif) Consider the map Ey : L — R™, Ey(y) := yo. Use Ey to prove that dim(L) = n.

Exercise 4 (1 + 1 + 2 points). Let y € C?(R) and 7 > 0. For k € N define t;, = kr
and set y* = y(t1). Consider the following difference schemes

ko k—1 k+1 _  k R k41 _ o k—1
diyt =t difyt = — diyt =
T T 27
fork=1,2,..., K — 1.
(i) Prove that
-
Ay =y ()| <5 sup ()]
t€ty+[0,%7]

(ii) Can one obtain a better estimate for dyy*?
(iii) Consider the initial value problem 3’ = y, y(0) = 1. Construct an implicit Euler
method that leads to a contradiction.



