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Remark: This is the last theory sheet. As you can see, there are 4 + 3 exercises,
so you can achieve 12 extra points in case you need some of them.

Exercise 1 (4 points). Compute the order of the leap-frog method
(1) by considering

y,(tk) _ y(tk-‘rl) ;—y(tk—l) ’

(2) by checking the general consistency criterion for linear multistep methods.

Exercise 2 (4 points). Construct a multistep procedure by expressing the integral for

Y(th) = ylte) + / " Hs () ds

23
using Simpson’s rule, and determine the consistency order of the resulting procedure.

Exercise 3 (4 points). Show that the Adams-Moulton method is well-defined under
the condition 7||8||1 L < 1, where L is the uniform Lipschitz constant of the function f
belonging to the differential equation.

Exercise 4 (4 points). Let f € C([0,7] x R) with |0,f(t,z)| < C for all (¢,2) €
[0,7] x R. Prove that the Adams-Moulton, Adams-Bashforth, and Adams-Bashforth-
Moulton methods satisfy the conditions of the general convergence statement for multi-
step methods

EXTRA POINTS

Exercise 5 (4 points). Examine the zero stability of the following recursive sequences:

a) The Fibonacci-sequence: Yxro2 = Ygp+1 + Yk-
b) The Tschebyscheff-recursion: Tyo(x) = 22Tk41(x) — Ti(x).

Exercise 6 (4 points). Let g : R™ — R be continuously differentiable and let f :
R™ — R™ be defined by f = —Vg Prove that every solution y : [0,7] — R of the
initial value problem y' = f(y),y(0) = yo satisfies

/ W ()12 ds + g(u()) = g(uo)-

Exercise 7 (4 points). Use the explicit and implicit Euler methods to compute appro-
ximated solutions at time 7" = 1 for the initial value problem y’ = 2aty,y(0) = 1. Use
step sizes 7 = 1/2!,1 = 1,2,3 and o = £3. Compare the approximated solutions with
the exact solution.



