Sheet 5.
You can use the below two lemmas without a proof.

Lemma 0.1. Let g,: R — [0,1], n € N, be the functions which satisfy for all
neN, reR that

27 xze0,1)
gi(r) =42-22 :zel;1] (1)
0 c e R\[0,1]

and gn41(x) = g1(gn(x)). Then
(i) it holds for alln e N, ke {0,1,...,2" ' — 1}, w € |57, 55| that

n 2k . 2k 2k+1
n 2n(21;1-2 _ :13) Sre [2];1—1’ 21;;1—2]

and
(i1) it holds for all n € N, x € R\[0, 1] that g,(z) = 0.

Lemma 0.2. Let f,: [0,1] — [0,1], n € Ny, be the functions which satisfy for all
neNy, ke{0,1,...,2" — 1}, z e [£, 51) that f,(1) = 1 and

2n
2
fn(x) _ [21;:1] T — (Z;k)‘ (3)

Then it holds for all n € Ny, x € [0,1] that

fn<x>=x—[i (22mgm<x>)] ad | @) <2 ()

m=1

Problem 1. Let a be the rectifier activation function, let (A, by) € R4 x R4,
ke N n [2,00), satisfy for all k € N [2,00) that

2 —4 2 0 0
_ 1

Ay = 3 _i ; 8 and b= | 2. (5)
(_2)372]@‘ 2472]’»‘ (_2)372]@‘ 1 0

let Ay e R xR, ke Nn [2,00), satisfy for all k € N~ [2,00) that

Ak — (((72)372]’6 2472]’6 (72)37216 1) ,O) , (6)



let ¢, € N, k € N [2,00), satisfy that

¢2 =

— =
|

and
1
1 _1
VkeNn [3a OO): ¢k = 11 i 7(A27b2)a SRR (Ak‘—labk‘—l)aAk ) (8)
1

and let 7y = (741, Tk, Tk3, Tha) : R — R% k € N, be the functions which satisfy for
allzeR, keN that

r(x) = (r1(z), r2(), r13(2), ria(x)) = Mea (:13, xr— %, xr—1, :E) 9)

and

a1 (2) = (Prs1,1(2), Tha1,2(2), The1,3(2), Teg,4(2)) = Mg (Apsrre(x) + brsr).

(10)
Prove by induction that for all £ € N it holds that
(Vo eR: 2rp1(z) — 4rpa(x) + 2r5(z) = gi(x)) (11)
and
_ : 0,1
Vo eR: ra(s) = 471 velod ) (12)
’ max{z,0} :xeR\[0,1]
Problem 2. Show that for all m e N n [2,00), x € [0, 1] it holds that
(Ra(¢m)) (@) = fin-1(x), (13)

and applying to this Lemma [0.2] that for all m € Nn [2,00), z € [0, 1] it holds that
|27 = (Ra(dm)) ()| < 272" (14)

Problem 3. Let € > 0. Show that there exists ® € N such that for all
x € R\[0,1] it holds that (R.(®))(x) = a(x) and for all x € [0,1] we have that
2% — (Ra(®))(2)] <e.

Problem 4. Prove that P(®) < max{10log,(¢7') — 7,13} and L(P) <
max{ log,(e™!) + 1,2}



