
Sheet 5.
You can use the below two lemmas without a proof.

Lemma 0.1. Let gn : R Ñ r0, 1s, n P N, be the functions which satisfy for all
n P N, x P R that

g1pxq “

$

’

&

’

%

2x : x P r0, 1
2
q

2 ´ 2x : x P r1
2
, 1s

0 : x P Rzr0, 1s

(1)

and gn`1pxq “ g1pgnpxqq. Then

(i) it holds for all n P N, k P t0, 1, . . . , 2n´1 ´ 1u, x P
“

k
2n´1 ,

k`1
2n´1

‰

that

gnpxq “

#

2npx ´ 2k
2n

q : x P
“

2k
2n
, 2k`1

2n

‰

2np2k`2
2n

´ xq : x P
“

2k`1
2n

, 2k`2
2n

‰ (2)

and

(ii) it holds for all n P N, x P Rzr0, 1s that gnpxq “ 0.

Lemma 0.2. Let fn : r0, 1s Ñ r0, 1s, n P N0, be the functions which satisfy for all
n P N0, k P t0, 1, . . . , 2n ´ 1u, x P

“

k
2n
, k`1

2n

˘

that fnp1q “ 1 and

fnpxq “
“

2k`1
2n

‰

x ´
pk2`kq

22n
. (3)

Then it holds for all n P N0, x P r0, 1s that

fnpxq “ x ´

„

n
ř

m“1

`

2´2mgmpxq
˘

ȷ

and
ˇ

ˇx2
´ fnpxq

ˇ

ˇ ď 2´2n´2. (4)

Problem 1. Let a be the rectifier activation function, let pAk, bkq P R4ˆ4 ˆR4,
k P N X r2,8q, satisfy for all k P N X r2,8q that

Ak “

¨

˚

˚

˝

2 ´4 2 0
2 ´4 2 0
2 ´4 2 0

p´2q3´2k 24´2k p´2q3´2k 1

˛

‹

‹

‚

and bk “

¨

˚

˚

˝

0
´1

2

´1
0

˛

‹

‹

‚

, (5)

let Ak P R1ˆ4 ˆ R, k P N X r2,8q, satisfy for all k P N X r2,8q that

Ak “
``

p´2q3´2k 24´2k p´2q3´2k 1
˘

, 0
˘

, (6)
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let ϕk P N, k P N X r2,8q, satisfy that

ϕ2 “

¨

˚

˚

˝

¨

˚

˚

˝

¨

˚

˚

˝

1
1
1
1

˛

‹

‹

‚

,

¨

˚

˚

˝

0
´1

2

´1
0

˛

‹

‹

‚

˛

‹

‹

‚

,A2

˛

‹

‹

‚

(7)

and

@ k P N X r3,8q : ϕk “

¨

˚

˚

˝

¨

˚

˚

˝

¨

˚

˚

˝

1
1
1
1

˛

‹

‹

‚

,

¨

˚

˚

˝

0
´1

2

´1
0

˛

‹

‹

‚

˛

‹

‹

‚

, pA2, b2q, . . . , pAk´1, bk´1q,Ak

˛

‹

‹

‚

, (8)

and let rk “ prk,1, rk,2, rk,3, rk,4q : R Ñ R4, k P N, be the functions which satisfy for
all x P R, k P N that

r1pxq “ pr1,1pxq, r1,2pxq, r1,3pxq, r1,4pxqq “ Ma,4

`

x, x ´ 1
2
, x ´ 1, x

˘

(9)

and

rk`1pxq “ prk`1,1pxq, rk`1,2pxq, rk`1,3pxq, rk`1,4pxqq “ Ma,4

`

Ak`1rkpxq ` bk`1

˘

.
(10)

Prove by induction that for all k P N it holds that

`

@x P R : 2rk,1pxq ´ 4rk,2pxq ` 2rk,3pxq “ gkpxq
˘

(11)

and
˜

@x P R : rk,4pxq “

#

fk´1pxq : x P r0, 1s

maxtx, 0u : x P Rzr0, 1s

¸

. (12)

Problem 2. Show that for all m P N X r2,8q, x P r0, 1s it holds that

pRapϕmqqpxq “ fm´1pxq, (13)

and applying to this Lemma 0.2 that for all m P NX r2,8q, x P r0, 1s it holds that

ˇ

ˇx2
´ pRapϕmqqpxq

ˇ

ˇ ď 2´2m. (14)

Problem 3. Let ε ą 0. Show that there exists Φ P N such that for all
x P Rzr0, 1s it holds that pRapΦqqpxq “ apxq and for all x P r0, 1s we have that
|x2 ´ pRapΦqqpxq| ď ε.

Problem 4. Prove that PpΦq ď maxt10 log2pε´1q ´ 7, 13u and LpΦq ď

maxt1
2
log2pε

´1q ` 1, 2u
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