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Exercise 1 (4 points). Let u € C?([0,T]x [, (]) solve the heat equation dyu—rd2u = 0.
Show that for appropriate 7, L,xq > 0, the function a(s,y) = u(rs, Ly + x¢) solves
B — 021 = 0 in (0,7") x (0,1).
Exercise 2 (4 points). Let u € C?([0,T] x [0, 1]) solve the heat equation d;u — d?u = 0
with homogeneous Dirichlet boundary conditions. Prove that

d1 !

&5/0 (Ozu(t,x))?dx < 0
and deduce the uniqueness of solutions for the heat equation with general Dirichlet
boundary conditions.

Exercise 3 (3 + 1 points). The construction of a solution via a separation of variables
consists in finding functions wu, (¢, 2) = v, (t)w,(x) that solve the heat equation and the
prescribed boundary conditions. A solution of the initial value problem is then obtained
by determining coefficients (o, )nen such that

= Z an Uy (t)wy, (z)

converges in an appropriate sense and satlsﬁes u(0,z) = up(x

(i) Construct pairs (vy,, wy,) such that u, (¢, ) = v, (H)w, (z
n (0,7) x (0,1) and uy,(¢,0) = u,(¢t,1) = 0 for all ¢ € (
(ii) Assume that the function ug € C(]0,1]) is given as

o0
= Z Y sin(nmx).
n=1

Construct the solution of the corresponding initial boundary value problem for
the heat equation.

)-
) satisfies Qyu,, — 02u, = 0
0,7).

Exercise 4 (2 + 1 + 1 points).
(i) Show formally that the function

u(t, x)

1 o2
= 47rt/Re l2=yI%/ (40 440 (3))dy

solves the heat equation d;u — 92u = 0 in (0,7) x R for every T > 0.

(ii) Explain why we can expect that u(t,z) — wo(x) as ¢ — 0, e.g. for piecewise
constant initial data ug and x = 0.

(iii) Let ug(xz) = 1 for > 0 and ug(z) = 0 for x < 0. Show that u(¢,z) is positive
for all t € (0,T) and = € R, and conclude that information is propagated with
infinite speed.



