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Exercise 1 (4 points). For a,b € R and n € N, let A € R™*" be the bandmatrix

a b 0 ... 0]
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Show that A has the eigenvalues A\, = a + 2cos(kn/(n+ 1)),k =1,2,...,n.
Hint: Show that for a = 0 the eigenvectors v, € R™ are given by v ; = sin(kjn/(n + 1))
for j=1,2,...,n.
Exercise 2 (2 + 2 points). Let J € N and set Az =1/J.
(i) Prove that vectors ¢, € R, k=1,...,J — 1 given by ¢ ; = V2sin(kjrAx),j =
0,1,...,.J, define an orthonormal basis for
Baw =V €RTV =V =0}

with respect to the inner product

J
(ViW)az = Az Y VW
j=0
(ii) Show that the vectors ¢ are eigenvectors of the operator
0 for j =0,J,
—9royV; forj=1,2,...,J—1
Hint: Use that ¢y ; = v2Im(wh) with w = ™A%,
Exercise 3 (2 + 2 points).

(i) Show that the -method is well defined for every choice of 6 and every choice of
Ax, At > 0.
(ii) Show that the §-method is unstable if < 1/2 and A = At/Ax? > 1/2.
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