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Exercise 1 (4 points). Let Ω = (0, 1)2 and let f ∈ C(Ω̄) be given by

f(x1, x2) =
∑

m,n∈N
αm,n sin(mπx1) sin(nπx2).

Compute −∆um,n for um,n(x1, x2) = sin(mπx1) sin(nπx2) and construct the solution of
the Poisson problem −∆u = f in Ω and u = 0 on ∂Ω.

Exercise 2 (2 + 2 points).
(i) Use Gauss’s theorem to show that for u, v ∈ C2(Ω̄), we have the so called Green’s

formulas: ∫
∂Ω

v ⟨∇u, n⟩ ds =
∫

Ω
(⟨∇u, ∇v⟩ + v∆u) dx, (1)∫

Ω
(u∆v − v∆u) dx =

∫
∂Ω

(u ⟨∇v, n⟩ − v⟨∇u, n⟩) ds. (2)

(ii) Let u1, u2 ∈ C2(Ω̄) be solutions of the boundary value problem −∆u = f in Ω
and u = 0 on ∂Ω. Show that∫

Ω
|∇(u1 − u2)|2 dx = 0

Exercise 3 (2 +2 points). Let x0 ∈ Rd for d ∈ {2, 3}, r > 0 and u ∈ C1(Br(x0)).
(i) Show that in polar coordinates with respect to x0, we have

⟨∇u, n⟩ = ∂ru

on ∂Ba′(x0) for every 0 < a′ ≤ r.
(ii) Show that

lim
r→0

1
|∂Br(x0)|

∫
∂Br(x0))

u(s) ds = u(x0),

where |∂Br(x0)| means the surcafe measure of ∂Br(x0).

Exercise 4 (4 points). Let AU = F be the linear system of equations corresponding
to the discretized Poisson problem −∆u = f in Ω = (0, 1)2 with homogeneous Dirichlet
boundary conditions. Show that the Richardson scheme for the iterative solution of the
linear system can be identified with an explicit discretization of the heat equation.


