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Exercise 1 (4 points). Write the initial boundary value problem for the wave equation
as an abstract boundary value problem F(u) = 0in U and G(u) = 0 and U by defining
appropriate mappings F' and G.

Exercise 2 (2 + 2 points).
(i) Let A€ R™" b e R",ce R, and f € C(U). Assume that u € C?(U) satisfies

> aij0.,0:,u(z) + ijazju(z) +cu(z) = f(z)

ij=1
for all z € U. Suppose that A = QTAQ is diagonalizable and define @(¢) = u(Q¢).
Determine the PDE satisfied by .
(ii) Determine the type of the following PDEs
du+Au=f in(0,T) x Q CRsp x R,
851u—36x18952u+8§2u:0 in Q C R?,
Ou—02 +0u=f in(0,T)xQCRso xR

Exercise 3 (6 + 2 points).
(i) Let J € Nand Az = 1/J. Let (¢, |[p =1,...,J — 1) be the eigenvectors of —9; 9

given by ¢, ; = V2sin(pjrAz), 0 < j < J. Show that the vectors 1, ) € RG+1)?
defined by

V(p.g).(im) = Pp.jPa.m = 2sin(pjmAz)sin(gmmAz)
are eigenvectors of the discrete Laplace operator —A, = —0d; 0, — 9; 95, and
that they define an orthonormal basis of the space of grid functions with vanishing
boundary conditions with respect to the inner product
J
(ViW)ag = A2 " VWi,
Jym=0
(ii) Carry out a stability analysis of the #—method for approximating the two dimen-
sional heat equation.



