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Exercise 1 (4+4+2 points).
(i) Consider the transport equation ∂tu + ∂xu = 0 in (0, T ) × (0, 1) for T = 1 with

boundary condition u(t, 0) = u(t, 1) and initial condition

u0(x) =
{

1 falls 0.4 ≤ x ≤ 0.6,

0 sonst.
Implement a numerical method to solve this equation by approximating the time
derivative with the forward difference quotient and the spatial derivative with the
backward difference quotient. Let (∆t, ∆x) ∈ {(1/80)(2, 2), (1/80)(2, 1), (1/80)(1, 2)}.
Check for all pairs (∆t, ∆x) if the CFL Condition is satisfied and compare your
numerical solutions to the exact solution.

(ii) Modify your code from (i) to numerically solve the equation
∂tu + a(x)∂xu = 0

with a : (0, 1) −→ R≥0. What should the CFL Condition be for non-constant
functions a? Test your code for a(x) =

√
1 + 4x2 and initial values u0(x) = 1 for

0.05 ≤ x ≤ 0.25 and u0(x) = 0 otherwise.
(iii) Compute a solution for a(x) = −1 with u0 as in (i).
(iv) Modify your code from (i) again to approximate the spatial derivative with the

forward difference quotient. Derive a CFL condition and test 2 different pairs
(∆t, ∆x).

Exercise 2 (10 points). Let us consider the Upwind method for the transport equation,
which is defined by

Uk+1
j =

{
(1 − µak

j )Uk
j + µak

j Uk
j−1, ak

j ≥ 0,

(1 + µak
j )Uk

j − µak
j Uk

j−1, ak
j < 0,

where µ = ∆t/∆x and ak
j = a(tk, xj). Implement this method and test it for a(x) =

sin(x) and the boundary values u(t, 0) = u(t, 1) = 0 with two different initial values u0.


