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Monte Cordo (MC) approximation of If we don't know EX]:
variance : we can do

Vore(X) =E( (X-E)] Var()-z
Xe &<(P; R) (E[(x1<)

If we know E[X] then [x]
is biased

,
i . e.

Tn = (Xn-E[X])a E(zJEVore(N
Xn arei'd copies of X There is an unbiased version :

Vore(x) = In Y=(n
=& EN (Xn-E[X]) E[Y] = Vore(X).



Proof ②Var(Xn-
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en are independentlated
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= var(X) [ (-1)+] =Novo(X
- (N-1) · Vom (X1). B

Remark: One can show the errot estimate

In-(x - E2X]))

-> same estimate holds for the biased estimator
.
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Stochastic processes : Fix probability sports (rit ,F, P), time Set "MCI
S↳nuallysol

be a measurea

B(R
*xm)

X : Exnt S an S-valued Stochastic process



If Stei : If the state space is a metric

space , X has cont
- sample paths

Yett X(t, 2) ES is a cont.
we n+ VIt) ES is an

I
if VWELTu

#S-measurable. f-n.

Remark : A stochastic process X is -> Similarly , left, right continuity.
(1)a a pomameter f- Equality types; We say that X and Y
(t, n) iX (, not one

(i) modifications of each other if
ii)aoneparametefamily (Xt Fte : JAtEf sit

.
PlAt)=1

At &Xt = VeGzGwen : Xt = Ye]
Silamily (X10 w

,

we i
doesnto be

X(0
,
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,
t +> X(t
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,
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.
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(ii) indistinguishable if JAEF: (wh , E, P, ) - filtered probability
P(A) = 1 sporce .

A 2xz = Y=3 Remo:Everystochastic prea

briously,y
F = 5) (Xg ,

Set
,
Set))

If (i) + left or right continuity of
FY= (F)

ten
is called the filtration

Xand Y => (ii). generated by X.

Filtration : A filtration F = (1) tem X . is then #X-adapted.
isafamily of sub-o-algebra [X isA adapted : Xt is FeS

F=(1)FM(t)F measurable]

↑ Ety
ta,te



Important stochastic process : Remark One can define BM without
standard Brownian motion. (BM) filtration. love removes (i)
Def-nW : [0 ,P] x nto -> IR be replaces 10) by
- A

Stochastic process on (t
,
F
,
p
, #) .

We Wtn-Want
, Went-Weg-- , We Wt

call it a standard BM if I
-

i

(i) W is F-adapted
are independent)

(ii) W has continuous sample paths Goal : define stochastic integral
(iii) Wo = PERM laho P-a

. S.) wet
. BM W
iP

(iv)Way-WeWo , (e-t1)·an) SXsdWs
Ftsty In

Istationary increments! round Xhasobepredictateae
() &(Wes-Wel and The are PredictabilityV is disease

independent Ozttz 24
(independent increments) Nu +1 is En-measurable.



In case of cont ·

time set
,
# = (Felteconp (iii) Pred (i) =

We define & (X : [0,]X-S , X is F-adapted
and left continues)

Pred(i) = &) /s ,t] xA : AEAs
,

01gIp] Regularity : [SXsdWs
UEGoyx B : By Fo3) predictable

Falgebra XSEROWERMY
X is i predictable if

SXsPWg ERRdym
X is Need(#) /S measurable.

Remarks :
X is dxm notrix valued

. I
(i) Predictability => Adaptivity We recall the Hilbert-Schmidt noum
(ii) Adapted + left continuous => (o Probenius norm) for a motiex

predictability Ac Roxm
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