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1. Let d ∈ N and let N0,I
Rd

: B(Rd) → [0, 1] be the d-dimensional standard normal
distribution given by

N0,I
Rd

(B) : =
1

(2π)d/2

∫
B
e
− 1

2
∥x∥2

Rddx.

Show that for all i, j ∈ {1, . . . , d} it holds that∫
Rd

xiN0,I
Rd

(dx1, . . . , dxd) = 0,

∫
Rd

xixjN0,I
Rd

(dx1, . . . , dxd) =

{
1, if i = j

0, if i ̸= j
.

Hint: You may use without proof that
∫
R
e−

1
2
x2
dx =

√
2π. This can be shown by

considering a standard normal density in two dimensions (d = 2) and by using polar
coordinates.

2. Let F : R → [0, 1] be a distribution function and let the generalized inverse of F be
given as in in the class by

IF : (0, 1) → R, y 7→ inf{x ∈ R : F (x) ≥ y} = inf(F−1[y, 1]).

a) Prove or disprove the following statement: For every distribution function F : R→
[0, 1] and every y ∈ (0, 1) it holds that F (x) > y if and only if x > IF (y).

b) Let (Ω,F , P ) be a probability space, let c ∈ R, let X : Ω → R be a F/B(R)-
measurable function which satisfies for all ω ∈ Ω that

X(ω) = c,

and let F : R→ [0, 1] be the distribution function of X. What is IF (y), y ∈ (0, 1)?

c) Let (Ω,F , P ) be a probability space, let U : Ω → R a U(0,1)-distributed random
variable, let X : Ω → R be a function which satisfies for all ω ∈ Ω that

X(ω) = sin(U(ω)),

and let F : R→ [0, 1] be the distribution function of X. What is IF (y), y ∈ (0, 1)?



3. Let λ ∈ (0,∞). Then, a Laplace distributed random variable X with parameter λ has
the density function

fX(x) =
λ

2
e−λ|x|, x ∈ R, (1)

and we write X ∼ Laplaceλ. Let F : R→ [0, 1] be the distribution function of X.

a) Show for all x ∈ R that

F (x) = Laplaceλ((−∞, x]) =

{
1
2e

λx if x < 0,

1− 1
2e

−λx if x ≥ 0.
(2)

b) Show for all y ∈ (0, 1) that

IF (y) =

{
1
λ ln(2y) if 0 < y < 1

2 ,

− 1
λ ln(2− 2y) if 1

2 ≤ y < 1.
(3)
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