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1. Let (E, dE) and (F, dF ) be metric spaces and let f : E → F be a function.

a) Prove that f is uniformly continuous if and only if

lim
h↘0

wf (h) = wf (0). (1)

b) Next let α ∈ (0, 1]. Prove that

|f |Cα(E,F ) = sup
h∈(0,∞)

[
wf (h)

hα

]
. (2)

2. Let n ∈ N, α ∈ (0, 1], a, b ∈ R with a < b. Show that

a) for f ∈ L1(B[a,b]; |·|R):∣∣∣∣Tn
[a,b][f ]−

∫ b

a
f(x) dx

∣∣∣∣
R

≤ (b− a) · wf (
(b−a)
2n ) ≤

(b− a)(1+α) |f |Cα([a,b],R)

(2n)α
(3)

b) for f ∈ C1([a, b],R):∣∣∣∣Tn
[a,b][f ]−

∫ b

a
f(x) dx

∣∣∣∣
R

≤ (b−a)2

n · wf ′( (b−a)
2n ) ≤

(b− a)(2+α) |f ′|Cα([a,b],R)

2α n(1+α)
. (4)

3. Let (Ω,F , P ) be a probability space, let f ∈ M(B(R),B(R)) be a measurable and
bounded function, and let Un ∈ M(F ,B(R)), n ∈ N, be independent U(−1,1)-distributed
random variables. Prove that(

EP

[∣∣∣∣f(U1) + . . .+ f(U5000)

2500
−
∫ 1

−1
f(x) dx

∣∣∣∣2
R

])1
2

≤
supx∈R |f(x)|

R

30
. (5)
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