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1. Let ξ ∈ Lp(P |F0 ; | · |) for some p ≥ 2. Show that the SDE

dXt = log(1 +X2
t )dt+ 1{Xt>0}XtdWt, t ∈ [0, T ], X0 = ξ,

has a unique solution process X : [0, T ]× Ω → R.

2. Show that the SDE

dXt = 3X
1/3
t dt+ 3X

2/3
t dWt, t ∈ [0, T ], X0 = 0.

has infinitely many solution processes X : [0, T ]× Ω → R. Explain which condition of
the existence-and-uniqueness theorem from the lecture is violated.
Hint: Use the function θa := (x− a)31{x≥a} for some constant a > 0.

3. a) Let α ∈ R, β ∈ (0,∞), let Y : Ω → R be an Nα,β2-distributed random variable,
and let Φ: R→ R be the function which satisfies for all x ∈ R that

Φ(x) =

∫ x

−∞

1√
2π

e−
1
2
y2 dy. (1)

Prove for all K ∈ R that
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(2)
Hint: First show for an N0,1-distributed random variable X and c ∈ (0,∞) that
E
[
ecX

]
= exp

(
1
2c

2
)
.

b) Use the above formula to derive the price of a European call option.
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